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Foreword

ETAPS 2002 was the fifth instance of the European Joint Conferences on Theory
and Practice of Software. ETAPS is an annual federated conference that was
established in 1998 by combining a number of existing and new conferences.
This year it comprised 5 conferences (FOSSACS, FASE, ESOP, CC, TACAS),
13 satellite workshops (ACL2, AGT, CMCS, COCV, DCC, INT, LDTA, SC,
SFEDL, SLAP, SPIN, TPTS, and VISS), 8 invited lectures (not including those
specific to the satellite events), and several tutorials.

The events that comprise ETAPS address various aspects of the system de-
velopment process, including specification, design, implementation, analysis, and
improvement. The languages, methodologies, and tools which support these ac-
tivities are all well within its scope. Different blends of theory and practice are
represented, with an inclination towards theory with a practical motivation on
one hand and soundly-based practice on the other. Many of the issues involved
in software design apply to systems in general, including hardware systems, and
the emphasis on software is not intended to be exclusive.

ETAPS is a loose confederation in which each event retains its own identity,
with a separate program committee and independent proceedings. Its format is
open-ended, allowing it to grow and evolve as time goes by. Contributed talks
and system demonstrations are in synchronized parallel sessions, with invited
lectures in plenary sessions. Two of the invited lectures are reserved for “uni-
fying” talks on topics of interest to the whole range of ETAPS attendees. The
aim of cramming all this activity into a single one-week meeting is to create a
strong magnet for academic and industrial researchers working on topics within
its scope, giving them the opportunity to learn about research in related areas,
and thereby to foster new and existing links between work in areas that were
formerly addressed in separate meetings.

ETAPS 2002 was organized by the Laboratoire Verimag in cooperation with

Centre National de la Recherche Scientifique (CNRS)

Institut de Mathématiques Appliquées de Grenoble (IMAG)

Institut National Polytechnique de Grenoble (INPG)

Université Joseph Fourier (UJF)

European Association for Theoretical Computer Science (EATCS)
European Association for Programming Languages and Systems (EAPLS)
European Association of Software Science and Technology (EASST)
ACM SIGACT, SIGSOFT, and SIGPLAN

The organizing team comprised

Susanne Graf - General Chair

Saddek Bensalem - Tutorials

Rachid Echahed - Workshop Chair
Jean-Claude Fernandez - Organization
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Alain Girault - Publicity

Yassine Lakhnech - Industrial Relations
Florence Maraninchi - Budget

Laurent Mounier - Organization

Overall planning for ETAPS conferences is the responsibility of its Steering
Committee, whose current membership is:

Egidio Astesiano (Genova), Ed Brinksma (Twente), Pierpaolo Degano
(Pisa), Hartmut Ehrig (Berlin), José Fiadeiro (Lisbon), Marie-Claude
Gaudel (Paris), Andy Gordon (Microsoft Research, Cambridge),
Roberto Gorrieri (Bologna), Susanne Graf (Grenoble), John Hatcliff
(Kansas), Gorel Hedin (Lund), Furio Honsell (Udine), Nigel Horspool
(Victoria), Heinrich Hufimann (Dresden), Joost-Pieter Katoen (Twente),
Paul Klint (Amsterdam), Daniel Le Métayer (Trusted Logic, Versailles),
Ugo Montanari (Pisa), Mogens Nielsen (Aarhus), Hanne Riis Nielson
(Copenhagen), Mauro Pezze (Milan), Andreas Podelski (Saarbriicken),
Don Sannella (Edinburgh), Andrzej Tarlecki (Warsaw), Herbert Weber
(Berlin), Reinhard Wilhelm (Saarbriicken)

I would like to express my sincere gratitude to all of these people and organi-
zations, the program committee chairs and PC members of the ETAPS confer-
ences, the organizers of the satellite events, the speakers themselves, and finally
Springer-Verlag for agreeing to publish the ETAPS proceedings. As organizer of
ETAPS’98, I know that there is one person that deserves a special applause: Su-
sanne Graf. Her energy and organizational skills have more than compensated
for my slow start in stepping into Don Sannella’s enormous shoes as ETAPS
Steering Committee chairman. Yes, it is now a year since I took over the role,
and I would like my final words to transmit to Don all the gratitude and ad-
miration that is felt by all of us who enjoy coming to ETAPS year after year
knowing that we will meet old friends, make new ones, plan new projects and
be challenged by a new culture! Thank you Don!

January 2002 José Luiz Fiadeiro



Preface

This volume contains the papers selected for presentation at the 11th Euro-
pean Symposium on Programming (ESOP 2002), which took place in Grenoble,
France, April 8-10, 2002. ESOP is an annual conference devoted to the design,
specification, and analysis of programming languages and programming systems.
Special emphasis was placed on research that bridges the gap between theory
and practice.

The contributions of ESOP 2002 can be classified in three main categories:

— Typing and modularity.

— Programming paradigms (including distributed programming, lambda cal-
culus, and domain specific languages).

— Program analysis (principles and applications) and program verification.

The volume begins with an invited contribution by Greg Morrisett. The remain-
ing 21 papers were selected by the program committee from 73 submissions, and
include one short paper which accompanied a tool demonstration.

Each submission was reviewed by at least three referees, and papers were
selected during the latter stage of a two-week discussion phase. I would like to
express my gratitude to the program committee and their referees (see below)
for their care in reviewing and selecting the submitted papers. I am also very
grateful to Tiziana Margaria, Martin Karusseit, and the Metaframe team for
their support of the conference management software. Last but not least, many
thanks to José Luiz Fiadeiro, Susanne Graf, and the ETAPS team for providing
a well-organized framework for the conference.

January 2002 Daniel Le Métayer
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Type Checking Systems Code

Greg Morrisett

Cornell University

Abstract. Our critical computing systems are coded in low-level, type-
unsafe languages such as C, and it is unlikely that they will be re-coded in
a high-level, type-safe language such as Java. This invited talk discusses
some approaches that show promise in achieving type safety for legacy
C code.

1 DMotivation

Our society is increasingly dependent upon its computing and communications
infrastructure. That infrastructure includes the operating systems, device drivers,
libraries and applications that we use on our desktops, as well as the file servers,
databases, web servers, and switches that we use to store and communicate data.
Today, that infrastructure is built using unsafe, error-prone languages such as
C or C++ where buffer overruns, format string errors, and space leaks are not
only possible, but frighteningly common.

In contrast, type-safe languages, such as Java, Scheme, and ML, ensure that
such errors either cannot happen (through static type-checking and automatic
memory management) or are at least caught at the point of failure (through
dynamic type and bound checks.) This fail-stop guarantee is not a total solution,
but it does isolate the effects of failures, facilitates testing and determination of
the true source of failures, and enables tools and methodologies for achieving
greater levels of assurance. Therefore, the obvious question is:

Why don’t we re-code our infrastructure using type-safe languages?

Though such a technical solution looks good on paper and is ultimately the
“right thing”, there are a number of economic and practical issues that prevent
it from happening.

First, our infrastructure is large. Today’s operating systems consist of tens of
millions of lines of code. Throwing away all of that C code and reimplementing
it in, say Java, is simply too expensive, just as throwing out old Cobol code was
too difficult for Year 2000 bugs.

Second, though C and C++ have many faults, they also have some virtues—
especially when it comes to building the low-level pieces of infrastructure. In
particular, C provides a great deal of transparency and control over data repre-
sentations which is precisely what is needed to build services such as memory-
mapped device drivers, page-table routines, communication buffer management,
real-time schedulers, and garbage collectors. It is difficult if not impossible to re-
alize these services in today’s type-safe languages simply because they force one

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 1-/5] 2002.
(© Springer-Verlag Berlin Heidelberg 2002



2 Greg Morrisett

to buy into the “high-level language assumption” in order to realize the benefits
of type-safety.

2 Alternatives to High-Level Languages

An alternative to re-coding our infrastructure in a safe language is to change C
and C++ compilers to do more run-time checking to ensure fail-stop behavior.
For instance, the CCured project [6] at Berkeley has recently shown how to au-
tomatically compile C code so that we can ensure memory safety. The approach
is based on dynamically tracking the types and sizes of the sequence of elements
that a pointer might reference, and ensuring that upon dereference, a pointer is
valid. In this respect, CCured is much like Scheme because it relies upon dynamic
type tags, dynamic type tests, and a (conservative) garbage collector to recycle
memory. And, like a good Scheme compiler, CCured attempts to minimize the
dynamic tests and type tags that are necessary to ensure memory safety. Conse-
quently, the resulting code tends to run with relatively little overhead (around
50%), especially when compared to previous research [2| [1] or commercial tools
such as Purify where overheads of 10x are not uncommon.

But just as with Scheme or any other high-level language, CCured is less
than ideal for building low-level infrastructure because control over data rep-
resentations and memory management have been taken from the programmer.
Depending upon the analysis performed by the CCured compiler, a pointer value
may take up one word or two, and data values may be augmented with type tags
and array bounds. The programmer has no idea what her data look like and thus
interfacing to legacy code requires the wrappers and marshallers of a traditional
foreign function interface. Garbage collection may introduce long pauses and
space overheads. And finally, errors are detected at run-time instead of compile
time. Nonetheless, CCured shows that we can achieve fail-stop behavior in a
completely automatic fashion for legacy infrastructure that should be written in
a higher-level language.

Another approach is to throw static analysis at the problem. However, there
are serious tradeoffs in statically analyzing large systems and most current anal-
yses fail in one respect or another. A critical issue is minimizing false positives
(i.e., reporting a potential problem when there is none) else programmers will
not use the tools. One way to achieve this is to sacrifice soundness (i.e., fail
to report some bugs) by choosing careful abstractions that make it easier to
find common mistakes. For example, Engler has recently used very simple flow
analyses to catch bugs in operating systems [3]. The flow analysis is unsound
because, for instance, it does not accurately track alias relationships. Though
there is much merit in tools that identify the presence of bugs, in contexts where
security is a concern, we need assurance of the absence of bugs. Otherwise, an
attacker will simply exploit the bugs that the tools do not find. At a minimum,
we ought to ensure fail-stop behavior so as to contain the damage.

An alternative way to minimize false positives in analysis is to increase the
accuracy. Such accuracy often requires global, context-sensitive, flow-sensitive
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analyses that are difficult to scale to millions of lines of code. Few of these
analyses work at all in the presence of features such as threads, asynchronous
interrupts, or dynamic linking—features that are crucial for building modern
systems.

3 Cyclone

Porting code to high-level languages, using compilers that automatically insert
dynamic checks, and using tools to statically analyze programs for bugs each
have their drawbacks and merits. The ideal solution is one that combines their
benefits and minimizes their drawbacks. In particular, the ideal solution should:

— catch most errors at compile time,
— give a fail-stop guarantee at run time, and
— scale to millions of lines of code

while simultaneously:

— minimizing the cost of porting the code from C/C++,
— interoperating with legacy code,
— giving programmers control over low-level details needed to build systems.

For the past two years, Trevor Jim of AT&T and my group at Cornell have
been working towards such a solution in the context of a project called Cy-
clone [4]. Cyclone is a type-safe programming language that can be roughly
characterized as a “superset of a subset of C.” The type system of Cyclone ac-
cepts many C functions without change, and uses the same data representations
and calling conventions as C for a given type constructor. The type system of
Cyclone also rejects many C programs to ensure safety. For instance, it rejects
programs that perform (potentially) unsafe casts, that use unions of incompati-
ble types, that (might) fail to initialize a location before using it, that use certain
forms of pointer arithmetic, or that attempt to do certain forms of memory man-
agement.

Of course, once you rule out these potential errors, you are left with an es-
sentially useless subset of the language. Therefore, we augmented the language
with new type constructors and new terms adapted from high-level languages.
For instance, Cyclone provides support for parametric polymorphism, subtyping,
and tagged unions so that programmers can code around unsafe casts. We use a
combination of default type parameters and local type inference to minimize the
changes needed to use these features effectively. The treatment of polymorphism
is particularly novel because, unlike C++-, we achieve separate compilation of
generic definitions from their uses. To achieve this, we must place restrictions
on type abstraction that correspond to machine-level polymorphism. These re-
strictions are realized by a novel kind system which distinguishes those types
whose values may be manipulated parametrically, while retaining control over
data representations and calling conventions.
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Cyclone also supports a number of different pointer types that are similar
to those used in the internal language of CCured. These pointer types can be
used to tradeoff flexibility (e.g., arbitrary pointer arithmetic) with the need for
bounds information and/or run-time tests. The difference with CCured is that
Cyclone requires the programmer to make the choice of representation explicit.
This is crucial for building systems that must interoperate with legacy code
and to achieve separate compilation in dynamically linked settings. A combina-
tion of overloading, subtyping, and local type inference helps to minimize the
programmer’s burden.

Cyclone also incorporates a region type system in the style of Tofte and
Talpin [8] [7, [3]. The region type system is used to track the lifetimes of objects
and ensure that dangling pointers to stack allocated objects are not dereferenced.
The region type system can also be used with arena-style allocators to give the
programmer real-time control over heap-allocated storage. Finally, programmers
can optionally use a conservative collector if they are uninterested in the details
of managing memory.

The Cyclone region system is particularly novel in that it provides a smooth
integration of stack allocation, arena allocation, and garbage-collected heap allo-
cation. The support for region polymorphism and region subtyping ensures that
library routines can safely manipulate pointers regardless of the kind of object
they reference. Finally, we use a novel combination of default regions and effects
on function prototypes, combined with local inference to minimize the burden
of porting C code.

All of the analyses used by Cyclone are local (i.e., intra-procedural) so that
we can ensure scalability and separate compilation. The analyses have also been
carefully constructed to avoid unsoundness in the presence of threads. The price
paid is that programmers must sometimes change type definitions or prototypes
of functions, and occasionally rewrite code.

4 Status and Future Work

Currently, we find that programmers must touch about 10% of the code when
porting from C to Cyclone. Most of the changes involve choosing pointer repre-
sentations and only a very few involve region annotations (around 0.6 % of the
total changes.) In the future, we hope to minimize this burden by providing a
porting tool which, like CCured, uses a more global analysis to guess the appro-
priate representation but unlike CCured, produces a residual program that can
be modified and maintained by the programmer so that they retain control over
representations.

The performance overhead of the dynamic checks depends upon the applica-
tion. For systems applications, such as a simple web server, we see no overhead
at all. This is not surprising as these applications tend to be I/O-bound. For sci-
entific applications, we see a much larger overhead (around 5x for a naive port,
and 3x with an experienced programmer). We belive much of this overhead is
due to bounds and null pointer checks on array access. We have incorporated a
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simple, intra-procedural analysis to eliminate many of those checks and indeed,
this results in a marked improvement. However, some of the overhead is also
due to the use of “fat pointers” and the fact that GCC does not always opti-
mize struct manipulation. By unboxing the structs into variables, we may find
a marked improvement.

We are currently working to expand the region type and effects system to
support (a) early reclamation of regions and (b) first-class regions in a style
similar to what Walker and Watkins suggest [9]. We are also working on lim-
ited support for dependent types in the style of Hongwei Xi’s Xanadu [10] so
that programmers may better control the placement of bounds information or
dynamic type tags.
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Mixin Modules in a Call-by-Value Setting

Tom Hirschowitz and Xavier Leroy

INRIA Rocquencourt
Domaine de Voluceau, B.P. 105, 78153 Le Chesnay, France
{Tom.Hirschowitz,Xavier.Leroy}@inria.fr

Abstract. The ML module system provides powerful parameterization
facilities, but lacks the ability to split mutually recursive definitions
across modules, and does not provide enough facilities for incremental
programming. A promising approach to solve these issues is Ancona and
Zucca’s mixin modules calculus CMS. However, the straightforward way
to adapt it to ML fails, because it allows arbitrary recursive definitions
to appear at any time, which ML does not support. In this paper, we
enrich CMS with a refined type system that controls recursive definitions
through the use of dependency graphs. We then develop a separate com-
pilation scheme, directed by dependency graphs, that translate mixin
modules down to a CBV A-calculus extended with a non-standard let
rec construct.

1 Introduction

Modular programming and code reuse are easier if the programming language
provides adequate features to support them. Three important such features are
(1) parameterization, which allows reusing a module in different contexts; (2)
overriding and late binding, which supports incremental programming by refine-
ments of existing modules; and (3) cross-module recursion, which allows defini-
tions to be spread across several modules, even if they mutually refer to each
other. Many programming languages provide two of these features, but not all
three: class-based object-oriented languages provide (2) and (3), but are weak
on parameterization (1); conventional linkers, as well as linking calculi [9], have
cross-module recursion built in, and sometimes provide facilities for overriding,
but lack parameterization; finally, ML functors and Ada generics provide power-
ful parameterization mechanisms, but prohibit cross-module recursion and offer
no direct support for late binding.

The concept of mizins, first introduced as a generalization of inheritance
in class-based OO languages [8], then extended to a family of module systems
[T3J3I521], offers a promising and elegant solution to this problem. A mixin
is a collection of named components, either defined (bound to a definition) or
deferred (declared without definition). The basic operation on mixins is the sum,
which takes two mixins and connects the defined components of one with the
similarly-named deferred components of the other; this provides natural support
for cross-mixin recursion. A mixin is named and can be summed several times
with different mixins; this allows powerful parameterization, including but not
restricted to an encoding of ML functors. Finally, the mixin calculus of Ancona

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 6-Z0] 2002.
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Mixin Modules in a Call-by-Value Setting 7

and Zucca [3] supports both late binding and early binding of defined compo-
nents, along with deleting and renaming operations, thus providing excellent
support for incremental programming.

Our long-term goal is to extend the ML module system with mixins, taking
Ancona and Zucca’s CMS calculus [3] as a starting point. There are two main
issues: one, which we leave for future work, is to support type components in
mixins; the other, which we address in this paper, is to equip CMS with a call-
by-value semantics consistent with that of the core ML language. Shifting CMS
from its original call-by-name semantics to a call-by-value semantics requires a
precise control of recursive definitions created by mixin composition. The call-by-
name semantics of CMS puts no restrictions on recursive definitions, allowing ill-
founded ones such as let rec x = 2 * y and y = x + 1, causing the program
to diverge when x or y is selected. In an ML-like, call-by-value setting, recursive
definitions are statically restricted to syntactic values, e.g. let rec £ = Ax...
and g = Ay... This provides stronger guarantees (ill-founded recursions are
detected at compile-time rather than at run-time), and supports more efficient
compilation of recursive definitions. Extending these two desirable properties
to mixin modules in the presence of separate compilation [9IT8] is challenging:
illegal recursive definitions can appear a posteriori when we take the sum A + B
of two mixin modules, at a time where only the signatures of A and B are known,
but not their implementations.

The solution we develop here is to enrich the CMS type system, adding
graphs in mixin signatures to represent the dependencies between the compo-
nents. The resulting typed calculus, called CMS,,, guarantees that recursive def-
initions created by mixin composition evaluate correctly under a call-by-value
regime, yet leaves considerable flexibility in composing mixins. We then pro-
vide a type-directed, separate compilation scheme for CMS,. The target of this
compositional translation is Ap, a simple call-by-value A-calculus with a non-
standard let rec construct in the style of Boudol [6]. Finally, we prove that the
compilation of a type-correct CMS,, mixin is well typed in a sound, non-standard
type system for Ap that generalizes that of [6], thus establishing the soundness
of our approach.

The remainder of the paper is organized as follows. Section 2] gives a high-
level overview of the CMS and CMS, mixin calculi, and explains the recursion
problem. Section [3 defines the syntax and typing rules for CMS,, our call-by-
value mixin module calculus. The compilation scheme (from CMS, to Ap) is
presented in section[dl Section[Houtlines a proof of correctness of the compilation
scheme. We review related work in section [6] and conclude in section[ll Proofs
are omitted, but can be found in the long version of this paper [I7].

2 Overview

2.1 The CMS Calculus of Mixins

We start this paper by an overview of the CMS module calculus of [3], using
an ML-like syntax for readability. A basic mixin module is similar to an ML
structure, but may contain “holes”:
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mixin Even = mix
? val odd: int -> bool (* odd is deferred *)
let even = Ax. x = 0 or odd(x-1) (* even is defined *)
end

In other terms, a mixin module consists of defined components, 1et-bound to an
expression, and deferred components, declared but not yet defined. The funda-
mental operator on mixin modules is the sum, which combines the components
of two mixins, connecting defined and deferred components having the same
names. For example, if we define 0dd as
mixin 0dd = mix
? val even: int -> bool
let odd = Ax. x > 0 and even(x-1)
end

the result of mixin Nat = Even + 0dd is equivalent to writing

mixin Nat = mix
let even = Ax. x = 0 or odd(x-1)
let odd = Ax. x > 0 and even(x-1)
end

As in class-based languages, all defined components of a mixin are mutually
recursive by default; thus, the above should be read as the ML structure

module Nat = struct
let rec even = A\x. x = 0 or odd(x-1)
and odd = Ax. x > 0 and even(x-1)
end

Another commonality with classes is that defined components are late bound by
default: the definition of a component can be overridden later, and other defini-
tions that refer to this component will “see” the new definition. The overriding
is achieved in two steps: first, deleting the component via the \ operator, then
redefining it via a sum. For instance,

mixin Nat’ = (Nat \ even) + (mixin let even = Ax. x mod 2 = 0 end)
is equivalent to the direct definition
mixin Nat’ = mix
let even = Ax. x mod 2 =0

let odd Ax. x > 0 and even(x-1)
end

Early binding (definite binding of a defined name to an expression in all other
components that refer to this name) can be achieved via the freeze operator !.
For instance, Nat ! odd is equivalent to

mix
let even = let odd = Ax. x > 0 and even(x-1) in
Ax. x = 0 or odd(x-1)
let odd = Ax. x > 0 and even(x-1)

end
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For convenience, our CMS, calculus also provides a close operator that freezes
all components of a mixin in one step. Projections (extracting the value of a
mixin component) are restricted to closed mixins — for the same reasons that
in class-based languages, one cannot invoke a method directly from a class: an
instance of the class must first be taken using the "new” operator.

A component of a mixin can itself be a mixin module. Not only does this
provide ML-style nested mixins, but it also supports a general encoding of ML
functors, as shown in [2].

2.2 Controlling Recursive Definitions

As recalled in introduction, call-by-value evaluation of recursive definitions is
usually allowed only if the right-hand sides are syntactic values (e.g. A-abstrac-
tions or constants). This semantic issue is exacerbated by mixin modules, which
are in essence big mutual let rec definitions. Worse, ill-founded recursive defi-
nitions can appear not only when defining a basic mixin such as

mixin Bad = close(mix let x =y + 1 let y = x * 2 end)
but also a posteriori when combining two innocuous-looking mixins:

mixin OK1 = mix 7 val y : int let x =y + 1 end
mixin OK2 = mix 7 val x : int let y =x * 2 end
mixin Bad = close(0K1 + 0K2)

Although 0K1 and 0K2 contain no ill-founded recursions, the sum 0K1 + 0K2
contains one. If the definitions of 0K1 and OK2 are known when we type-check
and compile their sum, we can simply expand 0K1 + 0K2 into an equivalent
monolithic mixin and reject the faulty recursion. But in a separate compilation
setting, 0K1 + O0K2 can be compiled in a context where the definitions of 0K1 and
0K2 are not known, but only their signatures are. Then, the ill-founded recursion
cannot be detected. This is the major problem we face in extending ML with
mixin modules.

One partial solution, that we find unsatisfactory, is to rely on lazy evalua-
tion to implement a call-by-name semantics for modules, evaluating components
only at selection or when the module is closed. (This is the approach followed by
the Moscow ML recursive modules [20], and also by class initialization in Java.)
This would have several drawbacks. Besides potential efficiency problems, lazy
evaluation does not mix well with ML, which is a call-by-value imperative lan-
guage. For instance, ML, modules may contain side-effecting initialization code
that must be evaluated at predictable program points; that would not be the
case with lazy evaluation of modules. The second drawback is that ill-founded
recursive definitions (as in the Bad example above) would not be detected stati-
cally, but cause the program to loop or fail at run-time. We believe this seriously
decreases program safety: compile-time detection of ill-founded recursive defini-
tions is much preferable.

Our approach consists in enriching mixin signatures with graphs representing
the dependencies between components of a mixin module, and rely on these
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graphs to detect statically ill-founded recursive definitions. For example, the
Nat and Bad mixins shown above have the following dependency graphs:

1 0

‘. P
Nat: even . odd Bad: X\aﬂy

Edges labeled 0 represent an immediate dependency: the value of the source
node is needed to compute that of the target node. Edges labeled 1 represent a
delayed dependency, occurring under at least one A-abstraction; thus, the value
of the target node can be computed without knowing that of the source node.
Ill-founded recursions manifest themselves as cycles in the dependency graph
involving at least one “0” edge. Thus, the correctness criterion for a mixin is,
simply: all cycles in its dependency graph must be composed of “1” edges only.
Hence, Nat is correct, while Bad is rejected.

The power of dependency graphs becomes more apparent when we consider
mixins that combine recursive definitions of functions and immediate computa-
tions that sit outside the recursion:

mixin M1 = mix mixin M2 = mix
?val g ... ?val £ : ...
let £ = Ax. ...g... let g = Ax. ...f...
letu=£f0 letv=gl1l

end end

The dependency graph for the sum M1 + M2 is:

It satisfies the correctness criterion, thus accepting this definition; other systems
that record a global “valuability” flag on each signature, such as the recursive
modules of [I1], would reject this definition.

3 The CMS, Calculus

We now define formally the syntax and typing rules of CMS,, our call-by-value
variant of CMS.

3.1 Syntax

The syntax of CMS, terms and types is defined in figure[[l Here, x ranges over a
countable set Vars of (a-convertible) variables, while X ranges over a countable
set Names of (non-convertible) names used to identify mixin components.

Although our module system is largely independent of the core language, for
the sake of specificity we use a standard simply-typed A-calculus with constants
as core language. Core terms can refer by name to a (core) component of a mixin
structure, via the notation F.X.
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Core terms: C:u=zx|cst variable, constant
| \x.C' | C1 C4 abstraction, application
| E.X component projection
Mixin terms: E=C core term
| {¢;0) mixin structure
| E1+ Eo sum
| E[X <« Y] rename X to Y
|E!'X freeze X
| E\ X delete X
| close(FE) close
Input assignments: Lu=x i€ X ¢ injective
Output assignments: o0 := X, e E;
Core types: Tu=1int |bool |T — T
Mixin types: T:=1 core type
| {Z; 0; D} mixin signature
Type assignments: 7,0 == X; ef T;
Dependency graphs: D (see section B2)

Fig. 1. Syntax of CMS,

Mixin terms include core terms (proper stratification of the language is en-
forced by the typing rules), structure expressions building a mixin from a col-
lection of components, and the various mixin operators mentioned in section [2}
sum, rename, freeze, delete and close.

A mixin structure (¢;0) is composed of an input assignment ¢ and an output
assignment o. The input assignment associates internal variables to names of im-
ported components, while the output assignment associates expressions to names
of exported components. These expressions can refer to imported components
via their associated internal variables. This explicit distinction between names
and internal variables allows internal variables to be renamed by a-conversion,
while external names remain immutable, thus making projection by name un-
ambiguous [T9)2121].

Due to late binding, a virtual (defined but not frozen) component of a mixin
is both imported and exported by the mixin: it is exported with its current
definition, but is also imported so that other exported components refer to its
final value at the time the component is frozen or the mixin is closed, rather
than to its current value. In other terms, component X of (;;0) is deferred
when X € cod(t) \ dom(o), virtual when X € cod(t) N dom(o), and frozen when
X € dom(o) \ cod(r).

For example, consider the following mixin, expressed in the ML-like syntax
of section[Z: mix ?val x: int let y = x + 2 let z =y + 1 end Itis
expressed in CMS, syntax as the structure (t;0), where ¢ = [z — X; y —
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Yz~ Zlando=[Y — 2+ 2; Z+— y+1]. The names X, Y, Z correspond to
the variables in the ML-like syntax, while the variables z, y, z bind them locally.
Here, X is only an input, but Y and Z are both input and output, since these
components are virtual. The definition of Z refers to the imported value of Y,
thus allowing later redefinition of Y to affect Z.

3.2 Types and Dependency Graphs

Types 7 are either core types (those of the simply-typed A-calculus) or mixin
signatures {Z; O; D}. The latter are composed of two mappings Z and O from
names to types, one for input components, the other for output components;
and a safe dependency graph D.

A dependency graph D is a directed multi-graph whose nodes are external
names of imported or exported components, and whose edges carry a valuation

x € {0,1}. An edge X L, ¥ means that the term E defining Y refers to the value
of X, but in such a way that it is safe to put E in a recursive definition that

simultaneously defines X in terms of Y. An edge X 2, ¥ means that the term
FE defining Y cannot be put in such a recursive definition: the value of X must
be entirely computed before F is evaluated. It is generally undecidable whether
a dependency is of the 0 or 1 kind, so we take the following conservative approx-
imation: if E' is an abstraction Az.C, then all dependencies for Y are labeled 1;
in all other cases, they are all labeled 0. (Other, more precise approximations
are possible, but this one works well enough and is consistent with core ML.)

More formally, for © € FV(E), we define v(z, E) = 1 if E = A\y.C' and
v(z, E) = 0 otherwise. Given the mixin structure s = (1;0), we then define its
dependency graph D(s) as follows: its nodes are the names of all components of
s, and it contains an edge X XY if and only if there exist F and x such that
o(Y)=F and «(z) = X and z € FV(E) and x = v(z, E). We then say that a
dependency graph D is safe, and write - D, if all cycles of D are composed of
edges labeled 1. This captures the idea that only dependencies of the “1” kind
are allowed inside a mutually recursive definition.

In order to type-check mixin operators, we must be able to compute the
dependency graph for the result of the operator given the dependency graphs
for its operands. We now define the graph-level operators corresponding to the
mixin operators.

Sum: the sum Dy + D3 of two dependency graphs is simply their union:
Di+Dy={X5Y|[(X5Y)eDor (X 5Y)eD,)}

Rename: assuming Y is not mentioned in D, the graph D[X « Y] is the graph
D where the node X, if any, is renamed Y, keeping all edges unchanged.

DX —Y]={A{X Y} 5 B{X —Y}| (A5 B)eD}
Delete: the graph D\ X is the graph D where we remove all edges leading to X.

D\X =D\ {Y & X | Y € Names, x € {0,1}}
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Freeze: operationally, the effect of freezing the component X in a mixin structure
is to replace X by its current definition E in all definitions of other exported
components. At the dependency level, this causes all components Y that previ-
ously depended on X to now depend on the names on which £ depends. Thus,

minkaX2) 7 the

paths Y X% X X% Z in the original graph become edges Y
result graph.

DX = (D U Daround) \ Dremove

where Dargung = {Y 22002 71 (v X1, ¥y e D, (X X2, 7) € D)
and  Dyemove = {X Y | Y € Names, x € {0,1}}

The sum of two safe graphs is not necessarily safe (unsafe cycles may appear);
thus, the typing rules explicitly check the safety of the sum. However, it is
interesting to note that the other graph operations preserve safety:

Lemma 1 If D is a safe dependency graph, then the graphs D[ X <« Y], D\X
and D!X are safe.

3.3 Typing Rules

The typing rules for CMS,, are shown in figure 2l The typing environment I is
a finite map from variables to types. We assume given a mapping 7'C' from con-
stants to core types. All dependency graphs appearing in the typing environment
and in input signatures are assumed to be safe.

The rules resemble those of [3], with additional manipulations of dependency
graphs. Projection of a structure component requires that the structure has no
input components. Structure construction type-checks every output component
in an environment enriched with the types assigned to the input components;
it also checks that the corresponding dependency graph is safe. For the sum
operator, both mixins must agree on the types of common input components,
and must have no output components in common; again, we need to check that
the dependency graph of the sum is safe, to make sure that the sum introduces
no illegal recursive definitions. Freezing a component requires that its type in the
input signature and in the output signature of the structure are identical, then
removes it from the input signature. In contrast, deleting a component removes
it from the output signature. Finally, closing a mixin is equivalent to freezing all
its input components, and results in an empty input signature and dependency
graph.

4 Compilation

We now present a compilation scheme translating CMS, terms into call-by-
value A-calculus extended with records and a 1et rec binding. This compilation
scheme is compositional, and type-directed, thus supporting separate compila-
tion.
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'+{z:n}-C:7m

I'tx: ' (x) (var) I'tc:TC(c) (const) (abstr)
I'Xxe.C:1 — 1
I'-Cy: 7 I'-Cy: 1’ r-Fr:{0;0;
v 27 (app) M (select)
I'=CiCsy:r I'FEX:0(X)

FD(;;0)  dom(o) = dom(O)
I'+{z:Z(«(x)) | x € dom(t)} F o(X) : O(X) for X € dom(o)

I'=(;;0) : {Z;0; D(1;0) }

I't E1:{Z:1;01;D1} TI'F Ez:{Z2;02;D2} F D1+ Do
dom(01) Ndom(O2) =0  T1(X) = Z2(X) for all X € dom(Z1) N dom(Z2)

(struct)

(sum)

I't E1+4 By : {T1 +To; O1 + O2; D1 + Do}
I'FE:{Z;0;D} 1I(X)=0(X)
I'-E!'X :{T\x;0; DX}
I'tE:{Z;0;D} X & dom(O)
I'E\X :{Z;0\x;D\ X}
I'FE:{Z;0;D} Y ¢ dom(T)U dom(O)

(freeze)

(delete)

(rename)

I'FEX «—Y]:{Zo]Y —» X]|;O00[Y — X];D[X « Y]}
' E:{Z;0;D} dom(Z) C dom(0O) ZI(X)=0O(X) forall X € dom(Z)
I'F close(E) : {0; 0; 0}

(close)

Fig. 2. Typing rules

4.1 Intuitions

A mixin structure is translated into a record, with one field per output com-
ponent of the structure. Each field corresponds to the expression defining the
output component, but A-abstracts all input components on which it depends,
that is, all its direct predecessors in the dependency graph. These extra param-
eters account for the late binding semantics of virtual components. Consider
again the M1 and M2 example at the end of section 21 These two structures are
translated to:

ml={f=>X.Xx. ...g...; u=A.fO0}

m2={g=XM.JXx. ...f...; v=2X. g1l}
The sum M = M1 + M2 is then translated into a record that takes the union of
the two records m1 and m2:

m={f=ml.f; u=ml.u; g =m2.g; v =m2.v }
Later, we close M. This requires connecting the formal parameters representing in-
put components with the record fields corresponding to the output components.
To do this, we examine the dependency graph of M, identifying the strongly
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connected components and performing a topological sort. We thus see that we
must first take a fixpoint over the £ and g components, then compute u and v
sequentially. Thus, we obtain the following code for close(M):

let rec f = m.f gand g = m.g £ in

let u = m.u f in

let v = m.v g in

{f=f;g=g;u=u; v=yv}
Notice that the let rec definition we generate is unusual: it involves function
applications in the right-hand sides, which is usually not supported in call-by-
value A-calculi. Fortunately, Boudol [6] has already developed a non-standard
call-by-value calculus that supports such let rec definitions; we adopt a variant
of his calculus as our target language.

4.2 The Target Language

The target language for our translation is the Ap calculus, a variant of the A-
calculus with records and recursive definitions studied in [6]. Its syntax is as
follows:

M :=x|cst| Ae. M | My M,
Xy = Myi...: X, = M) | M.X
|let © = M; in M
| let rec x1 = My and ... and =, = M,, in M

4.3 The Translation

The translation scheme for our language is defined in figure Bl The translation
is type-directed and operates on terms annotated by their types. For the core
language constructs (variables, constants, abstractions, applications), the trans-
lation is a simple morphism; the corresponding cases are omitted from figure [3

Access to a structure component E.X is translated into an access to field X
of the record obtained by translating F. Conversely, a structure (i;0) is trans-
lated into a record construction. The resulting record has one field for each
exported name X € dom(o), and this field is associated to o(X) where all input
parameters on which X depends are A-abstracted. Some notation is required
here. We write D~1(X) for the list of immediate predecessors of node X in
the dependency graph D, ordered lexicographically. (The ordering is needed
to ensure that values for these predecessors are provided in the correct order
later; any fixed total ordering will do.) If (X1,...,X,) = D™'(X) is such a
list, we write .~ 1(D~1(X)) for the list (x1,...,x,) of variables associated to the
names (X1, ...,X,) by the input mapping ¢. Finally, we write A(z1,...,z,).M
as shorthand for Azq ... Ax,.M. With all this notation, the field X in the record
translating (¢; 0) is bound to Ae™H(D~1(X)).[o(X) : O(X)].

The sum of two mixins Fq + F» is translated by building a record containing
the union of the fields of the translations of F; and E5. For the delete operator
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(E:THX :T]=[E:T].X
[:0) : {Z; 0; D] =
(X =X D X)) Jo(X) : O(X)] | X € dom(O))
[(Er: {Z1;01;D1}) + (B2 : {T2; O2;D2}) : {Z; O; D} =
let e1 = [E1:{Z1; O01;D1}] in let ex = [E2 : {Z2; O2;D2}] in
(X =e1.X | X € dom(0y);
Y =e.Y |Y € dom(O3))
[(E: {T'; 0", D'})\ X : {T; O; D} =
let e=[E:{Z;0;D'} in (Y =e.Y | Y € dom(0))
[(E:A{T 0" D'}X « Y] :{T;0;D}] =
let e=[E:{Z;0";D'}] in
(Z{X —«Y}=AD"YZ{X — Y} (e.Z DY Z){X — Y} | Z € dom(©O"))
[(E: {70, D'})! X : {T; 0; D} =
let e=[E:{Z;0;D'}] in
(Z=eZ|Z € dom(0), X ¢ D'"(Z);
Y =AD-1(Y)let rec X =e.X D'-1(X) ineY D'-L(Y) | X € D' (Y))
[close(E : {Z';0";D'}) : {B; 0;0}] =
let e=[E:{Z;0;D'}] in
let rec X{ =e.X] D'-1(X}) and ... and X1 =eX, WX}H) in

let rec X} = e.X? D'-1(X7) and ... and X}, = e.X} D'-1(X},) in
(X =X | X € dom(0O))
where ({X1 ... X, }, ... {X7 ... X }) is a serialization of dom(O") against D’

Fig. 3. The translation scheme

E\ X, we return a copy of the record representing E in which the field X is
omitted. Renaming F[X « Y] is harder: not only do we need to rename the field
X of the record representing F into Y, but the renaming of X to Y in the input
parameters can cause the order of the implicit arguments of the record fields to
change. Thus, we need to abstract again over these parameters in the correct
order after the renaming, then apply the corresponding field of [E] to these
parameters in the correct order before the renaming. Again, some notation is in
order: to each name X we associate a fresh variable written X, and similarly for
lists of names, which become lists of variables. Moreover, we write M (z1,...,z,)
as shorthand for M =1 ... z,.

The freeze operation E'! X is perhaps the hardest to compile. Output com-
ponents Z that do not depend on X are simply re-exported from [FE]. For
the other output components, consider a component Y of F that depends on
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Y1,...,Y,, and assume that one of these dependencies is X, which itself depends
on Xi,...,X,. In E! X, the Y component depends on ({¥;} U{X;})\ {X}.
Thus, we A-abstract on the corresponding variables, then compute X by apply-
ing [E].X to the parameters 7] Since X can depend on itself, this application
must be done in a let rec binding over X. Then, we apply [E].Y to the param-
eters that it expects, namely Y;, which include X.

The only operator that remains to be explained is close(FE). Here, we take
advantage of the fact that close removes all input dependencies to generate
code that is more efficient than a sequence of freeze operations. We first serialize
the set of names exported by E against its dependency graph D. That is, we
identify strongly connected components of D, then sort them in topological order.
The result is an enumeration ({X{... X} },...,{X7... X% }) of the exported
names where each cluster {X7 ... X} } represents mutually recursive definitions,
and the clusters are listed in an order such that each cluster depends only on
the preceding ones. We then generate a sequence of let rec bindings, one for
each cluster, in the order above. In the end, all output components are bound
to values with no dependencies, and can be grouped together in a record.

5 Type Soundness of the Translation

The translation scheme defined above can generate recursive definitions of the
form let rec x = M x in N. In Ap, these definitions can either evaluate to a
fixpoint (i.e. M = Az A\y.y), or get stuck (i.e. M = Az.z + 1). In the full paper,
we prove that no term generated by the translation of a well-typed mixin can
get stuck. To this end, we equip A\p with a sound type system that guarantees
that all recursive definitions are correct. Boudol [6] gave such a type system,

using function types of the form 7 9, Ty O T1 LN 75 to denote functions that
respectively do or do not inspect the value of their argument immediately when
applied. However, this type system does not type-check curried function ap-
plications with sufficient precision for our purposes. Therefore, we developed a
refinement of this type system based on function types of the form 7 — 7o,
where n is an integer indicating the number of applications that can be per-
formed without inspecting the value of the first argument. In the full paper [17],
we formally define this type system, show its soundness (well-typed terms do
not get stuck), and prove that Ag terms produced by the compilation scheme
applied to well-typed mixins are well typed.

6 Related Work

Bracha []7] introduced the concept of mixin as a generalization of (multiple)
inheritance in class-based OO languages, allowing more freedom in deferring the
definition of a method in a class and implementing it later in another class than
is normally possible with inheritance and overriding.

Duggan and Sourelis [T3/T4] were the first to transpose Bracha’s mixin con-
cept to the ML module system. Their mixin module system supports extensible
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functions and datatypes: a function defined by cases can be split across sev-
eral mixins, each mixin defining only certain cases, and similarly a datatype
(sum type) can be split across several mixins, each mixin defining only certain
constructors; a composition operator then stitches together these cases and con-
structors. The problem with ill-founded recursions is avoided by allowing only
functions (A-abstractions) in the combinable parts of mixins, while initialization
code goes into a separate, non-combinable part of mixins. Their compilation
scheme (into ML modules) is less efficient than ours, since the fixpoint defining
a function is computed at each call, rather than only once at mixin combination
time as in our system.

The units of Flatt and Felleisen [I5] are a module system for Scheme. The ba-
sic program units import names and export definitions, much like in Ancona and
Zucca’s CMS calculus. The recursion problem is solved as in [I3] by separating
initialization from component definition.

Ancona and Zucca [TJ2/3] develop a theory of mixins, abstracting over much
of the core language, and show that it can encode the pure A-calculus, as well
as Abadi and Cardelli’s object calculus. The emphasis is on providing a calcu-
lus, with reduction rules but no fixed reduction strategy, and nice confluence
properties. Another calculus of mixins is Vestergaard and Wells’ m-calculus [21],
which is very similar to CMS in many points, but is not based on any core
language, using only variables instead. The emphasis is put on the equational
theory, allowing for example to replace some variables with their definition inside
a structure, or to garbage collect unused components, yielding a powerful the-
ory. Neither Ancona-Zucca nor Vestergaard-Wells attempt to control recursive
definitions statically, performing on-demand unwinding instead. Still, some care
is required when unwinding definitions inside a structure, because of confluence
problems [4].

Crary et al [11112] and Russo [20] extend the Standard ML module system
with mutually recursive structures via a structure rec binding. Like mixins,
this construct addresses ML’s cross-module recursion problem; unlike mixins, it
does not support late binding and incremental programming. The structure
rec binding does not lend itself directly to separate compilation (the definitions
of all mutually recursive modules must reside in the same source file), although
some amount of separate compilation can be achieved by functorizing each recur-
sive module over the others. ML structures contain type components in addition
to value components, and this raises delicate static typing issues that we have
not yet addressed within our CMS, framework. Crary et al formalize static
typing of recursive structure using recursively-defined signatures and the phase
distinction calculus, while Russo remains closer to Standard ML’s static seman-
tics. Concerning ill-founded recursive value definitions, Russo does not attempt
to detect them statically, relying on lazy evaluation to catch them at run-time.
Crary et al statically require that all components of recursive structures are syn-
tactic values. This is safe, but less flexible than our component-per-component
dependency analysis.

Bono et al [5] use a notion of dependency graph in the context of a type
system for extensible and incomplete objects. However, they do not distinguish
between “0” and “1” dependencies.
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7 Conclusions and Future Work

As a first step towards a full mixin module system for ML, we have developed a
call-by-value variant of Ancona and Zucca’s calculus of mixins. The main techni-
cal innovation of our work is the use of dependency graphs in mixin signatures,
statically guaranteeing that cross-module recursive definitions are well founded,
yet leaving maximal flexibility in mixing recursive function definitions and non-
recursive computations within a single mixin. Dependency graphs also allow a
separate compilation scheme for mixins where fixpoints are taken as early as
possible, i.e. during mixin initialization rather than at each component access.

A drawback of dependency graphs is that programmers must (in principle)
provide them explicitly when declaring a mixin signature, e.g. for a deferred
sub-mixin component. This could make programs quite verbose. Future work
includes the design of a concrete syntax for mixin signatures that alleviate this
problem in the most common cases.

Our Ap target calculus can be compiled efficiently down to machine code,
using the “in-place updating” trick described in [I0] to implement the non-
standard let rec construct. However, this trick assumes constant-sized function
closures; some work is needed to accommodate variable-sized closures as used in
the OCaml compiler among others.

The next step towards mixin modules for ML is to support type definitions
and declarations as components of mixins. While these type components account
for most of the complexity of ML module typing, we are confident that we can
extend to mixins the considerable body of type-theoretic work already done for
ML modules [I6JI8] and recursive modules [ITJ12].

Acknowledgements. We thank Elena Zucca and Davide Ancona for discussions,
and Vincent Simonet for his technical advice on the typing rules for Ap.
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Abstract. We integrate existential types into a strongly typed C-like
language. In particular, we show how a bad combination of existential
types, mutation, and aliasing can cause a subtle violation of type safety.
We explore two independent ways to strengthen the type system to re-
store safety. One restricts the mutation of existential packages. The other
restricts the types of aliases of existential packages. We use our frame-
work to explain why other languages with existential types are safe.

1 Introduction

Strongly typed programming languages prevent certain programming errors and
provide a foundation on which the user can enforce strong abstractions. High-
level languages usually have primitive support for data hiding (e.g., closures, ob-
jects), which mitigate the burden of strong typing. At lower levels of abstraction,
such as in C, exposed data representation and a rich set of primitive operations
make it difficult to provide strong typing without unduly restricting the set of
legal programs. A powerful technique is to provide a rich type system that the
programmer can use to express invariants that ensure a program’s safety.

In particular, existential types (often written Ja.7 where T is a type) are
a well-known device for permitting consistent manipulation of data containing
values of unknown types. Indeed, they have become the standard tool for mod-
eling the data-hiding constructs of high-level languages. Mitchell and Plotkin’s
seminal work [I1] explains how constructs for abstract types, such as the rep
types in CLU clusters [§] and the abstype declarations in Standard ML [9], are
really existential types. For example, an abstraction for the natural numbers
could have the type da{zero:a; succ:a — a}. As desired, if we had two such
abstractions, we could not apply one’s succ function to the other’s zero value.

Existential types also serve an essential role in many encodings of objects [I]
and closures [10]. For example, we can represent a closure as a record of values
for the original code’s free variables (its environment) and a closed code pointer
taking the environment as an extra parameter. By abstracting the environment’s
type with an existential type, source functions with the same type but different
environments continue to have the same type after this encoding.

* This material is based on work supported in part by AFOSR under grant F49620-
00-1-0198. Any opinions, findings, and conclusions or recommendations expressed in
this publications are those of the author and do not reflect the view of this agency.
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More recently, existential types have also proven useful in safe low-level lan-
guages [1213]. For example, many low-level interfaces let a client register a call-
back with a server along with data to pass to the call-back when it is invoked.
If the server specifies the data’s type, then the interface is too restrictive. This
idiom bears an uncanny resemblance to the closure encoding: A record holding
the call-back and the data should have an existential type. Essentially, low-level
languages do not provide data-hiding constructs directly, so it is sensible for the
type system to be rich enough for programs to create them. Existential quan-
tification has also been used to express connections beyond simple types. For
example, Xanadu [20] lets programmers express that an integer holds the length
of a particular array. An existential type lets us pack an array with its length.

In C, we must resort to void* and unchecked casts when existential types
would be appropriate. For example, using the aforementioned encoding, a func-
tion closure that consumes an int and returns void could have the type struct
T {void (*f)(int,void*); void* env;};. If x had this type, we could write
x.f(37,x.env), but nothing enforces that x.env has the type that x.f expects,
nor can we prevent calling x.f with any other pointer. With existential types, we
can enforce the intended usage by declaring struct T Ja.{void (*f) (int,a);
a env;};. For this reason, Cyclone [2[6], a safe C-like language developed by
Trevor Jim, Greg Morrisett, the author, and others, allows struct declarations
to have existential type variables.

However, it does not appear that the interaction of existential types with
features like mutation and C’s address-of (&) operator has been carefully studied.
Orthogonality suggests that existential types in a C-like language should permit
mutation and acquiring the address of fields, just as ordinary struct types do.
Moreover, such abilities are genuinely useful. For example, a server accepting
call-backs can use mutation to reuse the same memory for different call-backs
that expect data of different types. Using & to introduce aliasing is also useful.
As a small example, given a value v of type struct T Ja.{a x; « y;}; and
a polymorphic function V3. void swap(fS*, (*) for swapping the contents of
two locations, we would like to permit a call like swap (&v.x, &v.y).

Unfortunately, a subtle interaction among all these features can violate type
safety. Somewhat embarrassingly, Cyclone was unsafe for several months before
the problem was discovered. In order to expose the problem’s essential source
and provide guidelines for using existential types in low-level languages, this
paper explains the unsoundness, describes two independent solutions, proves the
solutions are correct, and explores why this problem did not arise previously.

In the next section, we present a full example exploiting the unsoundness that
assignment, aliasing, and existential types can produce. We use this example to
explain how we restore soundness. Section 3 presents a small formal language
suitable for arguing rigorously that we have, in fact, restored soundness. Section
4 describes the soundness proof for the formal language; the excruciating details
appear in a companion technical report [4]. Section 5 discusses related work. In
particular, it uses the insights of the preceding sections to explain why other
languages with existential types are safe.
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2 Violating Type Safety

In this section, we present a violation of type safety discovered in Cyclone [2/6]
(a safe C-like language) and how we fixed the problem. We describe only the
Cyclone features necessary for our present purposes, and we take the liberty of
using prettier syntax (e.g., Greek letters) than the actual language.

A struct declaration may declare existentially-bound type variables and use
them in the types of fields. Repeating an earlier example, a value of the type

struct T da.{void (*f)(int, «); « env;};

contains a function pointer in the f field that can be applied to an int and the
env field of the same value.

Different values of type struct T can instantiate o with different types. Here
is a program exploiting this feature. (The form T(el,e2) is just a convenient
way to create a struct T object with fields initialized to el and e2.)

void ignore(int x, int y) {}
void assign(int x, int *y) { *y = x; }
void f(int* ptr) {
struct T pl = T(ignore, Oxabcd);
struct T p2 = T(assign, ptr);
/* use pl and p2 ... */
}

The type-checker infers that in T(ignore,Oxabcd), for example, « is int. We
call int the witness type for the existential package T(ignore,Oxabcd). The
type-checker would reject T(assign,Oxabcd) because there is no appropriate
witness type. Witness types are not present at run time.

Because p1 and p2 have the same type, we could assign one to the other with
p2=pl. As in C, this assignment copies the fields of p1 into the fields of p2. Note
that the assignment changes p2’s witness type.

We cannot access fields of existential packages with the or “—” opera-
tors[Y Instead, Cyclone provides pattern-matching to bind variables to parts of
aggregate objects. For existential packages, the pattern also opens (sometimes
called “unpacking”) the package by giving an abstract name to the witness type.
For example, the function f could continue with

W

let T(g,arg)<pB> = p2 in g(37,arg);

The pattern binds g to (a copy of) p2.f and arg to (a copy of) p2.env. It also
makes [ a type. The scope of g, arg, and 3 is the statement after in. The types
of g and arg are void (*f) (int,/) and [, respectively, so the function call is
well-typed.

It is well-known that the typing rule for opening an existential package must
forbid the introduced type variable (3) from occurring in the type assigned to

! struct declarations without existential type variables permit these operators.
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the term in which [ is in scope. In our case, this term is a statement, which has
no type (or a unit type if you prefer), so this condition is trivially satisfied. Our
unsoundness results from a different problem.

Another pattern form, which we call a reference pattern, is *id; it binds id
to the address of part of a value. (So *id has the same type as that part of the
value.) We need this feature for the swap example from the previous section. We
can modify our previous example to use this feature gratuitously:

let T(g,*arg)<f> = p2 in g(37,*arg);

Here arg is an alias for &p2.env, but arg has the opened type, in this case [x*.

At this point, we have seen how to create existential packages, use assignment
to modify memory that has an existential type, and use reference patterns to get
aliases of existential-package fields. It appears that we have a smooth integration
of several features that are natural for a language at the C level of abstraction.
Unfortunately, these features conspire to violate type safety:

void f(int* ptr) {

struct T pl = T(ignore, Oxabcd);

struct T p2 = T(assign, ptr);

let T(g,*arg)<(> = p2 in { p2 = pl; g(37,*arg); }
}

The call g(37,*arg) executes assign with 37 and Oxabcd—we are passing an
int where we expect an intx, allowing us to write to an arbitrary address.

What went wrong in the type system? We used 0 to express an equality
between one of g’s parameter types and the type of value at which arg points.
But after the assignment, which changes p2’s witness type, this equality is false.

We have developed two solutions. The first solution forbids using reference
patterns to match against fields of existential packages. Other uses of reference
patterns are sound because assignment to a package mutates only the fields of
the package. We call this solution, “no aliases at the opened type.” The second
solution forbids assigning to an existential package (or an aggregate value that
has an existential package as a field). We call this solution, “no witness changes.”

These solutions are independent: Either suffices and we could use different
solutions for different existential packages. That is, for each existential-type dec-
laration we could let the programmer decide which restriction the compiler en-
forces. Our current implementation supports only “no aliases at the opened type”
because we believe it is more useful, but both solutions are easy to enforce.

To emphasize the exact source of the problem, we mention some aspects
that are not problematic. First, pointers to witness types are not a problem. For
example, given struct T2 dJa.{void f(int, a); a* env;}; and the pattern
T2(g,arg) <>, an intervening assignment changes a package’s witness type but
does not change the type of the value at which arg points. Second, assignment
to a pointer to an existential package is not a problem because it changes which
package a pointer refers to, but does not change any package’s witness type.

Witness changes are more difficult with multithreading: A similar unsound-
ness results if the witness can change in-between the binding of g and arg. We
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would need some mechanism for excluding a mutation while binding a package’s
fields. If we restricted (shared, witness-changeable) packages to a single field (a
pointer), atomic reads and writes of a single word would suffice.

3 Sound Language

To investigate the essential source of the unsoundness described in Section 2]
we present a small formal language with the same potential problem. Instead of
type definitions, we use “anonymous” product types (pairs) and existential types.
Instead of pattern-matching, we use open statements for destructing existential
packages. We omit many features that have no relevance to our investigation,
including loops and function calls. Such features can be added in typical fashion.

3.1 Syntax

Figure[ presents the language’s syntax. Types include a base type (int), products
(11 X T2), pointers (7%), existentials (3%a.7), and type variables (a). Because
aliasing is relevant, all uses of pointers are explicitly noted. In particular, a
value of a product type is a record, not a pointer to a record A To distinguish
our two solutions to restoring soundness, we annotate existential types with §
(the witness type can change) or & (aliases at the opened type are allowed).

¢ € Lab c € Int x € Var a € Tyvar H : Lab — Value

Typer = int | « | 7% | 1 x7e | 3%ar
Expeux=c | z | €p | (e1,e2) | ei | &e | *e | pack 7’ e as 3%a.7
Stmt s ::= skip | e1:=ea | s1;82 | letz:7=cins

open e as o,z in s | open e as «,*z in s
Pathp = - | ip | up

Field ¢ == 0 | 1

Style¢p := 4§ | &

Value v := ¢ | &fp | pack 7/,v as 3°a.7 | (v1,v2)

Fig. 1. Syntax

Expressions include variables (), constants (c), pairs ((e1, e2)), field accesses
(e.1), pointer creations (&e), pointer dereferences (xe), and existential packages
(pack 7', e as 3%a.7). In the last form, 7/ is the witness type; its explicit mention
is just a technical convenience. We distinguish locations (“lvalues”) from values
(“rvalues”). Locations have the form ¢p where ¢ is a label (an address) for a heap

2 Hence we could allow casts between 71 X (12 x 73) and (71 X 72) X 73, but we have
no reason to add this feature.
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record and p is a path that identifies a subrecord. Locations do not appear in
source programs, but we use them in the dynamic semantics, as described below.

Statements include doing nothing (skip), assignment—altering the contents
of a heap record (e; := e3), and local bindings—extending the heap (let x :
7 = e in s). Because memory management is not our present concern, the
dynamic semantics never contracts the heap. There are two forms for destructing
existential packages. The form open e as «,x in s binds x to a copy of the
contents of the evaluation of e, whereas open ¢ as a,*x in s binds = to a
pointer to the contents of the evaluation of e. The latter form corresponds to
the previous section’s reference patterns, but for simplicity it produces a pointer
to the entire contents, not a particular field.

3.2 Dynamic Semantics

A heap (H) maps labels (¢) to values. We write H[¢ — v] for the heap that is
like H except that ¢ maps to v, and we write - for the empty heap. Because
values may be pairs or packages, we use paths (p) to specify parts of values.
A path is just a sequence of 0, 1, and u (explained below) where - denotes the
empty sequence. We write p1ps for the sequence that is p; followed by py. We
blur the distinction between sequences and sequence elements as convenient. So
Op means the path beginning with 0 and continuing with p and p0 means the
path ending with 0 after p.

The get relation defines the use of paths to destruct values. As examples,
get((vo,v1), 1,v1) and get(pack 7/, v as 3%a.7, u, v). That is, we use u to get a
package’s contents. The set relation defines the use of paths to update parts of
values: set(v1, p, v2,v3) means updating the part of v; corresponding to p with vo
produces vz. For example, set((v1, ((v2,v3),v4)), 10, (vs,vg), (v1, ((v5,v6),v4))).
Figure [2 defines both relations.

Unlike C, expression evaluation in our core language has no side effects, so
we have chosen a large-step semantics. Given a heap, we use the |1, relation to
evaluate expressions to locations and the |lg relation to evaluate expressions to
values. The two relations are interdependent (see the |1, rule for xe and the g
rule for &e). For many expressions there are no H, ¢, and p such that H e {1, {p
(for example, e = (e1,e2)). Only a few rules merit further discussion: The |,
rule for projection puts the field number on the right of a path. The {g rules
for £p and xe use the heap H and the get relation. Figure 3 defines {1, and {g.

Statements operate on heaps; we define a small-step semantics in which
(H,s) — (H',s') means, “under heap H, statement s produces H' and becomes
§'.” The meaning of a program s is H where (-,s) —* (H,skip) (where —* is
the reflexive transitive closure of —). We write s{¢p/x} for the substitution of
Ip for z in s and s{7/a} for the capture-avoiding substitution of 7 for « in s.
We omit the straightforward but tedious definitions of substitution.

We now describe the interesting rules for evaluating statements. (All rules
are in Figure[dl) The interesting part for assignment is in the set judgment. For
let, we map a fresh label ¢ in the heap to (a copy of) the value and substitute
that location (that is, the label and path -) for the binding variable in the body
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get(vo,p, v) get(vi,p, v)
get(v, -, v) get((vo,v1),0p, v) get((vo,v1), 1p,v)
get(v1,p,v)
get(pack 7/, v, as 3.7, up, v)
set(vo, p,v,v") set(v1, p,v,v")
set(Voud, -, v, V) set((vo, v1), 0p, v, (v',v1)) set((vo,v1), 1p, v, (vo,v"))

set(v1, p,v,v")

set(pack 7/, v, as 3%a.7, up, v, pack 7/,v’ as I%a.7)

Fig. 2. Dynamic Semantics: Heap Objects

HbEFelwlp HFelr &p
HFE/tplfp Hteadlw fpi H & xe L fp
get(H(0),p,v) HFelr (vo,v1) HFelr (vo,v1)
HbFclrc HEF/lplrv HtelJlr vo HEFell{run
HFeolrvo HFEFeidrwu HbEelwlp Hit-elr &lp get(H(L),p,v)
Ht (eo,e1) Ir (vo,v1) H & &e g &fp HFxel|rv
HrFelrv

H - pack 7', e as 3%a.7 ||r pack 7/,v as I%a.7

Fig. 3. Dynamic Semantics: Expressions

HbFeilotlp HbEexlrv set(H(E),p,v,0")
(H,e1 :=e2) — (H[{ — '], skip)

(H,Sl) - (Hlvsll)
(HaSkip;s) - (H7 S) (HaSI;SQ) - (H/7Sl1;82)
Htelrv (¢dom(H)

(H)let z:7=eins) — (H[{ — v],s{l/x})
HFelr pack 7/,v as 3%a.7 (¢ dom(H)
(H,open e as o,z in s) — (H[{ — v], s{7'/a}{¢-/x})
Hbelnl'p get(H(),p, pack 7/,v as 3%a.7) £ ¢ dom(H)
(H,open e as o,z in s) — (H[{ — & pu], s{7'/a}{l/z})

Fig. 4. Dynamic Semantics: Statements
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of the statement. The rule for open e as «, x in s is similar; we also substitute
7' for o, where 7’ is the witness type in the package to which e evaluates. The
rule for open e as a, xx in s is like the rule for open e as «, x in s except that
we use |1, to evaluate e to a location #'p and we map £ to &¢pu.

As an example, here is a variation of the previous unsoundness example.
Instead of using function pointers, we use assignment, but the idea is the same.
For now, we do not specify the style of the existential types.

(1) let zero :int=0 in

(2) let pzero : intx = &zero in

(3) let pkg : I%a.ax x o = pack intx, (&pzero, pzero) as I?a.ax x a in
(4) open pkg as 3, pr in

(5) let fst: B+ = (xpr).0 in

(6) pkg := pack int, (pzero, zero) as I°a.ax X a ;

(7) =fst := (xpr).1;
(8) xpzero := zero

In describing the example, we assume that when binding a variable z, we
choose ¢, as the fresh location. Hence line (3) substitutes £,x,- for pkg and line
(4) substitutes int« for 8 and £, for pr. Furthermore, after line (4), £px, contains
pack intx, (&Cpzero, &Loero) as FPa.ox X o and Ly contains &fppgu. After line
(6), lyst contains &€pero- and Ly, contains pack int, (pzero, 0) as Fa.ax X a.
Hence line (7) assigns 0 to ¢per0, which causes line (8) to be stuck because there
is no ¢p to which |1, can evaluate *0.

To complete the example, we need to choose § or & for each ¢. Fortunately,
as the next section explains, no choice produces a well-typed program.

Note that the type information associated with packages and paths is just to
keep type-checking syntax-directed. We can define an erasure function over heaps
that replaces pack 7/,v as 3%a.7 with v and removes u from paths. Although
we have not formally done so, it should be straightforward to prove that erasure
and evaluation commute. That is, we do not need type information at run time.

3.3 Static Semantics

We now present a type system for source (label-free) programs. Section [ extends
the system to heaps and locations in order to prove type safety.

We use two auxiliary judgments on types. We allow pack 7/,v as 3%a.7
only if - 7/ packable. Assuming constants and pointers have the same run-time
representation, this restriction ensures that code manipulating a package need
not depend on the witness type, as it would if 7y X 75 could be a witness type. We
allow e; := ey only if e; has a type 7 such that - 7 assignable. This judgment
requires that any type of the form 3%a.7’ occurring in 7 occurs in a pointer
type. As a result, the witness type of a location holding pack 71,v as 3%a.7
never changes. A judgment on expressions, I e lval, defines the terms that are
sensible for &e and e := ¢'. Figure[ defines these auxiliary judgments.

With these auxiliary judgments, the rules for expressions and statements
(Figure B) are mostly straightforward. The context includes the type variables
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F int packable F «a packable F 7% packable
F 7 packable F 70 assignable F 7 assignable F 7 assignable
F 7 assignable F 70 X 71 assignable F .7 assignable
F e lval
F x lval F Ip lval F xe lval F e.i lval

Fig. 5. Static Semantics: Auxiliary Judgments

and term variables that are in scope. Term variables map to types. The rule
for package expressions requires that the witness type is packable. The rules
for let and open extend the context appropriately. The rule for assignment
requires that the expressions’ type is assignable. Most importantly, the rule for
open e as o,z in s requires that e has the form 3%a.7. (The repetition of «
is not a restriction because 3*«.7 is a-convertible.) In other words, you cannot
use this statement form to get an alias to a value of type F°a.r.

T is closed under A for all 7 € rng(I"), A7

A C Tyvar
I': Var — Type AbT ARr
ART AT A;TTFe:mo X7 AsTTFey:m0o ATbFer:n
A;TTEeint Ay bFa: I(x) AsTkRe:m A; T (eo,e1) : To X T1
A;I'Fe:7{r'/a} F 1’ packable A;I'Fe:m Felval A TFe: T
A; '+ pack 7', e as 3%a.7 : Ia.t AT - &e: % AT Fxe: T
AFT A;TFsy A;T'kFsy AT'lz—r71lks A;T'te:7 z¢dom(])
A; '+ skip A; T F o815 82 A;'Fletx:T=ein s
A;N'Fer:m A;T'bex:7 Feplval b 7 assignable
A;I’I—el = e2

Aa;TlNz—71lFs ATbFe:3%ar agdA z¢dom(D)
A; ' open e as o,z in s
Aa;Tlz—7dFs ATFe:3% 1 agA z¢dom(D)

A; ' open e as a, *r in s

Fig. 6. Static Semantics: Source Programs

In short, the static semantics ensures that “d-packages” are not aliased except
with existential types and that “&-packages” are not mutated. The next section
shows that these restrictions suffice for type soundness.

Returning to the example from Section B2, we can show why this program
is not well-typed: First, the rules for packages and assignment ensure that the
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three ¢ in the program (lines 3 and 6) must be the same. If they are §, then line 4
is not well-typed because pkg’s type does not have the form 3%a.7. If they are &,
then line 6 is not well-typed because we cannot derive - 3%a.ax x o assignable.

4 Soundness Proof

In this section, we show how to extend the type system from the previous section
in order to attain a syntactic [T9] proof of type soundness. We then describe the
proof, the details of which we relegate to a technical report [4].

For the most part, the extensions are the conventional ones for a heap and
references [B], with several tedious complications that paths introduce. The basic
idea is to prove that the types of labels are invariant. (That is, the value to
which the heap maps a label may change, but only to a value of the same type.)
However, we also need to prove an additional heap invariant for packages that
have been opened with the open e as «,*x in s form. Such a package has the
form pack 7/,v as 3%a.7; its type does not mention 7/, but 7/ must not change.
As explained below, we prove this invariant by explicitly preserving a partial
map from locations to the witness types of “&-packages” at those locations.

4.1 Heap Static Semantics

For heap well-formedness, we introduce the judgment H - ¥; 7, where ¥ maps
labels to types and 7" maps locations (labels and paths) to types. Intuitively,
¥ gives the type of each heap location, whereas 1" gives the witness types of
the “&-packages” at some locations. ¥ is a conventional device; the use of T is
novel. Every label in the heap must be in the domain of ¥, but not every location
containing an “&-package” needs to be in the domain of 7. The location ¢p must
be in the domain of 7" only if there is a value in the heap or program of the form
Ipup’. We say that ¥’ extends ¥ (similarly, 77 extends T°) if the domain of ¥’
contains the domain of ¥ and the two maps agree on their intersection.

The rule for type-checking locations, described below, needs a ¥ and 7" in its
context. Hence we add a ¥ and 7" to the context for type-checking expressions
and statements. Each rule in Figure [6l must be modified accordingly. A program
state is well-typed if its heap and statement are well-typed and type-closed using
the same ¥ and 7. All of the above considerations are summarized in Figure [7l

What remains is type-checking expressions of the form ¢p. Intuitively, we start
with the type ¥(¢) and destruct it using p. However, when p = up’ we require
that the type has the form 3%a.7 and the current location is in the domain of
T. The resulting type uses 7" to substitute the witness type for « in 7. This
operation is very similar to the way the dynamic semantics for open substitutes
the witness type for the binding type variable. 7" has the correct witness type
because - H : ¥; 7. We formalize these considerations with the auxiliary gettype
relation in Figure B Using this relation, the rule for type-checking locations is:

Tl gettype(-, ¥ (¢),p,7) AFT
U A L Hep:T
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FH:U, T U:T;0;0F s
¥ : Lab — Type for all 7 € rng(dla Urng(Y), 7 is closed

7 : Lab x Path — Type F(H,s)

dom(H) = dom(¥)

for all £ € dom(H), ;7;0;0+ H() : ¥(£)

for all (£,p) € dom(T), get(H (£),p, pack T'(¢,p),v as F¥a.7)
FH: ¥ T

Fig. 7. Static Semantics: States and Heaps

15 L+ gettype(pu, 7{Y(¢,p)/a},p’, T)

T; 0+ gettype(p, T, -, 7) T; 0 F gettype(p, a7’ up’, 1)
15 ¢ - gettype(p0, 70, p’, T) T ¢+ gettype(pl, 71,p’, 7)
T; 4+ gettype(p, 70 X 71,0p’, T) T; 0+ gettype(p, 7o X 71, 1p’, )

Fig. 8. Static Semantics: Heap Objects

4.2 Proving Type Safety

We now summarize our proof of type safety. As usual with syntactic approaches,
our formulation indicates that a well-typed program state (a heap and a state-
ment) is either a terminal configuration (the statement is skip) or there is a
step permitted by the dynamic semantics and all such steps produce well-typed
program states|y Type safety is a corollary of preservation (subject-reduction)
and progress lemmas, which we formally state as follows:

Lemma 1 (Preservation). If+ (H,s) and (H,s) — (H',s'), then - (H',s').
Lemma 2 (Progress). Ift (H,s), then either s = skip or there exist H' and
s such that (H,s) — (H', ).

Proving these lemmas requires analogous lemmas for expressions:
Lemma 3 (Expression Preservation). Suppose = H : ;T and ¥;7;0;0 -
e:7. IfHFely fp, thenW;V;0;0-4lp: 7. IfHFelr v, thenW:;T;0;0 v : 7.

Lemma 4 (Expression Progress). If - H : U;T and ¥;7;0;0 - e : 7, then
there exists a v such that H & e ||g v. If we further assume b e lval, then there
exist £ and p such that H F e |y, {p.

We prove the progress lemmas by induction on the structure of terms, using
the preservation lemmas and a canonical-forms lemma (which describes the form
of values of particular types) as necessary.

3 For our formal language, it is also the case that the dynamic semantics cannot
diverge, but we do not use this fact.
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For example, if s = open e as «, x in s, we argue as follows: By assumption,
there must be a ¥ and 7" such that ¥;7;0; ) - s, which means there is a 7 such
that ;7;0:0 + e : 3%a.7. So by the expression-progress lemma, there is a
v such that H F e g v. By the expression-preservation lemma, ¥;7;0;( +
v : 3%a.7. By the canonical-forms lemma, v = pack 7/,v' as 3%a.7 for some
7/ and v'. So for any ¢ ¢ dom(H), we can derive (H,open ¢ as o,z in s) —
(H[¢ — o], s{r' fa}{-/a})

The proof cases involving explicit heap references (such as s = e; := e be-
cause H F e |1, £p) require a lemma relating the get, set, and gettype relations:

Lemma 5 (Heap-Record Type Safety). Suppose - H : ;1 and T3¢ +
gettype(-, W (£),p, 7). Then there is a v' such that get(H (£),p,v") and ¥;T;0; 0 -

v 7. Also, for all vy there is a vy such that set(v, p,v1,v2).

This lemma’s proof requires a stronger hypothesis: We assume get(H (£), p1,v"),
Tl & gettype(p1, 77, p2,7), and ;75 0;0 - v : 7" to prove get(H (), p1pa,v')
(and analogues of the other conclusions), by induction on the length of ps. The in-
teresting case is when py = up’ because its proof requires the heap invariant that
the map 7" imposes. In this case, the gettype assumption implies that (£,p1) €
dom(7"), which means we know get(H (¢), p1, pack T(¢,p1), v, as 3a.7’). With-
out 7 and heap well-formedness, a type other than 1'(¢,p;) could be in the
package. We then could not invoke the induction hypothesis—there would be no
suitable 7" when using v, for v”.

We prove the preservation lemmas by induction on the evaluation (dynamic
semantics) derivation, proceeding by cases on the last rule used in the derivation.
We need auxiliary lemmas for substitution and heap extension:

Lemma 6 (Substitution).
- IfO, A 0 F s, A 7/, and = 7' packable, then W;T; A; T {7'/a} F

s{7'/a}.
- IfU A Ne— 1 Fsand O A 0 Hp 7', then U1 A T s{p/a}.

Lemma 7 (Heap Extension). Suppose 7”7 and W' are well-formed extensions
of well-formed T and ¥, respectively.

- IfU; ;A I'Fe: T, thenW; Y AT e T,

— IfU; T AT s, thenW; Y A T F s,

With these lemmas, most of the proof cases are straightforward arguments:
Rules using substitution use the substitution lemma. Rules extending the heap
use the heap-extension lemma for the unchanged heap values and the resulting
statement. Rules using the get relation use the heap-record type-safety lemma.

The most interesting cases are for e; := es (proving the invariant 7" imposes
still holds) and open e as a, *z in ¢’ (extending 7" in the necessary way)

4 The H F e.i 1, £pi case is also “interesting” in that it extends the path on the right
whereas the gettype relation destructs paths from the left. The open e as o, *x in s’
case has an analogous complication because it adds u on the right.
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We prove the case e; := es as follows: By the assumed derivations and the
expression-preservation lemma, there are ¢, p, v, v/, and 7 such that we have
00 F bp o7, OT50;0 - v o7, B o7 oassignable, and set(H (£), p,v,v).
Letting ¥/ =¥ and 7' = 7", we need to show - H[¢ — ¢'] : ¥; 7. The technical
difficulties are showing ¥;7;0;0 F o' : W(¢) and for all p such that (¢,p) €
dom(Y), get(v', p, pack T(£, p),v" as F¥a.7). The proofs are quite technical, but
the intuition is straightforward: The typing judgment holds because v has type
7. The other requirement holds because the part of the old H(¢) replaced by v
has no terms of the form pack Y'(¢, p),v as 3¥a.7 (because - 7 assignable) and
the rest of the old H(¢) is unchanged.

We prove the case open e as «, xx in s’ as follows: By the assumed deriva-
tions, the expression-preservation lemma, and the induction hypothesis, there
are ¢, p, 7', v, and 7 such that H e ||y, ¢'p, get(H ('), p, pack 7',v as I¥a.7),
and ¥; 7 a; [ — 7] F s'. Heap well-formedness ensures F 7/ packable. Letting
V' =0l — 7{7'/a}x] and ' = T[(¢,p) — 7'], we must show - H[{ — & pu]
and ¥; T;0;0 + s{r’ /a}{¢-/z}F] The latter follows from the heap-extension and
substitution lemmas. For the former, we need a technical lemma to conclude that
Y0+ gettype(-, W (¢'), pu, 7{7’'/a}). The difficulty comes from appending u to
the right of the path. From this fact, we can derive ¥/; 7”; 0; 0 + &'pu : {7’ /a}x.
The heap-extension lemma suffices for showing the rest of the heap is well-typed.

5 Related Work

It does not appear that previous work has combined existential types with C-
style aliasing and assignment.

Mitchell and Plotkin’s original work [I1] used existential types to model
“second-class” abstraction constructs, so mutation of existential packages was
impossible. Similarly, encodings using existentials, such as objects [I] and clo-
sures [10], have not needed to mutate a witness type. Current Haskell implemen-
tations [I6JI5] include existential types for “first-class” values, as suggested by
Laufer [7]. Of course, these systems’ existential packages are also immutable.

More relevant are low-level languages with existential types. For example,
Typed Assembly Language [12] does not allow aliases at the opened type. There
is also no way to change the type of a value in the heap—assigning to an existen-
tial package means making a pointer refer to a different heap record. Xanadu [20],
a C-like language with compile-time reasoning about integer values, also does
not have aliases at the opened type. Roughly, int is elaborated to da € Z.a and
uses of int values are wrapped by the necessary open expressions. This expres-
sion copies the value, so aliasing is not a problem. It appears that witnesses can
change: this change would happen when an int in the heap is mutated.

Languages with linear existential types can provide a solution different than
the ones presented in this work. In these systems, there is only one reference
to an existential package, so a fortiori there are no aliases at the opened type.

® Note that get(H(¢'), p, pack 7/,v as 3¥a.7) ensures 7" is an extension of 7.
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Walker and Morrisett [I8] exploit this invariant to define a version of open that
does not introduce any new bindings. Instead, it mutates the location holding
the package to hold the package’s contents. The Vault system [3] also has linear
existential types. Formally, opening a Vault existential package introduces a new
binding. In practice, the Vault type-checker infers where to put open statements
and how to rewrite terms using the bindings that these statements introduce.

Smith and Volpano [13[T4] describe an integration of universal types into
C. Their technical development is somewhat similar to ours, but they leave the
treatment of structures to future work. It is precisely structures that motivate
existential types and our treatment of them.

The well-studied problem of polymorphic references in ML [5T9/T7] also re-
sults from quantified types, aliasing, and mutation, so it is natural to suppose
the work presented here is simply the logical dual of the same problem. We have
not found the correspondence between the two issues particularly illuminating,
but we nonetheless point out similarities that may suggest a duality.

In this work’s notation, if NULL can have any pointer type, the polymorphic-
reference problem is that a naive type system might permit the following;:

1) let z : Va.(ax) = NULL in
2) let zero :int =0 in
3) let pzero : intx = &zero in

95) xxr:=0;
6) xpzero := zero

)
)
)
4) x := &pzero ;
)
)

NN N N S

The problem is giving z type Va.(ax) (as opposed to (Va.a)* or a monomorphic
type), which allows us to treat the same location as though it had types intsxx
and intx. The example assigns to z at an instantiated type (line 4) and then
instantiates z at a different type (line 5). In contrast, our unsoundness example
with existential types assigns to a value at an unopened type only after creating
an alias at the opened type.

The “value restriction” is a very clever way to prevent types like Va.(asx) by
exploiting that expressions of such types cannot be values in ML. It effectively
prevents certain types for a mutable locations’ contents. In contrast, our “no
witness changes” solution prevents certain types for a mutation’s location.

With the exception of linear type systems, we know of no treatment of uni-
versal types that actually permits the types of values at mutable locations to
change, as our “no aliases at the opened type” solution does. It is unclear what
an invariant along these lines would look like for polymorphic references.
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Abstract. Linear typing schemes guarantee single-threadedness and so
the soundness of in-place update with respect to a functional semantics.
But linear schemes are restrictive in practice, and more restrictive than
necessary to guarantee soundness of in-place update. This has prompted
research into static analysis and more sophisticated typing disciplines, to
determine when in-place update may be safely used, or to combine linear
and non-linear schemes. Here we contribute to this line of research by
defining a new typing scheme which better approximates the semantic
property of soundness of in-place update for a functional semantics. Our
typing scheme includes two kinds of products (® and x), which allows
data structures with or without sharing to be defined. We begin from the
observation that some data is used only in a “read-only” context after
which it may be safely re-used before being destroyed. Formalizing the in-
place update interpretation and giving a machine model semantics allows
us to refine this observation. We define three usage aspects apparent from
the semantics, which are used to annotate function argument types. The
aspects are (1) used destructively, (2) used read-only but shared with
result, and (3) used read-only and not shared.

1 Introduction

The distinctive advantage of pure functional programming is that program func-
tions may be viewed as ordinary mathematical functions. Powerful proof princi-
ples such as equational reasoning with program terms and mathematical induc-
tion are sound, without needing to use stores or other auxiliary entities, as is
invariably required when reasoning about imperative programs.

Consider the functional implementation of linked list reversal, as shown in
Fig. @ (for the moment, ignore the first argument to cons). This definition of
reversal is readily verified by induction and equational reasoning over the set of
finite lists. On the other hand, implementing reversal imperatively using pointers
is (arguably) more cumbersome and error prone and, more seriously, would be
harder to verify using complicated reasoning principles for imperative programs.

The advantage of an imperative implementation, of course, is that it modi-
fies its argument in-place whereas in a traditional functional implementation the

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 36-E2] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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result must be created from scratch and garbage collection is necessary in order
salvage heap space. We are interested in the possibility of having the best of
both worlds by using a semantics-preserving translation of functional programs
into imperative ones which use in-place update and need no garbage collection.
In previous work by the second author, a first-order functional language called

def /ist reverse_aux (list |,list acc) =
match | with
nil -> acc
| cons(d, h,t) -> reverse_aux(t, cons(d, h,acc))

def [list reverse (list |I) = reverse_aux(l, nil)

def /ist append(/ist |,list m =
match | with
nil ->m
| cons(d, h,t) -> cons(d, h, append(t,n))

Fig. 1. LFPL examples

LFPL was defined, together with such a translation. LFPL relies on some user in-
tervention to manage memory but without compromising the functional seman-
tics in any way. This works by augmenting (non-nil) constructors of inductive
datatypes such as cons with an additional argument of an abstract “diamond”
resource type & whose elements can be thought of as heap-space areas, loosely
corresponding to Tofte-Talpin’s notion of regions [1TT97].

To construct an element of an inductive type, we must supply an value of the
<& abstract type. The only way of obtaining values of type < is by deconstructing
elements of recursive types in a pattern match. The first argument to each use
of cons in Fig. M is this value of type <; the cons on the right hand side of the
match is “justified” by the preceding cons-pattern. The correspondence need not
always be as local; in particular, values of type < may be passed as arguments to
and returned by functions, as well as appearing in components of data structures.

We can give a compositional translation of LFPL into C by mapping < to
the type voi d * (a universal pointer type), and implementing cons as

list_t cons(void *d, entry_t hd, list_t tl){
d- >head=hd; d->tail=tl; return d;
}

Here, i st _t is the type of pointers to a C struct with appropriately typed
entries head, t ai | , and we have elided (compulsory) typecasts to reduce clutter.
As expected, ni | is implemented as a function returning a null pointer. When
receiving a non-null argument of type | i st _t we can save its entries as local
variables and subsequently use the pointer itself as an argument to cons() .
This implements pattern matching. For details of the translation, see [Hof00].
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The main result of [Hof00] was that the semantics of the C translation agrees
with the functional semantics of the soure program provided the latter admitted a
linear typing for inductive types and < types, i.e., bound variables of inductive
type are used at most once. In particular, this linearity guarantees that the
memory space pointed to by a &-value is not needed anywhere else. This prevents
function definitions like:

def list twice (/ist |) =
match | with
nil -> nil
| cons(d, h,t) -> cons(d,0,cons(d,0,tw ce(l)))

The functional semantics of twi ce maps a list [ to a list twice as long as [
with zero entries; on the other hand, the LFPL translation to C of the above
code computes a circular list. As one would expect, the translation of append
in Fig. [ appends one linked list to another in place; again, the translation of
a non-linear phrase like append( |, 1) results in a circular list, disagreeing with
the functional semantics. As an aside: we can implmenent t wi ce in LFPL with
the typing I i st[int*<>] -> [ist[int], where the argument list provides the
right amount of extra space. In recent unpublished work with Steffen Jost and
Dilsun Kirli, we have shown that the position of <& types and their arguments
can be automatically inferred, using integer linear programming.

Linear typing together with the resource type < seems restrictive at first
sight. In particular, without dynamic creation of memory in the translation, no
function can be written that increases the size of its input. Yet surprisingly, a
great many standard examples from functional programming fit very naturally
into the LFPL typing discipline, among them, insertion sort, quick sort, tree sort,
breadth-first traversal of a tree and Huffman’s algorithm. Moreover, in [Hof00]
it was shown that every non size-increasing function on lists over booleans in
the complexity class ETIME can be represented.

In spite of this positive outlook, the linear typing discipline, as any other typ-
ing scheme, rejects many semantically valid programs. In our context a program
is semantically valid if its translation to imperative code computes its functional
semantics. We cannot hope to catch all semantically valid programs by a typ-
ing discipline, of course, but we can try to refine the type system to reduce the
“slack”, i.e., the discrepancy between the semantically valid programs and those
which pass the typing discipline.

In this paper we address one particular source for slack, namely the implicit
assumption that every access to a variable is potentially destructive, i.e., changes
the memory region pointed to or affected by this variable. This is overly con-
servative: multiple uses of a variable need not compromise semantic validity, as
long as only the last in a series of multiple uses is destructive (and moreover the
results of the earlier accesses do not interfere with the ultimate destructive ac-
cess). A safe static approximation of this idea in the context of LFPL is the goal
of this paper. We present a type system which is more general than linear typing
in that it permits multiple uses of variables in certain cases, yet is sound in the
sense that for well-typed LFPL programs the imperative translation computes
the functional semantics.
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1.1 TUsage Aspects for Variables

Some examples will help to motivate our type system. A first example is the func-
tion sumist : [ist[int] -> int which computes the sum of the elements
in an integer list.

def int sumist(/list[int] 1) =
match | with
nil ->0
| cons(d,h,t) ->h + sumist(t)

With the destructive pattern matching scheme of LFPL, we must consider that
| is destroyed after evaluating sumli st (1), although the list would actually
remain intact under any reasonable implementation. We can avoid losing the
list by returning it along with the result, rebuilding it as we compute the sum
of the elements. But this leads to a cumbersome programming style, and one
has to remember that sumist’ : [ist[int] -> int * list[int] returns
its argument unmodified. A better solution is to say that from the definition
above, we see that the list is not destroyed (because the <-value d is not used),
so we would like to assign sum i st a type which expresses that it does not
destroy its argument.

Not only should the sum i st function inspect its argument list without mod-
ifying it, but the result it returns no longer refers to the list. This means that
an expression like

cons(d,sumist(l),reverse(l))

where d is of type <, should also be soundly implemented, if we assume that
evaluation occurs from left to right. In other words, we can freely use the value
of sunm i st(l) even after | is destroyed.

This is not the case for functions which inspect data structures without
modifying them, but return a result which contains some part of the argument.
An example is the function nt h_t ai | which returns the nth tail of a list:

def [ist nth_tail(int n, list |) =
if n<=0 then | else match | wth
nil ->nil
| cons(d,h,t) -> nth_tail(n-1, t)

Unlike suni i st, the result of nth_tai | may be shared (aliased) with the argu-
ment. This means an expression like

cons(d,nth_tail(2,1),nil)
will be sound, but

cons(d,nth_tail(2,1),cons(d ,reverse(l),nil))
will not be soundly implemented by the in-place update version, so the second
expression should not be allowed in the language. (If I =[ 1, 2, 3], the expression
should evaluate to the list [[ 3],[3, 2, 1]] but the in-place version would yield

[[1],[3,2,1]]). Simpler example functions in the same category as nt h_t ai |
include projection functions and the identity function.
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As a final example, consider again the append function in Fig. I The im-
perative implementation physically appends the second list to the first one and
returns the so modified first argument. Thus, the first list | has been destroyed
so we should treat that in the same way as arguments to reverse. But the
second list mis shared with the result, and so should be treated in the same
way as arguments to nt h_t ai | . This suggests that we should consider the way
a function operates on each of its arguments.

These observations lead us to distinguish three usage aspects of variables,
which are the central innovation in our type system. The usage aspects are:

— Aspect 1: modifying use, e.g., | in reverse(l)
— Aspect 2: non-modifying use, but shared with result, e.g., min append(1, m
— Aspect 3: non-modifying use, not shared with result, e.g., | in sunlist(l).

The numbers are in increasing order of “safety” or “permissiveness” in the type
system. Variables may only be accessed once with aspect 1. Variables can be used
many times with aspect 2, but this prevents an aspect 1 usage later if interme-
diate results are retained. Finally, variables can be freely used with aspect 3, the
pure “read-only” usage. Perhaps surprisingly, these exact distinctions appear to
be novel, but they are closely connected to several other analyses appearing in
related work [Wad90JOde92|Kob99] — see Section [H for precise comparisons.
Our type system decorates function arguments with usage aspects, and then
tracks the way that variables are used. For example, we have the following types:

reverse : list[t]"1 -> list[t]

sumist : /ist[t]"3 -> int

nth_tail : [ist[t]"2 * int"3 -> list[t]
append : [ist[t]"1 * [ist[t] 2 -> list[t]

Heap-free types such as i nt will always have the read-only aspect 3. Functions
which have a heap-free result (like sum i st) may have aspect 3 for their non
heap-free arguments, provided they are not modified when computing the result.

1.2 Sharing in Data Structures

The strict linear type system in LFPL prevents sharing in data structures, which
can lead to bad space behaviour in some programs. The append function shows
how we might be able to allow some limited sharing within data structures but
still use an in-place update implementation, provided we take care over when
modification is allowed. For example, we would like to allow the expression

| et x=append(u,w) and y=append(v,w) in e

provided that we don’t modify both x and y in e; after either has been modified
we should not refer to the other. Similarly, we would like to allow a tree which
has sharing amongst subtrees, in the simplest case a node constructed like this:

| et u=node(d,a,t,t) ine
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(where d: <>and a is a label). This data structure should be safe so long as we do
not modify both branches of u. The kinds of data structure we are considering
here have a DAG-like layout in memory.

The “not modifying both parts” flavour of these examples leads us to include
two kinds of products in our language. Consider binary trees. In a linear setting
we have two kinds of trees, one corresponding to trees laid out in full in mem-
ory (®-trees), the other corresponding more to an object-oriented representation
(x-trees) under which a tree can be sent messages asking it to return the out-
ermost constructor or to evolve into one of its subtrees. In ordinary functional
programming these two are extensionally equivalent; in the presence of linearity
constraints they differ considerably. The ®-trees allow simultaneous access to all
their components thus encompassing e.g., computing the list of leaf labellings,
whereas access to the x-trees is restricted to essentially search operations. Con-
versely, ®-trees are more difficult to construct; we must ensure that their overall
size is polynomially bounded which precludes in particular the definition of a
function which constructs the full binary tree of depth n. On the other hand,
the typing rules would allow construction of a full binary x-tree, which is repre-
sented as a rather small DAG. The novelty here is that we can reflect in the type
system the kind of choices that a programmer would normally make in selecting
the best data representation for a purpose.

The product already in LFPL as studied to date is the tensor product (de-
noted by ®, resp. * in code), accessed using a pattern matching construct:

match p with x*y -> e

This allows both x and y to be accessed simultaneously in e. (Typing rules are
shown in the next section). Given a ®-product of two lists, we can access (maybe
modify) both components; to be sound, the two lists must have no sharing.

The cartesian product (denoted x, resp. X in code) which corresponds to
the & connective of linear logic has a different behaviour. We may access one
component or the other, but not both; this means that the two components may
have sharing. With our usage aspects, we can be more permissive than allowing
just access to one component of the product. We can safely allow access to both
components, so long as at most one component is modified, and if it is, the
other one is not referenced thereafter. The pairing rule for cartesian products
has a special side condition which allows this. Cartesian products are accessed
via projection functions:

fst : (t Xu)™2 ->1t
snd : (t Xu)"2 ->u

The usage aspect 2 here indicates that the result shares with the argument,
which is the other part of enforcing the desired behaviour.

To allow data structures with sharing, we can give constructors arguments of
cartesian product types. Ideally, we would allow the user to choose exactly where
cartesian products are used and where ®-products are used, to allow the user to
define datatypes appropriate for their application. For the purpose of exposition
in this paper, however, we will treat both lists and tree types as primitives, and
consider just the ®-product style data structures as used in LFPL.
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O’Hearn and Pym’s “bunched implications” [OP99] are also based on ® and
x coexisting. In our case, X is not a true categorical product since the x-pairing
operation (—, —) is partial; it was shown in [Hof99] that implementing (e1, e2) as
a closure (At.if ¢ then e; else es) recovers the categorical product, but it requires
heap space, violating heap size boundedness.

2 Syntax and Typing

Syntaz. The grammar for the types and terms of our improved LFPL is given
in Fig. @l For brevity, we use N also for the type of booleans (as in C). Types
not containing diamonds <, lists L(—) or trees T(—) are called heap-free, e.g. N
and N® N are heap-free. We use = and variants to range over (a set of) variables
and f to range over function symbols.

ex=c | flz1,...,zn) | = | letzx=ezine | ifz then z1 else x2
| e1®ez | match z with (z1 @ z2)=e (e1,e2) | fst(e) snd(e)
| nil | cons(zq,zn,z¢) | match z with nil=ey,|cons(za, zh, x1)=>ec
| leaf(zg,za) | node(zd,xa,xi,xr)
|

match z with leaf(zq4, za)=ei|node(zq, Ta, 1, Tr)=€n

Fig. 2. LFPL grammar

To simplify the presentation, we restrict the syntax so that most term formers
can only be applied to variables. In practice, we can define the more general forms
such as f(e,...,e,) easily as syntactic sugar for nested let-expressions. Also,
compared with [Hof()] we will use a different translation scheme, where every
non-nullary constructor of inductive type takes exactly one <-argument, rather
than a ¢-argument for every ordinary argument of inductive type. This is closer
to the Java compilation described in [AHOT].

A program consists of a series of (possibly mutually recursive) function def-
initions of the form f(x1,...,2,) = ey. These definitions must be well-typed.
To help ensure this, a program is given together with a signature X', which is
a finite function from function symbols to first-order function types with usage
aspects, i.e. of the form A’f, ..., Al — A In the typing rules we will assume a
fixed program with signature X

We keep track of usage aspects for variables as introduced above. We write

z ! A to mean that z:A4 will be used with aspect i € {1,2,3} in the subject of
the typing judgement. A typing context I' is a finite function from identifiers to

types A with usage aspects. If 2 A € I" we write I'(z) = A and I'[z] = i.
We use familiar notation for extending contexts. If x ¢ dom(I") then we write

I« ! A for the extension of I with z © A. More generally, if dom(I")Ndom(A) =
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then we write I', A for the disjoint union of I" and A. If such notation appears in
the premise or conclusion of a rule below it is implicitly understood that these
disjointness conditions are met. We write e[z/y] for the term obtained from e
by replacing all occurrences of the free variable y in e by x. We consider terms
modulo renaming of bound variables.

In a couple of the typing rules we need some additional notation for ma-
nipulating usage aspects on variables. The “committed to i” context A’ is the
same as A, but each declaration z ? A of an aspect 2 (aliased) variable is re-
placed with z ¢ A. If we have two contexts Ay, Ay which only differ on usage
aspects, so dom(4;) = dom(Az) and A;(x) = As(z) for all z, then we de-
fine the merged context I" = Ay A Ay by dom(I") = dom(4;), I'(z) = Aq(z),
I'[z] = min(A(z), Az2(x)). The merged context takes the “worst” usage aspect
of each variable.

Signatures. We treat constructors as function symbols declared in the signature.
We also include primitive arithmetic and comparison operations in the signature.
Specifically, we can assume X' contains a number of declarations:

+,—,<,>:N3,N3 = N

niIA : L(A)
cons 4 : O A% L(A4)? — L(A)
leaf 4 (0L A% — T(A)

node4 : O A2 T(A)2,T(A)? — T(A)
fstaxp :(AxB)2— A
sndaxp :(AxB)?—B

for suitable types A as used in the program. The comma between argument types
is treated as a ®-product, which means that these typings, and the corresponding
elimination rules below, describe lists and trees with simultaneous access to
subcomponents. Hence they must be implemented without sharing unless the
access is guaranteed to be read-only. (For trees ST(A) with unrestricted sharing
between components we could use the typing:

sharednode 4 : O, (AxST(A)xST(A))? — ST(A).

In this typing, there can be sharing amongst the label and subtrees, but still
no sharing with the <& argument, of course, since the region pointed to by the
O-argument is overwritten to store the constructed cell.)

Typing rules. Now we explain the typing rules, shown in Fig. Bl which define
a judgement of the form I' - e : A. Most rules are straightforward. We use an
affine linear system, so include WEAK. In VAR, variables are given the default
aspect 2, to indicate sharing. If the result is a value of heap-free type, then with
RAISE we can promote variables of aspect 2 to aspect 3 to reflect that they do
not share with the result. The rule DROP goes the other way and allows us to
assume that a variable is used in a more destructive fashion than it actually is.
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(CONST) (VAR) I'kFe: A

Fe:N mQAI—mA F,Al—(i:A (WEAK)
I'Fe:A A heap-free 'z AFe:B P <
e A (RAISE) L .6 J=s (DROP)
‘ Iz’ Are:B
f:A" A" 5B inX
(FUN)

T 2‘:1 Al,...,xni:" AnE f(z1,...,20) : B

I'Fe :C I'tex:C

I’,x?Nl—ifxthen ey else ex : C

(1F)

Either Vz.A4[z] = 3,

F,A1|—61 :A Ag,@,m:Al—eQ:B OI‘Z'IS,VZ.Al[Z} 227A2[Z] 22

, . LET
I"eO,ATNAFletr=e1inex: B ( )
5 5 (®-PAIR)
211 A1, x2 T As k1 Qa2 A1 ® Az
A e : Ar O,AsF es: A condition %
(X-PAIR)

F,@,Al/\Agl—(el,eg):Al X Ao

i1 i2 . o g .
ey @ Ai,z2 ¢ AoFe: B i = min(41, i2)

- (PAIR-ELIM)
I'z: Ay ® Az F match z with (21 ® z2)=e: B

Fl—enniB

I xq m O, T lh A, ¢ ” L(A) F econs : B i = min(iq, in, it)

- (LIST-ELIM)
I'yz : L(A) F match z with nil=-eni|cons(zq, Th, Tt)=>€cons : B

I xq m O,y 1“ Al eesr: B
Iag 0, ma " Aay T(A),z, T T(A) F enote : B i = min(ia, id, i1, ir)

Iz : T(A) F match x with leaf(zq, o) =€lesf|node(x 4, Ta, T1, Tr)=€node : B
(TREE-ELIM)

Fig. 3. Typing rules
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The LET rule is somewhat intricate. The context is split into three pieces:
variables specific to the definition e;, in I'; variables specific to the body es,
in ©; and common variables, in A; and Ay, which may be used with different
aspects in e; and es. First, we type-check the definition to find its type A. Then
we type-check the body using some usage aspect i for the bound variable z. The
way the bound variable x is used in the body is used to commit any aliased
variables belonging to e;. For example, if z is used destructively in es, then all
aliased variables in I" and A; are used destructively in the overall expression;
this accounts for the use of I'* and A? in the conclusion. The aspects in A; and
A are merged in the overall expression, taking into account the way that z is
used in e;. The side condition prevents any common variable z being modified in
e1 or eg before it is referenced in es. More exactly, A1[z] = 1 is not allowed (the
value of the variable would be destroyed in the binding); A;[z] = 3 is always
allowed (the value of the variable has no heap overlap with the binding value),
and A[z] = 2 is allowed provided neither i = 1 nor Agfz] = 1 (the value of
the common variable may have aliasing with es, provided it is not partly or
completely destroyed in es: the modification may happen before the reference).
As an instance of LET, we get a derived rule of contraction for aspect 3 variables.

The only constructor rules we need are for the two kinds of pairs. The rule
for constructing a x-pair ensures that all variables which are shared between the
components have aspect at least 2. The “condition *” in rule x-PAIR is:

— Aq[z] > 2 and Ag[z] > 2 for all z € dom(A;) = dom(As).

which ensures that no part of memory shared between the components is de-
stroyed when the pair is constructed. (A more liberal condition which considers
evaluation order is possible, but we omit it here.)

In the destructor rules we type-check the branches in possibly extended con-
texts, and then pass the worst-case usage aspect as the usage for the term being
destructed. For example, if we destroy one half of a pair in PAIR-ELIM, so x1 has
usage aspect 1, then the whole pair is considered destroyed in the conclusion.

3 Imperative Operational Semantics

To establish the correctness of our typing rules, we need to formalize the intended
in-place update interpretation of the language. In [Hof00], a translation to ‘C’
and a semantics for the target sublanguage for ‘C’ was used. Here we instead
use an abstract machine model; this allows us to more easily consider alternative
translations to other languages, such as the Java translation given in [AHOI], or
a typed assembly language interpretation, as given in [AC0O2]. The interpretation
we consider here is closest to the Java translation from [AHOT].

Let Loc be a set of locations which model memory addresses on a heap. We
use [ to range over elements of Loc. Next we define two sets of values, stack
values SVal, ranged over by v, and heap values HVal, ranged over by h, thus:

ve=n | I | NULL | (v,0)
hi=v | {fi=v1...fa=v,}
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A stack value is either an integer n, a location [, a null value NULL, or a pair
of stack values (v,v). A heap value is either a stack value or an n-ary record
consisting of named fields with stack values. A stack S:Var — SVal is a partial
mapping from variables to stack values, and a heap o:Loc — HVal is a partial
mapping from locations to heap values. Evaluation of an expression e takes place
with a given stack and heap, and yields a stack value and a possibly updated
heap. Thus we have a relation of the form S,o F e ~ v, 0’ expressing that the
evaluation of e under stack S and heap o terminates and results in stack value
v. As a side effect the heap is modified to o’.

The only interesting cases in the operational semantics are the ones for the
heap datatypes, which make use of ¢-values as heap locations. For example, the
following rules for cons:

S ot eq~lg,0 S,0’ Fep~s v, 0" S, 0" ke~ v, 0"

S, o F cons(eq, en, et) ~ g, 0" [la—{hd=vp, t| = v, }]

S ot e~ 1,0 o'(l) = {hd=wy, tI=v;}

’ ”
S[xd = l,{l?h = Up, Tt Ut}vo' F econs ~ v, 0

S, o = match e with nil=eni|cons(zq, Th, t)=€cons ~ v, 0"

In the constructor rule, the first argument eq of cons is a term of & type, which
we evaluate to a heap location 4. We then evaluate the head and the tail of
the list in turn, propagating any changes to the heap. Finally, the result is the
location l; where we make the cons cell by updating the heap, using a record
with hd and tl fields. The match rule performs the opposite operation, breaking
apart a cons-cell.

This operational semantics describes the essence of our in-place update inter-
pretation of the functional language, without considering more complex trans-
lations or optimizations that might be present in a real compiler.

4 Correctness

In this section we will prove that for a typable program, the imperative opera-
tional semantics is sound with respect to a functional (set-theoretic) semantics.

Set-theoretic interpretation. We define the set-theoretic interpretation of types
[A], by setting [N] = Z, [¢] = {0}, [L(A)] = finite lists over [A], [T(A)] =
binary [A]-labelled trees, and [A® B] = [A x B]] = [A] x [B]. To each program
(¥, (ef) fedom(x)) We can now associate a mapping p such that p(f) is a partial
function from [A;] x. .. [A,] to [B] for each f : A%, ... Ai» — B. This meaning
is given in the standard fashion as the least fixpoint of an appropriate composi-
tionally defined operator, as follows. A wvaluation of a context I" is a function n
such that n(z) € [I'(x)] for each z € dom(I"); a valuation of a signature X' is a
function p such that p(f) € [X(f)] whenever f € dom(X). To each expression
e such that I" Fx e : A we assign an element [e], , € [A]U{L} in the obvious
way: function symbols and variables are interpreted according to the valuations;
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basic functions and expression formers are interpreted by the eponymous set-
theoretic operations, ignoring the <-type arguments in the case of constructor
functions. The formal definition of [—] ».p 18 by induction on terms. A program
(¥, (ef) fedom(x)) is then the least valuation p such that

p(f) (1, on) = [efl,

where n(x;) = v;, for any f € dom(X).

Notice that this set-theoretic semantics does not say anything about space
usage and treats & as a single-point type; its only purpose is to pin down the
functional denotations of programs so that we can formally state a correctness
result for the in-place update operational interpretation.

Heap regions. Given a stack value v, a type A and a heap o we define the
associated region Ra(v,0) as the least set of locations satisfying

Rn(n,o) =10,

Ro(l,0) = {1},

— Raxp((v1,v2),0) = Ragp((v1,v2),0) = Ra(v1,0) U Rp(v2,0),

- RL(A)(NULL,O') - @,

Riay(l,o) = {l} U Ra(h,0) U Ry(a)(t,0) when o(l) = {hd = h,tl = t}
(otherwise (),

— Rreay(l,0) = {l} URA(v,0), when o(l) = {label = v},

— Rreay(l,0) = {{}URA(v,0)URT(4)(t1,0)URT(4)(t;,0), when o(l) = {label =
v, left = t;, right = t,.} (otherwise ().

It should be clear that R4 (v, o) is the part of the (domain of) o that is relevant
for v. Accordingly, if o(1) = o’(l) for all | € Ra(v,0) then Ra(v,0) = Ra(v,0’).
If A is a heap-free type, then Ra(v,0) = 0.

Meaningful stack values in a heap. Next, we need to single out the meaningful
stack values and relate them to the corresponding semantic values. A stack value
is meaningful for a particular type and heap if it has a sensible interpretation
in the heap for that type. For instance, if o(a) = {hd = 1,tl = NULL} then a
would be a meaningful stack value of type L(N) with respect to o and it would
correspond to the semantic list [1]. Again, w.r.t. that same heap (a, a) would be
a meaningful stack value of type L(A) x L(A) corresponding to the semantic pair
(1],11]) € [L(A) x L(A)]. That same value (a,a) will also be a meaningful stack
value of type L(A) ® L(A) in case it will be used in a read only fashion. This
occurs for example in the term f(r®z) when f : (A® A)3 — B. This means that
“meaningfulness” is parametrised by the aspect with which the value is going to
be used. No distinction is made, however, between aspects 2 and 3 in this case.

Given a stack value v, a type A, a heap o, a denotation a € [A] and an
aspect i € {1,2,3}, we define a five-place relation v IF9 ; @ which expresses that
v is a meaningful stack value of type A with respect to 7heap o corresponding to
semantic value a in aspect i. It is defined inductively as follows:

—nlkg, n, ifn=n'



48 David Aspinall and Martin Hofmann

~11F3, 0.

— (v1,v2) IF % A, (a1,a2) if vg Ik, . ax for k=1,2.

— (v1,v2) IF A, (a1, az) if vg I+, i ax for k =1,2. Additionally, Ra, (v1,0)N

Ra,(v2,0) =0 in case i = 1.

NULL IF7 ) ; nil.

— 11Ky, cons(h,t), if o(l) = {hd=us,tl = v}, 1 2, 0 and v, K5, h
and vy II-‘L’(AM t. Additionally, Ro(l,0), Ra(vn,0), Ryca)(ve,0) are pairwise
disjoint in case 7 = 1.

— LIFS 4, leaf(a) if o(1) = {label=v,} and [ IFZ ; 0 and v, IF} a. Additionally,
Ro(l,o) N RA(v,) =0 in case ¢ = 1.

— LIFS 4y, node(a, 1, 7) if o(l) = {label=vq, left=v;, right=v, } and [ IFZ ; 0 and
ve K%, a and v I+, 1 and v, IF9 , r. Additionally Ro(l,0), Ra(ve,0),
Rty (’vl, o), Rt(a) (UT,, o) are pairwis’e disjoint in case 7 = 1.

Notice that IF , and I 5 are identical, whereas I} ; prevents any “internal
sharing” within ®-product types in the heap representation. We extend this
relation to stacks and valuations for a context, by defining S IF%. 1 thus:

— S(2) k7 ppey M(@) for each o € dom(I)
— x#yand Rp;(S,0) N Rry(S,0) # 0 implies I'[z] > 2, '[y] > 2.

where as a shorthand, Rr.(S,0) =4 Rp)(S(z),0). So S IF¢ 7 holds if
stack S and heap ¢ are meaningful for the valuation n at appropriate types and
aspects, and moreover, the region for each aspect 1 variable does not overlap with
the region for any other variable. (Informally: the aspect 1 variables are safe to
update.) Below we use the shorthand Rp(S,0) =a U,cdom(ry Bra(S,0).

Correctness theorem. With this definition of meaningfulness in place, we can
prove that the evaluation of a term under a meaningful stack and heap gives
a meaningful result corresponding to the set-theoretic semantics. As usual, we
prove a stronger statement to get an inductive argument through.

Theorem 1. Assume the following data and conditions:

1. a program P over some signature X with meaning p,
2. a well-typed term I' e : C over X for some I',e,C,
3. a heap o, a stack S and a valuation n, such that S |k n

Then S,o & e~ v,0" for some (uniquely determined) v, o’ if and only if [€], ,
is defined. Moreover, in this case the following hold:

RC(U7J/) - RF(Sv 0)7

if L ¢ Rp(S,0) then o(l) =o' (1),

if l € Rr4(S,0) and I'lx] > 2 then o(l) = o’(1),

vIFE, [[e]}n’p,

SIF7. n implies v ||-‘é/71 [e],,, and Rc(v,0')NRr(S,0) = 0 when I'[z] = 3.

SERSINEE
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This theorem expresses both the meaningfulness of the representation of se-
mantic values on the machine, and the correctness of the operational semantics
with respect to the set-theoretic semantics. The five consequences capture the
expected behaviour of the imperative operational semantics and the variable as-
pects. In brief: (1) no new memory is consumed; (2) heap locations outside those
reachable from input variables are unchanged in the result heap; (3) in-place up-
dates are only allowed for locations in the regions of aspect 1 variables; (4) the
operational semantics agrees with the set-theoretic result for aspects 2 and 3; (5)
if the heap additionally has no variable-variable overlaps or “internal” sharing
for aspect 2 variables, then the meaningfulness relation also holds in aspect 1 (in
particular, there is no internal sharing within the result value v), and moreover,
there is no overlap between the result region and the region of any aspect 3
variable. This means it is safe to use the result in an updating context.

Specialising this perhaps daunting theorem to the particular case of a unary
function on lists yields the following representative corollary:

Corollary 1. Let P be a program having a function symbol f : L(N)* — L(N).

If o is a store and | is a location such that I points in o to a linked list with
integer entries w = [x1,...,%,] in o then p(f)(w) is defined iff [x — l],0
f(x) ~ v,0’ for some v,0’ and in this case v points in o’ to a linked list with
integer entries p(f)(w).

Additionally, one can draw conclusions about the heap region of the result list
depending on the value of i.

In further work (partly underway) we are examining the two kinds of product
in more detail, and considering array types with and without sharing between
entries. We are also looking at dynamically allocated store via built-in functions
new :— < and dispose : ©3 — N. These built-ins can be implemented by inter-
facing to an external memory manager, for example, using mal | oc and free
system calls augmented with a free list. This allows more functions to be defined
but breaks the heap-bounded nature of the system, in general.

5 Conclusions and Related Work

We defined an improved version of the resource-aware linear programming lan-
guage LFPL, which includes usage aspect annotation on types. We also added
datatypes based on cartesian products, to allow sharing in data structures on
the heap. Using an operational semantics to formalize the in-place update inter-
pretation, we proved that evaluation in the language is both type-sound for a
memory model and correct for a set-theoretic functional semantics.

The philosophy behind LFPL is that of providing a static guarantee that
efficient in-place implementations are used, while allowing as many programs as
possible. The guarantee is enforced by the type system. This is in contrast to
various other proposed systems which perform static analysis during compila-
tion, or mix linear and non-linear typing schemes, to achieve compilations which
are often efficient in practice, but which provide no absolute guarantee. In its
pure form, LFPL does not include any instructions for allocating heap space,
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so all computation is done in-place, using constant heap space. This guarantee
is provided for any program which can be written in the language. Apart from
differences in philosophy, our usage aspects and their semantic motivation from
the memory model are somewhat novel compared with previous work. Related
ideas and annotations do already appear in the literature, although not always
with semantic soundness results. We believe that our system is simpler than
much of the existing work, and in particular, the use of the resource type < is
crucial: it is the appearance of O! in the typing of constructors like cons that
expresses that constructors are given an in-place update interpretation. Without
the resource type <& there would be no aspect 1 component.

Here is a necessarily brief comparison with some of the previous work. The
closest strand of work begins with Wadler’s introduction of the idea of a sequen-
tial let [Wad90|. If we assume that e; is evaluated before ey in the expression

let x=e1 in esx]

then we can allow sharing of a variable z between e; and e, as long as z is not
modified in e; and some other side-conditions which prevent examples like

let z=y in append(z,y).

Our rule for let follows similar ideas. Odersky [Ode92] built on Wadler’s idea
of the sequential let. He has an observer annotation, which corresponds to our
aspect 2 annotations: not modified, but still occurs in the result. He too has
side conditions for the let rule which ensure soundness, but there is no proof
of this (Odersky’s main result is a type reconstruction algorithm). Kobayashi
[Kob99] introduces quasi-linear types. This typing scheme also allows sharing
in let expressions. It has a J-usage which corresponds roughly to our aspect 3
usage. Kobayashi’s motivation was to statically detect points where dealloca-
tion occurs; this requires stack-managed extra heap, augmenting region analy-
sis [TT97]. Kobayashi also allows non-linear use of variables (we might similarly
add an extra aspect to LFPL to allow non-linear variables, if we accepted the use
of a garbage collector). Kobayashi proves a traditional type soundness (subject
reduction) property, which shows an internal consistency of his system, whereas
we have characterised and proved equivalence with an independently meaningful
semantic property. It might well be possible to prove similar results to ours for
Kobayashi’s system, but we believe that by considering the semantical property
at the outset, we have introduced a rather more natural syntactic system, with
simpler types and typing rules.

There is much other related work on formal systems for reasoning or type-
checking in the presence of aliasing, including for example work by Reynolds,
O’Hearn and others |[Rey78/OTPTI5Rey00/I001]; work on the imperative A-
calculus [YRO7|; uniqueness types [BS96], usage types for optimised compilation
of lazy functional programs [PJW00] and program analyses for destructive ar-
ray updates [DP93/WC9g] as automated in PVS [Sha99]. There is also related
work in the area of compiler construction and typed assembly languages, where
researchers have investigated static analysis techniques for determining when
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optimisations such as in-place update or compile-time garbage collection are ad-
missible; recent examples include shape analysis [WSRO00], alias types [SWMO00],
and static capabilities [CWM99], which are an alternative and more permissive
form of region-based memory management. One of our future goals is to relate
our work back to research on compiler optimizations and typed low-level lan-
guages, in the hope that we can guarantee that certain optimizations will always
be possible in LFPL, by virtue of its type system. This is in contrast to the
behaviour of many present optimizing compilers, where it is often difficult for
the programmer to be sure if a certain desirable optimization will performed by
the compiler or not. Work in this directions has begun in [AC02], where a typed
assembly language is developed which has high-level types designed to support
compilation from LFPL, to obviate the need for garbage collection.

We see the work reported here as a step along the way towards a powerful
high-level language equipped with notions of resource control. There are more
steps to take. We want to consider richer type systems closer to those used in
present functional programming languages, in particular, including polymorphic
and higher-order types. For the latter, recent work by the second author [Hof(02)
shows that a large class of functions on lists definable in a system with higher-
order functions can be computed in bounded space. Another step is to consider
inference mechanisms for adding resource annotations, including the ¢ argu-
ments (we mentioned some progress on this in Section 1) and usage aspects, as
well as the possibility of automatically choosing between ®-types and Xx-types.
Other work-in-progress was mentioned at the end of the previous section. We
are supporting some of the theoretical work with the ongoing development of an
experimental prototype compiler for LFPL; see the first author’s web page for
more details.

Acknowledgements. The authors are grateful to Michal Koneény and Robert Atkey
for discussion and comments on this work.
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Abstract. Soft constraints extend classical constraints to represent multiple con-
sistency levels, and thus provide a way to express preferences, fuzziness, and
uncertainty. While there are many soft constraint solving algorithms, even dis-
tributed ones, by now there seems to be no concurrent programming framework
where soft constraints can be handled. In this paper we show how the classi-
cal concurrent constraint (cc) programming framework can work with soft con-
straints, and we also propose an extension of cc languages which can use soft
constraints to prune and direct the search for a solution. We believe that this new
programming paradigm, called soft cc (scc), can be very useful in many web-
related scenarios. In fact, the language level allows web agents to express their
interaction and negotiation protocols, and also to post their requests in terms
of preferences, and the underlying soft constraint solver can find an agreement
among the agents even if their requests are incompatible.

1 Introduction

The concurrent constraint (cc) languagel[16] is a very interesting computational frame-
work able to merge together constraint solving and concurrency. The main idea is to
choose aonstraint systerand use constraints to model communication and synchro-
nization among concurrent agents.

Until now, constraints in cc wererispin the sense that only a yes/no answer could
be defined. Recently the classical ideacabp constraint has been shown to be too
weak to represent real problems and a big effort has been done toward the use of soft
constraints[[13, 11,15, 12,118,[5/6, 3].

Many real-life situations are, in fact, easily described via constraints able to state
the necessary requirements of the problelfmvever, usually such requirements are
not hard, and could be more faithfully repeesed as preferences, which should prefer-
ably be satisfied but not necessarily. In real life, we are often challenged with over-
constrained problems, which do not have any solution, and this also leads to the use of
preferences or in general of soft constraints rather than classical constraints.

* Research supported in part by the the MURST ProjeotscAandNAPOLI.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp.[53-67, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Generally speaking, a soft constraint is just a classical constraint plus a way to
associate, either to the entire constraintmeach assignment of its variables, a certain
element, which is usually interpreted as a level of preference or importance. Such levels
are usually ordered, and the order reflectddiea that some levels are better than others.
Moreover, one has also to say, via suitable combination operators, how to obtain the
level of preference of a global solution from the preferences in the constraints.

Many formalisms have been developed to describe one or more classes of soft con-
straints. For instance consider the Fuz&8Rs [11} 15], where the crisp constraints are
extended with a level of preference represented by a real number between 0 and 1, or the
probabilistic CSPs [12], where the probability to be in the real problem is assigned to
each constraint. Some other examples heeRartial CSP$ [13] or the valued CSPs [18]
where a preference is assigned to each comstiaiorder to also solve overconstrained
problems.

We think that many network-related preioh could be represented and solved by
using soft constraints. Moreover, thegsibility to use a conauent language on top
of a soft constraint system, could lead to the birth of new protocols with an embedded
constraint satisfaction and optimization framework.

In particular, the constraints could be related to a quantity to be minimized but they
could also satisfy policy requirements given for performance or administrative reasons.
This leads to change the idea of QoS in routing and to speedrdtraint-basedouting
[1,110,/14/ 8]. Constraints are in fact ablergpresent in a declarative fashion the needs
and the requirements of agents interacting over the web.

The features of soft constraints could also be useful in representing routing prob-
lems where an imprecise state information is given [9]. Moreover, since QoS is only
a specific application of a more generaition of Service Level Agreement (SLA),
many applications could be enhanced bingsuch a framework. As an example con-
sider E-commerce: here we are always looking for establishing an agreement between
a merchant, a client and possibly a bank. Also, all auction-based transactions need an
agreement protocol. Moreorealso security protocol analysis have shown to be en-
hanced by using security levels instead of a simple notion of secure/insecure level [2].
All these considerations advocate for the need of a soft constraint framework where
optimal answers are extracted.

In the paper, we use one of the frameworks able to deal with soft consttaints [4, 5].
The framework is based on a semiring structure that is equipped with the operations
needed to combine the constraints present in the problem and to choose the best so-
lutions. According to the choice of the semiring, this framework is able to model all
the specific soft constraint notions mentioned above. We compare the semiring-based
framework with constraint systerfia la Saraswat” and then we show how use it inside
the cc framework. The next step is the extension of the syntax and operational semantics
of the language to deal with the semiring levels. Here, the main novelty with respect to
cc is that tell and ask agents are equipped with a preference (or consistency) threshold
which is used to prune the search.
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2 Background

2.1 Concurrent Constraint Programming

The concurrent constraint (cc) programmipayadigm|[15] concerns the behaviour of

a set of concurrent agents with a shared store, which is a conjunction of constraints.
Each computation step possibly adds new constraints to the store. Thus information
is monotonically added to the store until all agents have evolved. The final store is a
refinement of the initial one and it is the result of the computation. The concurrent
agents do not communicate with each othet,dnly with the shared store, by either
checking if it entails a given constrairagkoperation) or adding a new constraint to it
(tell operation).

Constraint SystemsA constraint is a relation among a specified set of variables. That
is, a constraint gives some information on the set of possible values which these vari-
ables may assume. Such information is usually not complete since a constraint may be
satisfied by several assignments of values of the variables (in contrast to the situation
that we have when we consider a valuation, which tells us the only possible assign-
ment for a variable). Therefore it is natural to describe constraint systems as systems of
partial information [16].

The basic ingredients of a constraint system defined following the information sys-
tems idea are a s& of primitive constraintor tokens each expressing some partial
information, and an entailment relatierdefined oril (D) x D (or its extension defined
on(D) xO (D)ﬂ satisfying: 1.u+ P for all P € u (reflexivity) and 2. ifut v, and
VI z thenut z (transitivity). We also defina~ vif u-vandvi u.

As an example of entailment relation considers the set of equations over the
integers; thefr includes the pait{x=3,x=y},y = 3), which means that the constraint
y = 3 is entailed by the constraints= 3 andx =y. GivenX € [1(D), let X be the set
X closed under entailment. Then, a constraint in an information sy&feiD),+) is
simply an element dfl (D) (that is, a set of tokens).

As itis well known,(d (D), C) is a complete algebraic lattice, the compactness of
gives us algebraicity df (D), with least elemertrue= {P | 0+ P}, greatest elemei
(which we will mnemonically denotéalsé), glbs (denoted byn) given by the closure
of the intersection and lubs (denoted by given by the closure of the union. The lub
of chains is, however, just the union of the members in the chain. Wa,bse d ande

to stand for elements &f (D); ¢ > d means+ d.

The hiding operator: Cylindric Algebrasln order to treat the hiding operator of the
language, a general notion of existential quantifier is introduced which is formalized
in terms of cylindric algebras. This leads to the conceptydihdric constraint system
over an infinite set of variablés such that for each variablec V, 3, : 0 (D) — 0O (D)

is an operation satisfying: Lk 3xu; 2. utk vimplies (3xu) F (3xv); 3. Ix(UL 3xv) =

(3xu) U (Fxv); 4. IxTyu = FyFxu.

Procedure calls.In order to model parameter passimtipgonal elementsre added

to the primitive constraints. We assume that, fgy ranging inV, 0 (D) contains a
constraintdyy which satisfies the following axioms: iy = true, 2. if z# x,y then

1 The extension is s.ti- viff ul- P for everyP e v.
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Oyy = J2(dxz LI dzy), 3. if X # Yy thendyy LI 3x(cLidyy) - €. Note that the in the previous
definition we assume the cardinality of the domainxpy andz greater than 1. Note
also that, if- models the equality theory, then the elemehjcan be thought of as the
formulasx=y.

The languageThe syntax of a cc program is show in Tabld”1s the class of programs,

F is the class of sequences of procedure declarations (or cladses}the class of
agentsg ranges over constraints, ard a tuple of variables. Each procedure is defined
(at most) once, thus nondeterminism is expressed via-taembinator only. We also
assume that, ip(x) :: A,varg/A) C x, wherevarg(A) is the set of all variables occurring
free in agenA. In a progranP = F.A, Ais the initial agent, to be executed in the context

of the set of declaratiors. This corresponds to the language consideredin [16], which
allows only guarded nondeterminism. In order to better understand the extension of

Table 1: cc syntax

P:=FA A::=success fail |tell(c) — A|E | AJA| 3xA| p(x)
Fi=pXx :A|lFF E:=askc) - A|E+E

the language that we will introduce later, let us remind here (at least) the meaning of
the tell and ask agents. The other constructs are easily understandable.

— agent ‘askc) — A” checks whether constraimtis entailed by the current store
and then, if so, behaves like agektlf c is inconsistent with the current store, it
fails, and otherwise it suspends, urttils either entailed by the current store or is
inconsistent with it;

— agent tell(c) — A” adds constraint to the current store and then, if the resulting
store is consistent, behaves likeotherwise it fails.

A formal treatment of the cc semantics can be found.in[[16, 7].

2.2 Soft Constraints

Several formalization of the concept sdbft constraintsare currently available. In the
following, we refer to the one based on c-semirings [5, 3], which can be shown to
generalize and express many of the others.

A soft constraint may be seen as a constraint where each instantiations of its vari-
ables has an associated value from a pliyrt@dered set which can be interpreted as
a set of preference values. Combining constraints will then have to take into account
such additional values, and thus the formalism has also to provide suitable operations
for combination &) and comparison+) of tuples of values and constraints. This is
why this formalization is based on the concept of c-semiring, which is just a set plus
two operations.

C-semirings.A semiring is a tuplgA, +, x,0,1) such that: 1A is a set an®,1 € A;

2.+ is commutative, associative afds its unit element; 3x is associative, distributes
over—+, 1is its unit element an@ is its absorbing element.
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A c-semiringis a semiring/A, +, x,0,1) such thatt is idempotentl is its absorb-
ing element andk is commutative. Let us consider the relatigig over A such that
a<sbiff a+ b=Db. Thenitis possible to prove that (séé [5]):<ds is a partial order;
2.+ andx are monotone oKg; 3. 0is its minimum andL its maximum; 4{A, <s) is
a complete lattice and, for @l b € A, a-+b=lub(a,b).

Moreover, if x is idempotent, thens distribute overx; (A <s) is a complete
distributive lattice andk its glb. Informally, the relatior<s gives us a way to compare
semiring values and constra$. In fact, when we hava <s b, we will say thatb is
better than aln the following, when the semiring will be clear from the context;sb
will be often indicated by < b.

Problems.Given a semirings= (A, +, x,0,1), a finite setD (the domain of the vari-
ables) and an ordered set of variables constraintis a pair(def,con) whereconC V
anddef : DIV — A Therefore, a constraint specifies a set of variables (the ones in
con), and assigns to each tuple of values of thesgables an element of the semiring.
Consider two constraintsg = (defi,con) andc, = (def,con), with |con = k. Then
c1 Cscy if for all k-tuplest, defi(t) <sde#b(t). The relatiorCs is a partial order.

A soft constraint problents a pair(C,con whereconC V andC is a set of con-
straints:con is the set of variables of interest for the constraint Getvhich how-
ever may concern also variables notdon Note that a classical CSP is a SCSP
where the chosen c-semiring Bssp= ({ falsetrue}, Vv, A, falsetrue). Fuzzy CSPs
[17] can instead be modeled in the SCSP framework by choosing the c-semiring
Secsp= ([0, 1],max min,0,1). Many other “soft” CSPs (Probabilistic, weighted, )
can be modeled by using a suitable semiring struct8sgd = ([0,1],max x,0,1),
SWeight: <fR, min,+,0,+oo>, .. )

Figure[1 shows the graph representation of a fuzzy CSP. Variables and constraints
are represented respectively by nodes and by undirected (unasydfodcs and binary
for cp) arcs, and semiring values are writtenthe right of the coesponding tuples.
The variables of interest (that is the ser) are represented with a double circle. Here
we assume that the domdinof the variables contains only elemeatandb.

<a>-->0.9

<a>-->0.9
D\<b> -->0.1 <b>70.5/D
cl <a,a>-->0.8 c3
<a, b>-->0.2

<b, b>-->0 c2

Fig. 1: A fuzzy CSP

Combining and projecting soft constraint§&iven two constraintg; = (def;,con)
andc; = (def,, con), theircombination ¢ ® ¢, is the constraintdef, con) defined by
con= com Ucorp anddef(t) = def; (t |3r, ) x defy(t |31 ), wheret 1% denotes the
tuple of values over the variables Y obtained by projecting tuplefrom X to Y. In
words, combining two constraints means building a new constraint involving all the

variables of the original ones, and whielssociates to each tuple of domain values
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for such variables a semiring element which is obtained by multiplying the elements
associated by the original constraints to the appropriate subtuples.

Given a constraint = (def,con) and a subset of V, the projection of ¢ over
|, written ¢ |, is the constraint{def ,corl) where corl = conn| and def (t') =
Zt/tlfggon:t’def(t)' Informally, projecting means eliminating some variables. This is
done by associating to each tuple over the ri@ing variables a seiring element which
is the sum of the elements associated by the original constraint to all the extensions of
this tuple over the eliminated variables. In short, combination is performed via the mul-
tiplicative operation of the semiring, and projection via the additive one.

Solutions. The solutionof an SCSP probler® = (C,con) is the constrainSol(P) =
(QC) Jcon That is, we combine all constraintmd then project over the variables in
con In this way we get the constraint ovesnwhich is “induced” by the entire SCSP.

For example, the solution of the fuzzy CSP of Fiddre 1 associates a semiring element
to every domain value of variable Such an element is obtained by first combining all
the constraints together. For instance, for the tyale) (that is,x =y = a), we have to
compute the minimum betweend(which is the value assigned xc= a in constraint
c1), 0.8 (which is the value assigned o= a,y = a) in ¢z) and Q9 (which is the value
for y = ain c3). Hence, the resulting value for this tuple i80We can do the same
work for tuple (a,b) — 0.2, (b,a) — 0 and(b,b) — 0. The obtained tuples are then
projected over variable, obtaining the solutioffa) — 0.8 and(b) — 0.

Sometimes it may be useful to find only a semiring value representing the least
upper bound among the values yielded by the solutions. This is calleldestdevel
of consistencyf an SCSP problerR and it is defined bylevelP) = Sol(P) {¢ (for
instance, the fuzzy CSP of Figurde 1 has best level of consisteByWe also say that:

P is a-consistent iblevelP) = a; P is consistent iff there exists > 0 such thatP is
a-consistentP is inconsistent if it is not consistent.

3 Concurrent Constraint Programming over Soft Constraints

Given a semiringS= (A +, x,0,1) and an ordered set of variablgsover a finite
domainD, we will now show how soft constraints with a suitable pair of operators form
a semiring, and then, we evidentiate the properties needed to map soft constraints over
constraint systenta la Saraswat”.

We start by giving the definition of the carrier set of the semiring.

Definition 1 (functional constraints). We define® = (V — D) — A as the set of all
possible constraints that can be built starting from=3A, +, x,0,1), D and V.

A generic function describing the assignrhehdomain elements to variables will be
denoted in the following by : V — D. Thus a constraint is a function which, given an
assignment) of the variables, returns a value of the semiring.

Note that in thiSunctionalformulation, each constnati is a function and not a pair
representing the variable involved and its definition. Such a function involves all the
variables inV, but it depends on the assignment of only a finite subset of them. We
call this subset theupportof the constraint. For compational reasons we require each
support to be finite.
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Definition 2 (constraint support). Consider a constraint € €. We define his support
assuppc) = {veV | 3In,ds,dz.cnv:=di] # cn[v:= dz]}, where

nivi=dlV = d |fv:\/.,

nv otherwise
Note thatcn|v := d;] meanscn’ wheren’ is n modified with the association:= d;
(that is the operatdr] has precedence over application).

Definition 3 (functional mapping). Given any soft constraintdef, {vi,...,vn}) €
C, we can define its corresponding functiore® as @[vi := di]...[Vn :=dy] =
def(ds,...,dn). Clearly supfc) C {v1,...,Vn}.

Definition 4 (Combination and Sum).Given the se€, we can define the combination
and sum functions,® : € x € — € as follows:

(c1®c2)n =c1n xscan and (c1®c2)n = c1n +scan.

Notice that function® has the same meaning of the already defigedperator (see
Sectior 2.2) while functiors models a sort of disjunction.

By using thebs operator we can easily extend the partial ordeioverC by defin-
ingci E ¢ <= C1PsCr = Co.

We can also define a unary operator that will be useful to represent the unit elements
of the two operations» and®. To do that, we need the definition of constant functions
over a given set of variables.

Definition 5 (constant function). We define functioa as the function that returns the
semiring value a for all assignments that is,an = a. We will usually writea simply
as a.

Itis easy to verify that each constant has an empty support. An example of constants
that will be useful later ar@ and1l that represent respectively the constraint associating
0 and1 to all the assignment of domain values.

Theorem 1 (Higher order semiring). The structure &= (€, ®,®,0,1) where
— C:(V — D) — Ais the set of all the possible constraints that can be built starting
from S, D and V as defined in Definitioh 1,
— ® and® are the functions defined in Definitidh 4, and
— Oand1 are constant functions defined following Definitidn 5,
is a c-semiring.

The next step is to look for a notion of token and of entailment relation. We define as
tokens the functional constraints@and we introduce a relatidnthat is an entailment
relation when the multiplicative operator of the semiring is idempotent.

Definition 6 (- relation). Consider the high order semiring carrier sétand the par-
tial order C. We define the relationC 00 (C) x € s.t. for each G= 0 (€) and ce €, we
have C-c <— ®CLc.
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The next theorem shows that when the multiplicative operator of the semiring is
idempotent, thé- relation satisfies all the properties needed by an entailment.

Theorem 2 ¢ with idempotent x is an entailment relation). Consider the higher
order semiring carrier se® and the partial ordei=. Consider also the relatior of
Definition[8. Then, if the multiplicative operation of the semiring is idempoteistan
entailment relation.

Note that in this setting the notion of token (constraint) and of set of tokens (set of
constraints) closed under entailment is used indifferently. In fact, given a set of con-
straint functionsC;, its closure w.r.t. the entailment is a et that contains all the
constraints greater thaf®C;. This set is univocally representable by the constraint
function® Cy.

The definition of the entailment operatoron top of the higher order semiring
< =(C,®,®,0,1) and of theC relation leads to the notion sbft constraint systenit
is also important to notice that in [16] is claimed the constraint system tacbeplete
algebraiclattice. Here we do not ask for this algebraicity since the algebraicity of the
structureC strictly depends on the properties of the semiring.

Non-idempotenk. If the constraint system is defined on top of a non-idempotent mul-
tiplicative operator, we cannot obtaintarelation satisfying all the properties of an
entailment. Nevertheless, we can givdemotationakemantics to the constraint store,
as described in Secti@h 4, using the operations of the higher order semiring.

To treat the hiding operator of the language, a general notion of existential quantifier
has to be introduced by using notions similar to those used in cylindric algebras. Note
however that cylindric algebras are first of all boolean algebras. This could be possible
in our framework only when the operator is idempotent.

Definition 7 (hiding). Consider a set of variables V with domain D and the cor-
responding soft constraint systeth We define for each & V the hiding function

(3xc)n = ZdieD cnix:=di.

Notice thatx does not belong to the supportjc.
To model parameter passing we need instead to define what diagonal elements are.

Definition 8 (diagonal elements)Consider an ordered set of variables V and the cor-
responding soft constraint systenLet us define for eachxe V a constraint g, € C
s.t,dynx:=ay:=b=1ifa=band gnx:=ay:=b]=0if a # b. Notice that
supfdyy) = {x,y}.

Using cc on top of a Soft Constraint Systefithe major problem in using a soft con-
straint system in a cc language is the interpretation ottmesistencyiotion necessary
to deal with the ask and tell operations.

Usually SCSPs with best level of consistency equél &oe interpreted as inconsis-
tent, and those with level greater thams consistent, but we can be more general. In
fact, we can define a suitable functiorthat, given the best level of the actual store, will
map such a level over the classical notion of consistency/inconsistency. More precisely,
given a semiring= (A, +, x,0,1), we can define a functiom: A — { falsetrue}.
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Functiona has to be at least monotone, but functions with a richer set of properties
could be usefd.

Whenever we need to check the consisyeoicthe store, we will first compute the
best level and then we will map such a value by using funati@vertrue or false

It is important to notice that changing the function (that is, by mapping in a
different way the set of values over the boolean elementaie and falsg, the same
cc agent yields different results: by using a high cut level, the cc agent will either finish
with a failure or succeed with a high final best level of consistency of the store. On the
other side, by using a low level, more programs will end in a success state.

4 Soft Concurrent Constraint Programming

The next step in our work is now to extend the syntax of the language in order to directly
handle the cut level. This means that the axrdnd semantics of ttiell and ask agents
have to be enriched with a threshold to speaihen ask/tell agents have to fail, succeed
or suspend.

Given a soft constraint syste(8,D,V) and the corresponding structu@ethe syn-
tax of agents in soft concurrent constraset programming is given in Tabld 2. The

Table 2: scc syntax

P:=FA A =stop|tell(c) =2 A|E | AJA| IX.A]| p(X)
F:=pX):A|FF E:=askc) -*A|E+E

main difference w.r.t. originadc syntax is the presence of a semiring elereetd be
checked whenever askor tell operation is performed. More precisely, the semiring
levela will be used as a cut level to prune computations that are not good enough.

We present here a structural operational semantics for scc programs, in the SOS
style, which consists of defining the semantic of the programming language by spec-
ifying a set ofconfigurations”, which define the states during execution, a relation
— CT x I which describes thizansitionrelation between the configurations, and a set
T of terminalconfigurations.

The set of configurations represent the evolutions of the agents and the modifica-
tions in the constraint store.

Definition 9 (configurations). The set of configurations for a soft cc system is the set
= {(A 0)} U{(success)} whereo € €. The set of terminal configurations is the set
T = {(succesm)} and the transition rule for the scc language are defined in Table 3.

Here is a brief description of the most complex rules:

2 |n a different environment some of the authors use a similar function to map elements from a
semiring to another, by using abstract interpretation techniques.
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Table 3: Transition rules for scc

(stopo) — (succesw) (Stop)
(o®c)lota
(Valued-tell)
(tell(c) =@ A,0) — (A,0®C)
okc,olpfa

(Valued-ask)
(askc) =2 A,0) — (A 0)

(A1,0) — (A],0") (A1,0) — (succesgy’)
(A1]|Az,0) — (A]|A2,0") (A1]|A2,0) — (Az,0")
(A2]|A1,0) — (Ag]|AY,0") (A2]|A,0) — (Ag,0")

<E1,0'> I <A170J>
(E1+E2,0) — (Ag,0')
(E2+E1,0) — (Ag,0')
(Aly/¥],0) — (N,0')

(Parallelism)

(Nondeterminism)

with y fresh (Hidden variables)
(IA,0) — (N d’)

(p(y),0) — (Aly/X],0) whenp(x) :: A (Procedure call)

Valued-tell The valued-tell rule checks for thee-consistency of the SCSP defined by
the storec U c. The rule can be applied only if the staseJ ¢ is b-consistent with
b £ a. In this case the agent evolves to the new agenter the store ® c.

Valued-ask The semantics of the valued-ask is extended in a way similar to what we
have done for the valued-tell action. This means that, to apply the rule, we need
to check if the storey entails the constraint and also if the store is “consistent
enough” w.r.t. the thresholalset by the programmer.

Nondeterminism and parallelism The composition operators and|| are not modi-
fied w.r.t. the classical ones: a parallel agent will succeed if all the agents succeeds;
a nondeterministic rule chooses any agent whose guard succeeds.

Hidden variables The semantics of the existential quantifier is similar to that de-
scribed in [16] by using the notion dfeshnes®f the new variable added to the
store.

Observables.Given the transition system as defined in the previous section, we now
define what we want to observe of the program behaviours described by the transitions.
To do this we define for each agehthe set of constraints

8a= {0 lar(a)| (A1) =" (succesm)}

that collects the results of the successful computations that the agent can perform. The
computed store is projected over the variables of the agénto discard anyfresh
variable introduced in the store by theoperator. In this paper we only consider a
semantics that collects success statespléia to extend the operational semantics to
collect also failing and suspending computations.
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The observablé, could be refined by considering, instead of the set of successful
computations starting fronA, 1), only a subset of them. One could be interested in
considering for example only tHeestcomputations: in this case, all the computations
leading to a store worse than one alreadjeated are disregarded. With a pessimistic
view, the representative subset could instead collect all the worst computations (that
is, all the computations better than others are disregarded). Finally, also a set contain-
ing both the best and the worst computations could be considered. These options are
reminiscent of Hoare, Smith and Edfliiner powerdomains respectively.

Let us also notice that different cut levels in the ask and tell operations could lead
to a different final set§a. In fact, it can be proved that if the thresholds of the ask and
tell operations of the program are not worse than a givewe can be sure to find in
the final store only solutions not worse thanThis observation can be useful when we
are looking just for the best stores reachdlien an initial given agent. In fact, we can
move the cut up and down (in a way similar to a binary search) and perform a branch
and bound exploration of the search tree in order to find the final success sets.

5 A Simple Example

In the following we will show the behaviour of some of the rules of our transition
system. We consider in this example a soft constraint system over the fuzzy semiring.
Consider the constraint

1

c(xy) = Tyl and c(x) = {

1 ifx<10
0 otherwise

Let's now evaluate the agefiell(c) —%4ask¢’) —%®stop 1) in the empty starting
store 1.

By applying theValued-tellrule we need to checkl ® ¢) Jp£ 0.4. Sincel®c=c
andc |lp= 1, the agent can perform the step, and it reaches the &tak&’) —°8
stopc). Now we need to check (by following the rule ¥halued-askif c+ ¢ and
¢ Jp#£ 0.8. While the second relation easily holds, the first one does not hold (in fact,
forx=11andy =10 w? have(x) = 0 andc(x,y) = 0.5). If instead we consider the

constraint” (x,y) = Tyl in place ofc/, then the conditior - ¢” easily holds and

the agentaskc’) —%8 stopcan perform its last step, reaching ti®p and success
states{stopc®c’) — (succesxC").

6 A Possible Application

We consider in this section a network problem, involving a set of processes running on

distinct locations and sharing some variables, over which they need to synchronize.
Each process is connected to a set of vdeisbshared with other processes, and

it can perform several moves. Each of such moves involves performing an action over

some or all the variables connected to tlegess. An action over a variable consists

of giving a certain value to that variable. A special value “idle” models the fact that a
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process does not perfom any action over a variable. Each process has also the possibility
of not moving at all: in this case, all its variables are given the idle value.

The desired behavior of a network of such processes is that, at each move of the
entire network: 1) processes sharing a Malggperform the same action over it; 2) as
few processes as possible remain idle.

To describe a network of processes with these features, we use an SCSP where each
variable models a shared variable, and eamhstraint models a process and connects
the variables corresponding to the sharedaldes of that process. The domain of each
variable in this SCSP is the set of all possible actions, including the idle one. Each way
of satisfying a constraint is therefore a tuple of actions that a process can perform on
the corresponding shared variables.

In this scenario, softness can be introduced both in the domains and in the con-
straints. In particular, since we prefer to have as many moving processes as possible,
we can associate a penalty to both the idle element in the domains, and to tuples contain-
ing the idle action in the constraints. As for the other domain elements and constraint
tuples, we can assign them suitable preference values to model how much we like that
action or that process move.

For example, we can use the semirlBg: ([—,0], max +, —c, 0), where 0 is the
best preference level (or, said dually, the weakest penalty)is the worst level, and
preferences (or penalties) are combined by summing them. According to this semiring,
we can assign valuec to the idle action or move, andisable other preference levels
to the other values and moves. Figlie 2 gives the details of a part of a network and it

Fig. 2: The SCSP describing part of a process network.

shows eight processes (thatds,. . ., Cg) sharing a total of six variables. In this example,
we assume that processgs ¢, andcs are located on sita, processess andcg are
located on sitd, andc, is located on site. Processes; andcg are located on sitd.
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Sitee connects this part of the network to the rest. Therefore, for example, varigbles
Vg andzy are shared between processes located in distinct locations.

As desired, finding the best solution for the SCSP representing the current state of
the process network means finding a move for all the processes such that they perform
the same action on the shared variables and there is a minimum number of idle pro-
cesses. However, since the problem is inherently distributed, it does not make sense,
and it might not even be possible, to centralize all the information and give it to a single
soft constraint solver.

On the contrary, it may be more reasonable to use several soft constraint solvers,
one for each network location, which willka care of handling only the constraints
present in that location. Then, the interantimetween processes in different locations,
and the necessary agreement to solve titeesproblem, will be modelled via the scc
framework, where each agent will represent the behaviour of the processes in one loca-
tion.

More precisely, each scc agent (and unglag soft constraint solver) will be in
charge of receiving the necessary informaticdom the other ageat(via suitable asks)
and using it to achieve the synchronization of the processes in its location. For this
protocol to work, that is, for obtaining a global optimal solution without a centralization
of the work, the SCSP describing the network of processes has to have a tree-like shape,
where each node of the tree contains all trecpsses in a location, and the agents have
to communicate from the bottom of the tree to its root. In fact, the proposed protocol
uses a sort of Dynamic Programming technique to distribute the computation between
the locations. In this case the use of a tree shape allows us to work, at each step of the
algorithm, only locally to one of the locations. In fact, a non tree shape would lead to
the construction of non-local constraints and thus require computations which involve
more than one location at a time. In our example, the tree structure we will use is the
one shown in Figurg] 3(a), which also shows the direction of the child-parent relation
links (via arrows). Figurgl3(b) describes instead the partition of the SCSP over the four
involved locations. The gray connections represent the synchronization to be assured
between distinct locations. Notice that, w.r.t. Figure 2, we have duplicated the variables
representing variables shared betweetiris locations, because of our desire to first
perform a local work and then to communicate the results to the other locations.

The scc agents (one for each location plus the parallel composition of all of them)
are therefore defined as follows:

Ag : Ay, (tell(c1(Xa, Ua) A €2(Ua,Ya) A C3(Xa,Ya)) — tell(endy, = true) — stop
Ay @ 3y, (tell(cs(Yb, Vb) A Cs(Zo, Vb)) — tell(end, = true) — stop)
Ac @ T (tell(ca(Xe, We, ) — tell(end, = true) — stop)
Aq : askend, =trueAend, =trueAend =trueA endy = true) —
tell(c7(Xd,Ya) A Ca(Xd,Yd, Zd) AXa =Xd =XcAYa=Yd = Yo A2 =24 = Z)
— tell(end; =true) — stop
A:Aq| Aol A | Ag
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(@ A possible tree (b) The SCSP partitioned over the four loca-
structure for our net- tions.
work.

Fig. 3: The ordered process network.

AgentsAg,Ap,Ac andAqy represent the processes running respectively in the location
a, b, candd. Note that, at each ask or tell, the ungért soft constraint solver will only
check (for consistency or entailment) a part of the current set of constraints: those local
to one location. Due to the tree structure chosen for this example, where AgeAts
andA; correspond to leaf locations, only agéit shows all the actions of a generic
process: first it needs to collect the results computed separately by the other agents (via
the ask); then it performs its own constraint solving (via a tell), and finally it can set
its end flag, that will be used by a parent agent (in this case the agent corresponding to
locatione, which we have not modelled here).

7 Conclusions and Future Work

We have shown that cc languages can deal with soft constraints. Moreover, we have
extended their syntax to use soft constraints also to direct and prune the search process
at the language level. We believe that such a new programming paradigm could be very
useful for web and internet programming.

In fact, in several network-related areasnstraints are already being used/[2, 1,
10,114, 8]. The soft constraint framework has the advantage over the classical one of
selecting a “best” solution also in overconstrained or underconstrained systems. More-
over, the need to express preferences andaoch for optimal solutions shows that soft
constraints can improve the modelling of web interaction scenarios.

Acknowledgements.We are indebted to Paolo Baldan for invaluable suggestions.
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Abstract. Images are programs. They are usually simple instructions to
a very specialized interpreter that renders them on screen. Image formats
therefore correspond to different programming languages, each with dis-
tinctive properties of program size and accuracy. Image-processing lan-
guages render large images from small pieces of code. We present Evolver,
a language and toolkit that perform the reverse transformation.

The toolkit accepts images in conventional graphics formats like JPEG
and uses genetic algorithms to grow a program in the Evolver language
that generates a similar image. Because the program it produces is often
significantly smaller than the input image, Evolver can be used as a
compression tool.

The language balances the tradeoff between having many features, which
improves compression, and fewer features, which improves searching. In
addition, by being programmatic descriptions, the rendered images scale
much better to multiple resolutions than fixed-size images. We have im-
plemented this system and present examples of its use.

1 Introduction

The growing volume of data on the Web has resulted in enormous demands
on network bandwidth. Improvements in network access, such as the increasing
availability of high-speed connections outside commercial venues, have simply re-
sulted in correspondingly larger data and the greater use of bandwidth-hungry
formats. Web designers have come to rely on such availability, producing denser
sites, and users in turn have higher expectations. As a result, the principal cost
for many sites is simply that of leasing sufficient bandwidth. This cost dwarfs
that of providing and maintaining content. Since visual formats are central to
many Web interfaces, their compression is of key importance in making exist-
ing bandwidth more effective. Keeping visual formats small will have obvious
benefits to Web designers, site administrators and users.

The common approach to compressing data is to use a standard lossless
compression algorithm, such as the many variants of Lempel-Ziv [19], which
reduce redundancy using a dictionary. Some formats like JPEG [I8] are tuned
specifically for graphics by accepting imperfect (lossy) compression and reverse

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 68-82] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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engineering the human visual system to determine where compression artifacts
will have the least perceptual impact. There are unfortunately limitations with
these approaches that preclude many improvements:

— They still result in fairly large files. The benefits of compression are limited
by the artifacts introduced when the nature of the image does not match the
compression technique. For instance, JPEG was designed for images whose
frequency decomposition to is similar to photographs. It is less effective on
images with many high-frequency components, e.g., diagrams with sharp
distinctions between differently colored regions or images containing text.
GIF was designed for images just like these, but produces dithered and
poorly colored results for natural images like photographs. Neither performs
well when both kinds of data are contained in a single image.

— The resulting images are at a fixed resolution. Proper display on devices of
varying resolution will only grow in importance as new devices such as PDAs
are deployed as browsers.

— Because the output format is fixed, the server administrator cannot trade
space for time. In particular, running the compression utility, which is a
one-shot activity that benefits all users, for a longer time will not result in
a smaller or better image.

Designers address some of these problems by replacing static entities with pro-
grams that generate them (e.g., Flash, SVG objects). Even a basic image is, in
the abstract, a program. For example, a GIF file contains a series of run-length
encoded rasters. The run-length blocks can be considered instructions for a very
primitive machine which produces its output in the form of an image.

Formats make the idea of transmitting a program as a form of compression
more explicit. Formats such as Flash, Shockwave and SVG [3] use a richer under-
lying language that keeps objects distinct and resolution-independent, allowing
implementors to describe vector-based graphics. Flash and Shockwave also add
time-varying instructions and loops to enable animation. The virtual machines
for these programs are Web browser plug-ins. Using Java to generate animations
is an extreme example of this same principle, namely programmatic compression:

a program is often much smaller than the output it generates.

A program is also much more capable of scaling by resolution (recall Knuth’s
METAFONT [11] for generating fonts from typeface descriptions).

The Flash approach reflects a valuable principle, but has many practical
shortcomings. It requires the manual construction of programs from constituent
arcs, lines, shades, and so forth. Many complex entities, such as texture-mapped
regions, are difficult or impossible to specify using so-called vector graphics prim-
itives. Professional Web designers thus prefer to use tools such as Adobe Pho-
toshop to generate high-quality images with effects like drop shadow, texture,
and compositing of scanned/digital photographs. An artist can create such an

! For a non-visual example, consider programs that generate the digits in the decimal
expansion of 7.
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image in Photoshop and import it into a tool like Flash as a JPEG, but this
immediately loses the benefits of a programmatic description, such as effective
scaling and extreme compression. The result is a comparably large and pixel-
lated image embedded in an otherwise small and resolution-independent vector
description. Ideally, designers should generate images with their favorite gen-
eral purpose tools like Photoshop; the compression technique must integrate into
their existing design flow.

The rest of this paper is organized as follows. Section Bloutlines the principles
underlying Evolver, our language for graphical image compression. Section Bl
provides the details of Evolver’s language and tools. Section Bl describes some of
our results. Section[d discusses related work. Finally, section [d] offers concluding
remarks and discusses directions for future work.

2 Generating Image Descriptions

The display software for a GIF must decode the format’s run-length encoding,
thereby effectively acting as an interpreter. Similarly, JPEG images depend on
the encoding of small blocks of an image; the display software must again decode
the data for display. As a more extreme example, various “fractal compression”
algorithms rely on more complex encodings; iterated function systems [1/4] and
partitioned iterated function systems [10] rely on the idea that small parts of
an image may resemble translated, rotated, scaled-down copies of other larger
portions; a simple version of the key idea is that some savings can be found b
representing the smaller portion via this transformation rather than directly
Each of these compression algorithms can be seen as exploiting some known
characteristic of images: the tendency to be scan-line coherent, the tendency to
have large blocks with small variation, or the tendency to have little pieces that
look like scaled versions of larger pieces. The result of each of these insights is a
particular program (a decoder) that takes a certain amount of data (the “GIF”
or “JPEG” or “PIFS” image) and converts it to an image (a rectangular array
of colors).

Note that certain types of image are well-suited to each of these approaches:
scanned-text compresses pretty well with GIF, in part because of the long
“white” runs between the lines. Photos of natural phenomena seem to be well-
suited to iterated-function-system compression. And JPEG works well on interior
photos, where things like walls present relatively large, relatively constant areas.
These techniques tend to produce large files or introduce artifacts when applied
to the wrong kind of images.

One might therefore imagine an image format that stored an image either as
a GIF or a JPEG or a PIFS, by trying each one and selecting the one with the
best compression results; the particular type used could be indicated with a few
bits in a header. But from this, a more general approach suggests itself: why not
consider all possible programs, not just the handful that have been written down

2 Discovering the correct transformations is the hard part of the compression process.
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as JPEG or GIF decompressors, that can generate an image and simply record
the one that best generates this image? (Note that in this case, the decoder and
the data it operates on are all considered part of “the program”; indeed, the
decoder-and-data model of generating images is only one of many possibilities.)
While the idea of searching “all possible programs” seems ludicrous at first
blush (there are an infinite number of them, for example), searching a rich col-
lection of programs turns out to be feasible with some insight into the design of
the language in which the programs are written and the goal of the program.

Evolver

We present Evolver, a collection of tools for visual image compression. Because
artists are skilled at the use of image manipulation software, not programming,
Evolver presents a simple interface: the designer provides an image (the source
image) built with their favorite tools. Evolver reduces this image to an Evolver
language program (the description) which, by rendering a reasonable approxi-
mation of the image and being small, exploits the power of programmatic com-
pression.

Evolver has two parts. The first program is an encoder, which consumes the
source image and produces its description. It does this by searching the space of
all legal descriptions to find ones that generate an image that is visually similar
to the source image. The second, a decoder, is a fast interpreter for the Evolver
language, which renders the description as an image for the client. The decoder is
currently implemented in Java [[7], and is hence easy to deploy in Web contexts

Evolver confronts two hard problems. First, it is difficult to search the space
of all programs, because the space is large, and small changes to the source of a
program can lead to large changes in its output. Second, it’s difficult to create
an objective measure of visual similarity. Evolver therefore employs randomized
search algorithms. Our current implementation uses genetic algorithms, following
Karl Sims’s ideas from a decade ago [17]; that is, Evolver breeds a program that
generates the desired image. We could use other algorithms such as simulated
annealing instead.

Because it uses an optimizer to search, the effectiveness of Evolver depends
on the choice of an appropriate fitness function. We could obtain a perfect image
match by subtracting the current approximation from the original and requiring
that the difference be zero; this would, however, take unreasonably long to con-
verge. This also fails to exploit the feature that several different descriptions can
render identical-looking images within the tolerance of the human visual system.
We instead use more flexible metrics that account for desirable visual proper-
ties, such as matching texture and shape, rather than individual pixel values.
For example, it is acceptable to compress one white noise image into another

3 The Java bytecode for the decoder is substantially larger than the descriptions it
decompresses into images; we assume that for practical deployment the Java decoder
would be downloaded once and used many times, so its size does not pose a problem.
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where no individual pixel matches, so long as we preserve the statistical proper-
ties of the noise. We are not aware of a pre-existing compression technique that
uses the property that two noise signals with the same statistics are visually
indistinguishable.

Evolver rewards longer runs by producing higher quality matches. Some of
these programs grow in size to improve the approximation. Over time, however,
Evolver may also find smaller programs that generate the same image. Therefore,
Evolver presents the designer a range of images corresponding to the original;
the designer can pick the smallest or best, or even choose several for use in
different contexts[| The image’s description (an Evolver program) then becomes
the object distributed to clients.

3 The Evolver Language

Evolver’s success relies crucially on the choice of language. Not all choices of lan-
guages automatically accomplish compression. For instance, consider the trivial,
single-instruction language whose one instruction consumes the coordinates and
color of a point and shades it accordingly. Slavishly translating each pixel in
the source image into an instruction in this language would accomplish little,
and might well expand the size of the description. In contrast, because many
images contain considerable redundancy, adding abstraction mechanisms to the
language can lead to programs that account for this redundancy, thus removing
it in the image’s description. Run-length encoding is a simple example of this:
a “repeat n times” mechanism in the trivial language above would allow it to
implement run-length encoding.

The benefit of a larger language is obvious: the more powerful its instruc-
tions, the greater the likelihood that a concise description exists in the language.
Another benefit of a larger language is that it allows us to encode something of
our knowledge of the structure of images. The Collage primitive of Evolver,
described later in this section, is a good example of this kind of domain-specific
construct.

The benefits that ensue from large languages mask a significant shortcoming,.
The larger the language, and the greater its parameterizations, the harder the
genetic algorithm needs to work to find even valid programsE much less ones
that render a useful approximation to the source image. This is the central ten-
sion in the design of Evolver’s language. To understand the explosion of search

4 The smallest and best criteria can be combined into a single criterion by accumu-
lating the per-pixel color value differences between Evolver’s result image and the
source image and counting the number of bits needed to encode those deltas against
each description. This is overly strict because different pixel values do not necessarily
produce visually different images. In practice, there is no established algorithm for
reliably measuring the perceptual error in an image approximation and we are left
with appealing to a human observer to obtain the best results.

Sims finessed this issue by creating a language/breeding system in which every pos-
sible mutation was a valid program. We follow a similar approach, and discuss this
issue further in section
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complexity that results from adding language features, consider variable bind-
ing, a feature that is useful in programming languages used by humans but is
particularly difficult for a search program to use effectively. The search program
must both bind a variable and use that binding for it to contribute compression.
Evolving both of those code fragments simultaneously in a way that increases
match quality may be a low probability occurrence. In contrast, highly nested
and self-similar programs are easy for the search program to generate but look
nothing like the programs a human would write. Furthermore, Evolver optimizes
globally over an image, and may perform filter steps that affect different portions
of an image differently, in clever ways a human is unlikely to engineer.

The Evolver language is a simple, functional language, based on that used by
Sims. It provides a rich set of primitives that render various shapes on screen. We
describe these primitives in groups, with some brief rationale given for each. All
primitives operate on (and produce) matrices, which correspond to pixel samples
in an image; thus a matrix is a 3D array of values arranged into a rectangular
array of color wvectors, where a vector is a triple of scalars, and a scalar is a
number between -1.0 and 1.0. In some cases, it’s natural to do something to the
first entry of each triple; the array of all these “first entries” will be called the
“first channel” of the matrix. Because at display time, each triple is interpreted
as the red, green, and blue components of a pixel, we’ll sometimes speak of the
“red channel” as well

The interpretation of an Evolver program depends on the dimensions of the
final image; all matrices in the program are of these same dimensions, which
enables resolution independence. Some of the primitives in the Evolver language
use stock images as constants, which do not mesh well with resolution indepen-
dence. To address this, a high-resolution stock image is appropriately filtered
to the matrix size and then sampled at the given size. This means an Evolver
program is really parameterized by the output image dimensions; the primitives
are designed to have the characteristic that a low-resolution result of a program
looks like a scaled-down version of a high-resolution result of the same program.

We allow values to be coerced between scalar, vector, and matrix types.
Vector values can be derived from a matrix by operations like “compute the
average color the image.” This has the advantage that it is reasonably scale-
independent: whether the images we’re working with are 10x10 or 300x300, the
average of all pixels is roughly the same. Scalars can be obtained from vectors
by chosing a single channel or the average. A scalar is coerced to a vector by
repeating it three times; a vector is coerced to a matrix by repeating it the
necessary number of times.

The full Evolver language grammar in BNF notation is given by:

ELValue := ELMatrix | ELScalar | ELVector
ELOperator := Add | Sub | Blur | Noise |
ELCall := ELOperator x ELExpression*

5 The mapping from the interval [-1.0,1.0] to colors is due to Sims: negative values
are clamped to no intensity; numbers between 0 and 1 map to the full range of
intensities.
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ELExpression := ELCall | ELScalar | ELVector
ELMatrix := ELVector*
ELVector := ELScalar x ELScalar x ELScalar

where an ELScalar is a real number between -1 and 1.

3.1 Fitness Function

Our fitness function, which may be simplistic by the standards of the computer
vision community, attempts to match properties of images that are known to
affect the human visual system. The properties we use are:

— edges,

— per-pixel intensity,

pixel color,

— average color over large regions (image segments),
— average color over small regions.

We compute these properties of the input and current image, and sum the dif-
ferences along each of these metrics. We choose the sum to avoid preferring
generations that succeed in a few metrics but greatly fail in the others.

Edges are a crude measure of frequency data, so an area in an image that has
high frequency will appear densely populated with edges. High-frequency areas
(such as images of leaves and grass) will match poorly with low-frequency images
such as gradients and constants, and well with other high-frequency areas such
as noise and stock images. We tried to employ the magnitude of the gradient of
the image, which is a better measure of local frequency content, but found that
it gave poor matches compared with the edge detector.

3.2 Language Primitives

The language grammar reveals that the core of Evolver lies in its set of primitives.
The details are not essential to the larger point and are too large to print here.
Instead, we provide detailed information on the Web:

http://www.cs.brown.edu/people/morgan/evolver/

Here, we describe the categories of primitives with some commentary on the
graphical motivation for each type of primitive.

Variation Sources To produce compact representations of nearly-constant ar-
eas of an image (which are often good targets for compression), it helps to have
some functions that produce slowly-varying signals, which can then be arithmeti-
cally mapped to generate periodic signals (via sin or cos), or can be used directly
to represent slowly-varying regions of the input images. Similarly, band-limited
noise has been known to be very valuable in texture generation [5]; we therefore
include primitives that generate this directly. In all cases, we use Perlin’s noise
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Fig. 1. A few of Evolver’s image primitives.

function, but with a constant “seed” so that the results are reproducible. Finally,
purely statistical information about an image can help to generate patterns that
may be likely to resemble those appearing in other images “like” this one; we
therefore have primitives that are images such as those shown in figure[ll (Note
that none of these images was actually in the test data set.)

Mathematical Transformations Following Sims, we allow basic arithmetic
operations on matrices, and element-wise transformations such as mathemati-
cal (sine, cosine) and logical (and, or) operations. Some specialized operations
include ExpandRange, which expands the dynamic range of a matrix’s contents
from (0, 1) to (-1, 1). This has the effect of enhancing the contrast in an image,
while reducing the average brightness.

Color Some primitives reinterpret or convert channels between RGB and HSV.

Geometric Pattern Generation Tools A few primitives help with the rep-
resentation of images that have some geometric regularity to them, by providing
various natural transformations. These include symmetric mirrors, splits and
ZOOINS.

Combinations Naturally, some of the most important primitives are those
that combine images in interesting ways; ordinary arithmetic operations have
been discussed above, but the following operations are richer, and preliminary
evidence suggests that Rotate, HueShift, and Interpolate are powerful enough
to be selected often by Evolver.

Rotate(matrix, matrix): Rotates the first image by the average value of the
red channel of the second argument (averaged over whole image); tiles missing
areas.

Interpolate(matrix, matrix, matrix): Linearly interpolates the first and
third arguments using the second as the blending value.

Distort(matrix, matrix): Displaces the pixels of the first argument by the
values of the second (as if refracting through glass).

EnvironmentMap (matrix, matrix): Interprets the first argument as a height
map and uses the second as a color environment map (as if reflecting the second
image).
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HueShift (matrix, matrix): Shift the overall hue of the first argument by av-
erage red value of the second argument.
Collage(matrix*): Colors different segments with different textures.

The last of these deserves special comment: because it is hard for Evolver
to determine how to partition the image, we start the search with a “Collage”
primitive. This depends on a first step: we take the target image and compute
a “segmentation” of it, breaking it into regions of similar hue. The segmenta-
tion algorithm is relatively naive, and tends to produce regions which may not
represent terribly precise segmentations, but which are extremely amenable to
run-length encoding, and hence can be compactly represented. This segmenta-
tion is provided as “data” to the evolver program (and its size is taken into
account when we measure compression!); the primitive collage (ml, m2, ...)
creates an image where pixels from segment 1 are taken from the matrix mi,
those from segment 2 are taken from matrix m2, and so on.

3.3 Linguistic Observations

Many of the primitives were chosen because they worked well in Sims’s original
work; others were included because they have proven useful in image processing.
Evolver’s language, as with most other programming languages, grows through
an evolutionary process. The language we currently have reflects a very capable
set of primitives that renders a diverse stable of images.

Our primitive set is not minimal by any means: several primitives can be
built from simple combinations of other primitives. They were included as a way
of injecting domain knowledge into the search process to make it converge faster.
For example, a translation operation can be generated as an application of the
form distort(matrix m, matrix c) where c is a constant matrix, and indeed,
Evolver often uses this idiom; thus including Translate as a new primitive is
natural.

In general, we inject domain knowledge at three points:

— The selection of primitives, as explained above.

— The mutation strategy: one of our mutations involves adjusting a scalar by
a small amount, for example. Large adjustments caused too-drastic changes
in the results; tiny adjustments made it hard to ever “get where we needed
to be.” Hence we chose a modest average adjustment to scalars. Similarly,
in the mutations that wrap an expression in a larger one or trim away part
of an expression, we recognized the need to balance the frequencies of these
operations so that the size of expressions did not tend to grow without bound.

— The fitness function: by adjusting the fitness function to be sensitive to ap-
proximate edge-placement, we made substantial improvements over an ear-
lier L2-distance function. The better that one can match the fitness function
to the human visual system, the better the results will be.
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4 Experimental Results

Our test data set was a series of outdoor photographs by Philip Greenspun
available on photo.net. We loaded each image into the encoder and allowed it
to run for a fixed period of time. In each case, the encoder segmented the image
and ran for 10 minutes on each segment, then combined the segments using
the collage operator and ran for an additional 10 minutes on the combined
expression. The parameters used to tune the genetic algorithm will be available
on our website.

; i¥ :
Original Original {Gradicnt) Orriginal Original {Gradicnt)
All images | 28x128 pixels All images | 28x128 pixels

Fig. 2. Some uses of Evolver.

The figure on the left shows a poor result from Evolver. The source image
is in the lower left corner. This is an image of a lake surrounded by trees, with
mountains in the distance. In the lower right is an image showing the magnitude
of the gradient of the source image. This is not used by the encoder but is useful
for evaluating the quality of the results and understanding the matcher. Light
values in the gradient correspond to areas of high frequency, like leaves, and dark
values correspond to low frequencies like sky.

The upper left image shows the image after compression by Evolver and
the upper right shows the gradient of this image. While the encoding contains
visible artifacts and is thus inferior to the compression available through a GIF
or JPEG, it demonstrates that the evolutionary approach is clearly feasible.
Evolver correctly matches the hue and intensity in the image, creating bright
green areas where the trees were illuminated and dark green areas where the
trees were in shadow. The sky and lake are a uniform grey, averaging the color
of the lake and mountains. The clouds are pink. Looking at the gradient, we
see that the encoder matched high frequency textures to the tree areas and
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low frequencies to the lake and sky. The mountains are absent entirely. This is
because the segmentation failed to distinguish between the sky and mountains,
so Evolver created a single texture for both of them.

The figure on the right shows a much better result. The source image is
a close-up view of some maple trees. After 40 minutes, Evolver successfully
matched both the frequency, color and texture of the source image. The encoded
image has minimal artifacts, and thus indicates that Evolver can successfully
function as a compression algorithm.

As a multiresolution experiment, we compressed an 128x128 original image
using Evolver and as a 64x64 JPEG. The goal was to store the image using very
few bits without losing all detail. We then decompressed and displayed the image
at 768x768. Evolver’s procedural representation preserves high frequency detail.
The small JPEG image is blocky when viewed at 12x the encoding size. Below
are zoomed in views of a few pixels from each to show the difference.

Evolver IPEG

Virtual environments often suffer from low texture resolution. When the
viewer is very close to a surface, textures appear either blurry or blocky. It has
long been known that procedural textures are a solution to this problem. Tradi-
tionally, procedural textures could only be used for textures like wood grain and
checkerboards that were easy for humans to synthesize algorithms for. Evolver is
important for this problem because it is a method for taking an arbitrary image
texture and making a procedural texture from it.

Note that Evolver will add texture at higher frequencies than appear in the
original image. This is only mathematically possible because it may add the
wrong information; it is not sampling the original scene at a higher frequency
but trying to simulate what the results of that process would be. Because Evolver
uses natural images as part of its input data set, it is predisposed to creating
detail that has the same statistical properties as that found in real images. If
Evolver matches a stock leaf texture to a forest, it is likely that zooming in
will show individual leaves and not blocks. Of course, it is also possible that
from a distance carpet and leaves look the same and on zooming in the viewer
will discover that Evolver carpeted the forest instead. The user can control this
process by picking an appropriate set of primitive images.
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5 Other Related Work

There is a long history of procedural graphics languages. Papert’s LOGO lan-
guage [15], Henderson’s Picture Language [9], Knuth’s TgXand Metafont [11]
are some early and familiar examples. Programmable shading languages like
Renderman [8l16] continue to play an important role in graphics.

Perlin, and Worley independently worked on many procedural texturing al-
gorithms which are summarized in their book [5]. This work all assumes a human
writes the code manually, which is prohibitively difficult for complicated textures
such as actual photographs.

Barnsley [I] introduced the idea of iterated function systems (“fractals”) for
compression. These are much richer graphics languages than JPEG or GIF but
less general than Evolver, which does not rely on self-similarity for compression.

Massalin’s superoptimizer [12] tries all sequences of assembly language in-
structions to find the smallest one equivalent to a given input function. That is,
the superoptimizer conducts a comprehensive search of the state space of pro-
grams. [t therefore clearly represents an extreme instance of optimization. While
the superoptimizer finds a globally optimal solution, it is clearly infeasible in the
large space that Evolver searches.

Nicholas et al. [13] have studied the problem of typed genetic programming
to improve the convergence speed of genetic programs. These works are not
immediately applicable to ours, because they consider much weaker languages
whose type domains we cannot adopt. We believe it is important to use a typed
language in Evolver, and intend to do this as future work.

Beretta, et al. [2] describe a technique for compressing images using genetic
algorithms. Nordin, et al. [14] describes a similar program for images and sound.
Both of these systems use primitive languages (at the machine instruction level)
and operate on 8x8 or 16x16 blocks. We build on their results by using genetic
algorithms for compression and the observation that dividing the image into
separate regions speeds convergence. Evolver differs in that it uses an image
segmentation based on objects, not arbitrary blocks, and features a rich image
processing language. Our approach avoids the blocky artifacts from these systems
and allows Evolver to capture details in a multi-resolution fashion. It also gives
Evolver the potential for much higher compression ratios, since 8x8 blocks can
achieve at most a factor of 64:1 compression.

Our work is directly inspired by Karl Sims [17], who used genetic algorithms
to evolve images on a connection machine with a high level language. In his
experiments, the fitness function was the user’s aesthetic preference, and the
human and computer interacted to form visually pleasing abstract images. We
use a language and genetic algorithm similar to Sims but apply it to image
compression to synthesize programs that create actual photographs.

6 Conclusions and Future Work

We have presented the Evolver framework, a collection of tools for compressing
graphical images. At its heart, Evolver consists of a simple, functional graphics
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description language, and its corresponding interpreter, which resides on client
computers. Given an image to compress, Evolver breeds a description that gen-
erates an image that the designer considers acceptably close to the source image.
This program is generated once on the server, and used many times on numerous
clients.

Because the image is rendered by a program, Evolver offers many benefits not
found in traditional formats and compressors. Image descriptions are resolution-
independent, so the same description can render both a thumbnail image and the
actual one, with graceful degradation. The genetic algorithms reward patience:
by running longer, they can produce better approximations to the original im-
age, or find smaller programs that generate acceptable approximations. The
resulting image description can be extremely small, and can be replaced with
smaller descriptions as they become available. Different genetic algorithms are
better-suited to different kinds of images, so as Evolver encounters new families
of images, it simply needs new mating techniques; since the output is still a ren-
dering program in the same language, the client does not need to make changes.
Even if the language does grow, an enriched interpreter would still handle any
older images.

So far, we have only discussed the use of Evolver to compress static images.
We are also conducting experiments on compressing animations. On the one
hand, animations appear to offer a considerable challenge. It can be fairly time-
consuming to generate a description of even a single static image; how much
longer would it take to generate a small program that generates a sequence of
images? Indeed, this problem seems practically intractable.

There are, in fact, several feasible ways of approaching animations. One ob-
vious approach is to treat each frame individually, apply Evolver to each frame
in turn, and add a single instruction to its language to encapsulate a sequence
of frames. We can improve the convergence by exploiting temporal locality by
using the description for one frame as the initial description for the next.

In the ideal case, Evolver will incorporate a second language, dedicated to
animations. This second language would capture attributes such as a consistent
darkening of all pixels in a region (perhaps indicating nightfall). This again ex-
ploits the programmatic principle that a large difference in bit-wise information
may be captured by a small set of instructions. Various MPEG encoding stan-
dards use “difference” data of this sort, which we hope to exploit for designing
the animation language.

More importantly, we see Evolver pointing to numerous research opportu-
nities for the programming languages community. First, the genetic algorithms
in Evolver need a type system to guide the generation of programs; currently,
Evolver uses fairly ad hoc techniques to prevent the generation of invalid pro-
grams. Second, there are likely to be several static analyses that, with small
extensions to the intermediate language, will encourage “suitable” programs (at
the expense of some diversity), yielding quicker convergence. Third, Evolver may
be able to benefit from some of the features of existing graphical languages, such
as FRAN [6]; we were forced to use Java because Haskell currently lacks the rich
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graphics library and widespread applet support necessary to deploy Evolver, but
the language’s design in no way precludes, and indeed encourages, implementa-
tion in a functional language. Finally, Evolver points to a new criterion for the
design of some domain-specific languages: to be suitable for creation of programs
by other programs, especially through a simple but highly iterative process such
as evolution.

Ultimately, our goal is not to develop radical new compression schemes—we
defer to others for whom that is a primary research interest. Instead, we believe
that Evolver’s true value lies in the philosophy that it embodies:

— Many problems in science and engineering are solved by changing represen-
tations. Programming languages are pervasive, and can therefore serve as a
useful alternate representation in many domains. Converting a domain’s data
into code makes it possible to leverage the techniques and tools of program-
ming languages—such as semantics-preserving program transformations and
interpreters, respectively—to tackle difficult problems.

— Leveraging steerable, probabilistic search techniques, such as genetic algo-
rithms, permits the selective injection of domain knowledge into optimization
problems.

— The burgeoning availability of cycles creates possibilities for whole new styles
of programs. These may employ, and can even exploit, non-standard notions
of “correctness”. In Evolver, for instance, the validity of an approximation is
determined entirely by the judgment of the designer’s visual sensory system.

We believe that this is an important design pattern that can be used to effectively
open a radical new approach to hard problems in several domains.
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Abstract. Parallel skeletons intend to encourage programmers to build
a parallel program from ready-made components for which efficient im-
plementations are known to exist, making the parallelization process sim-
pler. However, it is neither easy to develop efficient parallel programs
using skeletons nor to use skeletons to manipulate irregular data, and
moreover there lacks a systematic way to optimize skeletal parallel pro-
grams. To remedy this situation, we propose a novel parallel skeleton,
called accumulate, which not only efficiently describes data dependency
in computation but also exhibits nice algebraic properties for manip-
ulation. We show that this skeleton significantly eases skeletal parallel
programming in practice, efficiently manipulating both regular and ir-
regular data, and systematically optimizing skeletal parallel programs.

1 Introduction

With the increasing popularity of parallel programming environments such as
PC cluster, more and more people, including those who have little knowledge
of parallel architecture and parallel programming, are hoping to write parallel
programs. This situation eagerly calls for models and methodologies which can
assist programming parallel computers effectively and correctly.

The data parallel model [HS86] turns out to be one of the most successful
ones for programming massively parallel computers. To support parallel pro-
gramming, this model basically consists of two parts:

— a parallel data structure to model a uniform collection of data which can be
organized in a way that each element can be manipulated in parallel; and

— a fized set of parallel skeletons on the parallel data structure to abstract
parallel structures of interest, which can be used as building blocks to write
parallel programs. Typically, these skeletons include element-wise arithmetic
and logic operations, reductions, prescans, and data broadcasting.

This model not only provides programmers an easily understandable view of a
single execution stream of a parallel program, but also makes the parallelizing
process easier because of explicit parallelism of the skeletons.

Despite these promising features, the application of current data parallel pro-
gramming suffers from several problems which prevent it from being practically

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 83-07] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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used. Firstly, because parallel programming relies on a set of parallel primitive
skeletons for specifying parallelism, programmers often find it hard to choose
proper ones or to integrate them well in order to develop efficient parallel pro-
grams. Secondly, the skeletal parallel programs are difficult to be optimized. The
major difficulty lies in the construction of rules meeting the skeleton-closed re-
quirement for transformation among skeletons [Bir87/SG99]. Thirdly, skeletons
are assumed to manipulate regular data structure. Unfortunately, for irregular
data like nested lists where the sizes of inner lists are remarkably different, the
parallel semantics of skeletons would lead to load imbalance which may nul-
lify the effect of parallelism in skeletons. For more detailed discussion of these
problems, see Section [3

To remedy this situation, we propose in this paper a new parallel skeleton,
which can significantly eases skeletal parallel programming, efficiently manip-
ulating both regular and irregular data, and systematically optimizing skeletal
parallel programs. Our contributions, which make skeletal programming more
practical, can be summarized as follows.

— We define a novel parallel skeleton (Section H), called accumulate, which
can not only efficiently describe data dependency in a computation through
an accumulating parameter, but also exhibits nice algebraic properties for
manipulation. It can be considered as a higher order list homomorphism,
which abstracts a computation requiring more than one pass and provides a
better recursive interface for parallel programming.

— We give a single but general rule (Theorem Hl in Section H), based on which
we construct a framework for systematically optimizing skeletal parallel pro-
grams. Inspired by the success of the shortcut deforestation [GI.J93] for
optimizing sequential programs in compilers, we give a specific shortcut law
for fusing compositional style of skeletal parallel programs, but paying much
more attention to guaranteeing skeleton-closed parallelism. Our approach us-
ing a single rule is in sharp contrast to the existing ones [SG99KC99] based
on a huge set of transformation rules developed in a rather ad-hoc way.

— We propose a flattening rule (Theorem[d in Section [B]), enabling accumulate
to deal with both regular and irregular nested data structures efficiently.
Compared to the work by Blelloch [Ble89/Ble92] where the so-called seg-
mented scan is proposed to deal with irregular data, our rule is more general
and powerful, and can be used to systematically handle a wider class of
skeletal parallel programs.

The organization of this paper is as follows. After briefly reviewing the nota-
tional conventions and some basic concepts in the BMF parallel model in Section
2 we illustrate with a concrete example the problems in skeletal parallel pro-
gramming in Section B. To resolve these problems, we begin by proposing a new
general parallel skeleton called accumulate, and show how one can easily program
with this new skeleton in Section @l Then in Section B we develop a general rule
for optimization of skeletal parallel programs. Finally, we give a powerful theo-
rem showing that accumulate can be used to efficiently manipulate irregular data
in Section [@. Related work and discussions are given in Section [71
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2 BMF and Parallel Computation

We will address our method on the BMF data parallel programming model
[Bir&7/Skia0], though the method itself is not limited to the BMF model. We
choose BMF because it can provide us a concise way to describe both programs
and transformation of programs. Those who are familiar with the functional lan-
guage Haskell [JTH99] should have no problem in understanding the programs in
this paper. From the notational viewpoint, the main difference is that we use
more symbols or special parentheses to shorten the expressions so that manipu-
lation of expressions can be performed in a more concise way.

Functions. Function application is denoted by a space and the argument which
may be written without brackets. Thus f a means f (a). Functions are curried,
and application associates to the left. Thus fab means (f a)b. Function appli-
cation binds stronger than any other operator, so fa @ b means (f a) @ b, not
f (a®b). Function composition is denoted by a centralized circle o. By definition,
we have (fog)a = f(ga). Function composition is an associative operator, and
the identity function is denoted by id. Infix binary operators will often be de-
noted by @, ® and can be sectioned; an infix binary operator like @ can be turned
into unary or binary functions by a & b = (a®)b = (®b)a = () ab.
Parallel Data Structure: Join Lists. Join lists (or append lists) are finite
sequences of values of the same type. A list is either the empty, a singleton, or
the concatenation of two other lists. We write [] for the empty list, [a] for the
singleton list with element a (and [-] for the function taking a to [a]), and z +Hy
for the concatenation (join) of two lists z and y. Concatenation is associative,
and [] is its unit. For example, [1] + [2] + [3] denotes a list with three elements,
often abbreviated to [1, 2, 3]. We also write a : x for [a]+ z. If a list is constructed
on by the constructor of [] and :, we call it cons list.

Parallel Skeletons: map, reduce, scan, zip. It has been shown [Ski90] that
BMF [Bir&7] is a nice architecture-independent parallel computation model, con-
sisting of a small fixed set of specific higher order functions which can be regarded
as parallel skeletons suitable for parallel implementation. Four important higher
order functions are map, reduce, scan and zip.

Map is the skeleton which applies a function to every element in a list. It is
written as an infix x. Informally, we have

kx[x1,@0,...,2,] = k21, kxe,.. ., ky].

Reduce is the skeleton which collapses a list into a single value by repeated
application of some associative binary operator. It is written as an infix /. In-
formally, for an associative binary operator &, we have

69/ [Il,IQ,-..,fEn] =T @IQ@@I,”
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Scan is the skeleton that accumulates all intermediate results for computation
of reduce. Informally, for an associative binary operator @ and an initial value
e, we have

Ofe [x1,22,...,Tn] = [e,eDx1,6 P DT, ..., ePET DT2D - Dxy

Note that this definition is a little different from that in [Bir87]; the e there is
assumed to be the unit of ®. In fact efficient implementation of the scan skeleton
does not need this restriction.

Zip is the skeleton that merges two lists into a single one by paring the
corresponding elements. The resulting list has the same length as that of shorter
one. Informally, we have

[.'1,'17.'1}2, .. '7mn] r [y17y27 .. 7yn} = [(1‘17:1/1)7 (.'1,'27y2)7 ey (xn7yn>]

It has been shown that these four operators have nice massively parallel
implementations on many architectures [Ski90/Ble89]. If k& and & need O(1)
parallel time, then k* can be implemented using O(1) parallel time, and both &/
and @, can be implemented using O(log V) parallel time, where N denotes the
size of the list. For example, & can be computed in parallel on a tree-like structure
with the combining operator & applied in the nodes, while kx* is computed in
parallel with k applied to each of the leaves. The study on efficient parallel
implementation of @#. can be found in [Ble89], though the implementation may
be difficult to understand.

3 Limitations of the Existing Skeletal Parallel
Programming

In this section, we are using a simple but practical example, the lines-of-sight
problem (los for short), to explain in detail the limitations (problems) of the
existing approach to parallel programming using skeletons, clarifying the moti-
vation and the goal of this work.

Given a terrain map in the form of a grid of altitudes, an observation point,
and a set of rays, the lines-of-sight problem is to find which points are visible
along these rays originating at the observation point (as in Figure[I]). A point on
a ray is visible if and only if no other point between it and the observation point
has a greater vertical angle. More precisely, los : Point — [[Point]] — [[Bool]]
accepts as input an observation point py and a list of rays where each ray is a
list of points, and returns a list of lists where corresponding element is a boolean
value showing whether the point is visible or not.

This problem is of practical interest, and a simpler version (considering only
a single line) was informally studied in [Ble89] where an efficient parallel program
was given without explanation how it was obtained. Now the question is how to
make use of the four BMF skeletons in Section Blto develop an efficient parallel
program for this problem.
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Fig. 1. Altitude Map

3.1 Programming Efficient Skeletal Programs

Developing efficient programs with skeletons is hard because it requires both a
proper choice of skeletons and an efficient combination of them. Using skeletons,
one often tries to solve a problem by composition of several passes so that each
pass can be described in terms of a parallel skeleton. Considering the subproblem
los1 which just checks whether the points in a single ray ps are visible or not
from the observation point pg, one may solve the problem by the following three
passes.

1. Compute the vertical angles for each point.
2. For each point, compute the maximum angle among all the points between
this point and the observation point, which can again be solved by two

passes:
(a) gathering all angles of the points between this point and the observation

point;
(b) computing the maximum of the angles.
3. For each point, compare its angle with the maximum angle obtained in step
2.

Therefore one could come up with the following program:

los1 pg ps = let

as = (angle py) * ps — Pass 1
ass = (H)#y ([] * as) — Pass 2 (a)
mas = mazrimum % ass — Pass 2 (b)
vs = (A(z,y) = z>y) * (as T mas) — Pass3

in

s

However, this multi-pass program has the problem of introducing many in-
termediate data structures (such as as, ass, and mas) passed between skeletons.
This may result in a terribly inefficient programs (the above definition losl is
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such an example) with high computation and communication cost especially in
a distributed system [KC99]; these intermediate data structures have to be dis-
tributed to processors and each result must be gathered to the master processor.

As a matter of fact, even for a simpler subproblem like Pass 2 (a), solving it
in terms of skeleton is actually not an easy task. One approach for coping with
this problem is to derive a homomorphism [Col95Gor96J/HTCIS], resulting in
skeletal parallel programs in the form of (& /) o (f*). Though homomorphisms
may deal well with programming using map and reduce skeletons, they cannot
directly support programming with the skeleton of scan [Ble89] which uses an
accumulating parameter.

3.2 Skeleton Composition

As argued, most inefficiency specific to skeletal parallel programs originates from
many intermediate data structures passed from one skeleton to another. There-
fore, it is essential to fuse compositions of skeletons to eliminate unnecessary
intermediate data structures, to save both computation and communication cost.

The major difficulty for this fusion lies in the construction of rules meeting
the skeleton-closed requirement that the result of fusion of skeletons should give
a skeleton again [Bir87/SG99]. Recall the program for Pass 2 (a):

ass = H f([] * as).

It cannot be fused into a program using a single skeleton of map, reduce, or scan.
One may hope to fuse it into a form something like (A e A a — e 4+ [a]) 7}, but
this is incorrect because the underlined binary operator is not associative. The
key problem for optimization turns out to be how to systematically fuse skeletal
parallel programs.

3.3 Nested Parallelism

Consider the program of Pass 2 (b) in the definition of los1:

mas = Maximum * ass.
Let ass = [as1, asa, . . ., as,]. This expression is quite inefficient when the lengths
of asy, ase, ..., as, are quite different. To see this more clearly, consider an

extreme case of
mazimum * [[1],[2],[1,2, 3,4, ...,100]],

and assume that we have three processors. If we naively use one processor to
compute mazrimum on each element list, computation time will be dominated by
the processor which computes mazimum [1,2,...,100], and the load imbalance
cancels the effect of parallelism in the map skeleton.

Generally, the nested parallelism problem can be formalized as: “under what
condition of f, the function fx can be implemented efficiently no matter how
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different the sizes of the element lists are?” Blelloch [Ble89Ble92] gave a case
study, showing that if f is ® /., then fx is called segmented scan and can be
implemented efficiently. But how to systematically cope with skeletal parallel
programs remains unclear.
A concrete but more involved example is the lines-of-sight problem, which
can be solved by
los po pss = (losl pp) * pss

where pss may be an imbalanced (irregular) data, and losl pg is a rather com-
plicated function.

4 An Accumulative Parallel Skeleton

From this section, we propose a new general parallel skeleton to resolve the
problems raised in Section[3, showing how one can easily program with this new
skeleton, how skeletal parallel programs can be systematically optimized, and
how nested parallelism can be effectively dealt with.

4.1 The Skeleton accumulate

We believe that the skeleton itself should be able to describe data dependency
naturally. Map and zip describe parallel computation without data dependency,
reduce describes parallel computation with an upward (bottom-up) data depen-
dency, and scan describes parallel computation with an upward and a simple
downward (top-down) data accumulation. Compared with these skeletons, our
new accumulative skeleton can describe both upward and downward data de-
pendency in a more general way.

Definition 1 (accumulate). Let g, p, ¢ be functions, and & and ® be associative
operators. The skeleton accumulate is defined by

accumulate [] e =ge
accumulate (a: z) e = p(a,e) @ accumulate z (e ® q a).

We write [g, (p, ®), (¢, ®)] for the function accumulate. O

It is worth noting that this skeleton, looking a bit complicated, is the sim-
plest form combining two basic recursive forms of foldl and foldr |Gib96]; (p, ®)
corresponds to foldr, (¢, ®) corresponds to foldl, and g is to connect these two
parts.

As a quick example of this skeleton, los1 in Section [3 can be defined as

losl pg = [Am — [],
(A(p, mazAngle) — if a > mazAngle then [T] else [F], + ),
(id, maz)].

More examples can be found in Section E4.



90 Zhenjiang Hu, Hideya Iwasaki, and Masato Takeichi

4.2 Parallelizability of accumulate

To see that accumulate is indeed a parallel skeleton, we will show that it can be
implemented efficiently in parallel. As a matter of fact, the recursive definition for
accumulate belongs to the class of parallelizable recursions defined in [HTC9S§].
The following theorem gives the resulting parallel version for accumulate.

Theorem 1 (Parallelization). The function accumulate defined in Definition
[[ can be parallelized to the following divide-and-conquer program.

accumulate [] e ge
accumulate z e st (accumulate’ z e)
accumulate’ [a] e =(p (a,e)®Dg (e®qa),p (a,e),q a)
accumulate’ (z ++vy) e = let (r1,s1,t1) = accumulate’ z e
(2, 82,t2) = accumulate’ y (e @ t1)
iIl (51 EBT'Q, S1 D S2, tl ®t2)

Proof. Apply the parallelization theorem in [HTC98| followed by the tupling
calculation [HITTI7]. O

It is worth noting that accumulate’ can be implemented in parallel on a mul-
tiple processor system supporting bidirectional tree-like communication, using
the time of O(log N) where N denotes the length of the input list, provided that
@, ®, p, q and g can be computed in a constant time. T'wo passes are employed;
an upward pass in the computation can be used to compute the third component
of accumulate’ z e before a downward pass is used to compute the first two values
of the triple.

4.3 An Abstraction of Multi-pass Computation

Let us see why it is necessary to have this special skeleton accumulate rather
than implementing it using existing skeletons, although it can be described in
terms of the existing skeletons according to the diffusion theorem [HTT99).

Theorem 2 (Diffusion). The skeleton accumulate can be diffused into the fol-
lowing composition of skeletal functions.

accumulate z e = let y +H[¢/] = @ #e(q * x))
z=zxzTy
in (/ (p*2)) ® (g ¢) O

The resulting skeletal program after diffusion cannot be efficiently imple-
mented just according to the parallel semantics of each skeleton. To see this,
consider the simplest composition of two skeleton of @/(p * z) when computed
on a distributed parallel machine. It would be performed by the following two
passes.

1. Compute p * z by distributing data z among processors, performing px in a
parallel way, and collecting data from processors to form data w.
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2. Compute ®/w by distributing data w among processors, performing ®/ in
a parallel way, and collecting data from processors to form the result.

The underlined two parts are obviously not necessary, but this multiple-pass
computation would not be avoidable unless (/) o (p*) can be fused into a single
existing skeleton. To resolve this problem, one must introduce a new skeleton to
capture (abstract) this kind of multiple-pass program. Our skeleton accumulate
is exactly designed for this abstraction, while it can be efficiently implemented
without actual intermediate data distribution and collection.

4.4 Parallel Programming with accumulate

The skeleton accumulate uses an accumulating parameter which can be used to
describe complicated dependency of computation in a natural way. In contrast,
the existing skeletal parallel programming requires that all dependency must be
explicitly specified by using intermediate data.

We have shown in Section BTl that computation function losl can be easily
described by accumulate. In fact, the new skeleton is so powerful and general
that it can be used to describe the skeletons without sacrificing the performance
in order, as summarized in the following theorem.

Theorem 3 (Skeletons in accumulate).

frax= [[)‘—*) H’(/\(a7—) - [f a]?*'k)’(—v—)]] €T -
69/33 = [[)‘—*) L@,()\(CL, —) - av@)7(—’ —)H T -
@7%6 = [[Hv (>‘(aﬂe) - [6]7%)7 (idv@ﬂ] O

Note that in the above theorem, _ is used to represent a “don’t care” value
with consistent type.

Powerful and general, accumulate can be used to solve many problems in a
rather straightforward way, that is not more difficult than solving the problems in
sequential setting [HITOI]. Consider a simple example computing a polynomial
value, a case study in [SG99] and an exercise in [Ble90]:

2 N
poly [a1,az,...,an] ® = a1 X +a3 Xxax°+---F+ay xx".

It can be easily defined by the following recursive definition with an accumulating
parameter storing z°.

poly as x = poly’ as x
where poly’ [| e=0
poly' (a:as) e=axe+polyas (exx)
That is,
poly = [Ae — 0, (M(a,e) — a x e,+), (id, x)].
It follows from the Parallelization Theorem that we have obtained an O(log N)
parallel time program for evaluating a polynomial.

! Note that we cannot fuse it into ®/ where a ® r = p a @ r, because ® may not be
associative.
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5 Optimizing Skeletal Parallel Programs

To fuse several skeletons into one for eliminating unnecessary intermediate data
structures passed between skeletons, one would try to develop rules for per-
forming algebraic transformations on skeletal parallel program like [SG99]. For
instance, here is a possible algebraic transformation which eliminates an inter-
mediate list:
frlgra)=(fog)*u.

Unfortunately, one would need a huge set of rules to account for all possible
combinations of skeletal functions. In this paper, we borrow the idea of short-
cut deforestation [GLJ93] for optimization of sequential programs, and reduce
the entire set to a single rule, by standardizing the way in which join lists are
consumed by accumulate and standardizing the way in which they are produced.

5.1 The Fusion Rule

First, we explain the shortcut deforestation theorem, known as foldr-build rule
[GL.J93].

Lemma 1 (foldr-build Rule). If we have gen : V8. (A — 8 — 3) — 3 — 3 for
some fixed A, then

foldr (@) e (build gen) = gen (@) e,
where foldr and build are defined by

foldr (@) e [] =e
foldr (@) e (a:2z) = a@®foldr (@) e
build gen =gen (:) []. |

Noticing that accumulate can be described in terms of foldr as
accumulate = foldr (AaXr — (Ae — p(a,e) ®r(e® q a))) g,
we obtain a rule for fusion of accumulate from Lemma [T}
[9: (0, ®), (¢, ®)] (build gen) = gen (AaAr — (Ae — p(a,e) D r(e @ q a))) g.

However, this rule has a practical problem for being used to fuse skeletal par-
allel programs. The reason is that skeletal functions produce join lists rather
than cons lists, due to the requirement of associativity in their definitions. For
example, for the definition of fx:

[z = [P‘—_) H,()\(CL7_) - [f a]v%%(-v—)ﬂ L -

it would be more natural to consider f* as a production of a join list using
the constructors of [], [-], and +. To resolve this problem, we standardize the
production of join lists by defining a new function buildJ as

buildJ gen = gen () [ [],
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and accordingly standardize the list consumption by transforming [g, (p, ®),
(¢, ®)] based on the parallelization theorem to

lg, (p,®), (¢,®)] * = fstoaccumulate’

accumulate’ [] =Xe—(ge )

accumulate’ [a] =Xe— (p(a,e)®g(e®qa)p(a,e),qa)
accumulate’ (z +y) = accumulate’ x ®g g accumulate’ y

where ©g g is defined by

(uOg.gv) e=let (r,s1,t1) =ue
(T2752,t2) =0 (6®t1)
il’l (51 691"27 S1 @527 tl ®t2)

Therefore, we obtain the following general and practical fusion theorem for
accumulate.

Theorem 4 (Fusion (Join Lists)). If for some fixed A we have gen : Vj. (8 —
B—pB)—(A—p)— [ — [ then

[9, (p,®), (g, ®)] (buildJ gen) e
= fst (gen (Og.0) (Aa — (Ae — (p (a,e) D g (e®q a),p (a,e),q a)))
(Ae—(ge ) e) m

For the skeletons in the form of [A- — e, (A(a,-) — 9’ a,®), (-, -)], like map
and reduce, which do not need a accumulating parameter, we can specialize
Theorem M to the following corollary for fusion with these skeletons.

Corollary 1. If for some fixed A we have gen : V5. (A — 8 — ) — (A —
B) —  — [ and then

[A- — d, (Ma,-) = pa,®),(-,-)] (build) gen) -
=gen (@) Aa—padd)d O

5.2 Warm Fusion

To apply Theorem H] for fusion, we must standardize those skeletal parallel pro-
grams to be fused in terms of accumulate for consuming join lists and of buildJ
for producing join lists. We may deal with this by the following two methods:

— Standardizing library functions by hand. We can standardize frequently used
functions by hand. For example, the followings define map and scan in the
required form.

f*x =build) (AcAsAn — [A- —n,(A(a,-) = s (f a),¢), (5, )] = 2)
@ #ex = build) (AcAsAn — [s, (A(a,e) — s e, c), (id,®)] z e

Following this idea, one may redefine their library functions such as maximum
in this form, as done in sequential programming like [GL.J93] which rewrites
most prelude functions of Haskell in the form of foldr-build form. This ap-
proach is rather practical [GLJ93], but needs preprocessing.
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— Standardizing accumulate automatically. For a user-defined function in terms
of accumulate, we may build a type inference system to automatically ab-
stract the data constructors of join lists appearing in the program to derive
its buildJ form. Many studies have been devoted to this approach on the
context of sequential programming [LS95|Chi99], which may be adapted to
our use.

Consider the function alleven defined by alleven x = A / (even * x), which
judges whether all the elements of a list are even. We can perform fusion sys-
tematically (automatically) as follows. Note that this program cannot be fused
in the existing framework.

A/ (even * x)
= { def. of reduce and map }
A-—=T,(Ma,-) = a; A, (-]
(buildJ (AcAsAn — [A- — n, (M(a,-) — s (even a),c), (-, )] = -)) -
= { Corollary 0 }
[A\-—T,(A\a,-) = even a AT, A), (-, )] = -
= { simplification }

Ao — T, (A (a,-) — even a,N), (-, )] « -

Theorem [ can be applied to a wider class of skeletal parallel programs,
including the useful program patterns such as (1) (fix) o (fox) o -+ o (fu*), (2)
(@ /) o (f), (3) (& /) o(@ ), (4) (F¥)o (@) o (%), (5) (1fer) ©(Drfes).
Recall the lines-of-sight problem in Section B where we obtain the following
compositional program for Pass 2 (b) after expansion of ass and as:

mas = (maximum/) * ((+ )7%[] ([[] * (angle * ps)).
We can fuse it into a single one [HITO1].

6 Dealing with Nested Skeletons

Our new skeleton accumulate can deal with nested data structures very well,
especially irreqular ones whose elements may have quite different sizes. To be
concrete, given a list of lists, we are considering efficient implementation of a
computation which maps some function f in terms of accumulate to every sublist.

In order to process a given nested (maybe irregular) list? efficiently, we first
use flatten : [[a]] — [(Bool, a)] to transform the nested list into a flat list of
pairs [Ble92]. Each element in this flat list is a pair of flag, a boolean value, and
an element of inner list of the original nested list. If the element is the first of
an inner list, flag is T, otherwise flag is F. For example, a nested list

([w1, w2, 23], [x4, w5], 6], [w7, s]]
is flattened into the list
[(T7 '751)7 (F7 x2>7 (F7 '753)7 (T7 '754)7 (F7 '755)7 (T7 '756)7 (T7 '757)7 (F7 SCg)]

2 For simplicity, we assume that each element list is nonempty. Actually, it not difficult
to introduce an additional tag to deal with empty list.
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Using the flattened representation, each processor can be assigned almost
the same number of data elements, and therefore, reasonable load balancing be-
tween processors can be achieved. For the above example, if there are four pro-
cessors, they are assigned to [(T,x1), (F,z2)], [(F,z3), (T, x4)], [(F,z5), (T,26)],
and [(T,x7), (F, zs)], respectively. Note that elements of the same inner list may
be divided and assigned to more than one processor.

Our theorem concerning nested lists states that mapping the function accu-
mulate to every sublist can be turned into a form applying another accumulate
to the flattened representation of the given nested list.

Theorem 5 (Flattening). If zs is a nested list which is not empty and does
not include empty list, then

Az — [g,(p,®), (¢, ®)] z €0) * s
= vwhere (,v,.) = [¢,(p",®), (¢',®")] (flatten zs) (T, eo)
where
g/ (2, a) = (T, [], a)
(T7 [p (Zv 60)], a)

hS]
—
=
=
8
N
—
}\2
S
2
=z
Il

p’ ((va)7 (Z7 a)) = (F, [p (Ia a)]a a)

¢ (T, z) = (T, e0 ® quz)

q (va) = (F, ¢ x)

(z, vs ++ [v], a) & (T, ws, b) = (z, vs+H[v® gb] + ws, a)
(z, vs ++[v], a) ® (F, [w] + ws, b) = (z, vs ++[v & w] + ws, a)
(Z7 a) ®' (T7 b) = (T, b)

(Z,O,) ®I (F7 b) = (Zv a® b)

O

Due to space limination, we cannot give a proof of the theorem. The key point
of this theorem is that the transformed program is just a simple application of
accumulate to the flattened list. It follows from the implementation of accumulate
that we obtain an efficient implementation for the map of accumulate.

7 Related Work and Discussions

Our design of accumulate for parallel programming is related to the Third Ho-
momorphism Theorem [Gib96], which says that if a problem can be solved in
terms of both foldl (top down) and foldr (bottom up), then it can be solved
in terms of a list homomorphism which can be implemented in parallel in a
divide-and-conquer way. However, it remains open how to construct such list
homomorphism from two solutions in terms of foldl and foldr. Rather than find-
ing a way for this construction, we provide accumulate for parallel programming,
and it can be regarded as an integration of both foldl and foldr.

Optimizing skeletal parallel programs is a challenge, and there have been
several studies. A set of optimization rules, together with performance estima-
tion, have been proposed in [SG99], which are used to guide fusion of several
skeletons into one. This, however, would need a huge set of rules to account
for all possible combinations of skeletal functions. In contrast, we reduce this
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set to a single rule (Fusion Theorem), by standardizing both the way in which
join lists are consumed by accumulate and the way in which they are produced.
This idea is related to the shortcut deforestation [GLJ93JLS95IChi99] which has
proved to be practically useful for optimization of sequential programs. Another
approach is to refine the library functions to reveal their internal structure for
optimization in a compiler [KC99]. We deal with this problem in programming
instead of compiler reconstruction.

As for nested parallelism or the form fx, our work is related to that by
Blelloch [Ble’9/Ble92| who showed that if f is ©#., than we know that (B #.)*
can be implemented efficiently. Here we treat more complicated f including scan
as its special case, showing that (Az.[g, (p, ®), (¢, ®)] = eg)* can be efficiently
implemented.

This work is a continuation of our effort to apply the so-called program
calculation technique to the development of efficient parallel programs [HTC9§].
As a matter of fact, our new skeleton accumulate comes out of the recursive
pattern which is parallelizable in [HTCI8J/HTT99]. Based on these results, this
paper made a significant progress towards practical use of skeletons for parallel
programming, showing how to program with accumulate, how to systematically
optimize skeletal programs, and how to deal with irregular data.

Although we have implemented a small prototype system basically for testing
the idea in this paper, we believe that it should be more important to see how
efficient the idea in a real parallelizing compiler. In addition, we have not taken
account of those skeletons for data communication.
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Abstract. Intensional type analysis provides the ability to analyze ab-
stracted types at run time. In this paper, we extend that ability to higher-
order and kind-polymorphic type constructors. The resulting language
is elegant and expressive. We show through examples how it extends the
repertoire of polytypic definitions and the domain of valid types for those
definitions.

1 Polytypic Programming

Some functions are naturally defined by examining the type structure of their
arguments. For example, a polytypic pretty printer can format any data struc-
ture by decomposing it into basic parts, guided by its argument’s type. Without
such analysis, one must write a separate pretty printer for every data type and
constantly update each one as the data types evolve. Polytypic programming,
on the other hand, simplifies the maintenance of software by allowing functions
to automatically adapt to changes in the representation of data. Other clas-
sic examples of polytypic operations include debuggers, comparison functions
and mapping functions. The theory behind describing such operations has been
developed in a variety of frameworks [1R2IAIRT2T4/T7I182728/30I31].
Nevertheless, no single existing framework encompasses all polytypic defini-
tions. These systems are limited by what polytypic operations they may express
and by what types they may examine. These deficiencies are unfortunate because
advanced languages depend crucially on these features. Only some frameworks
for polytypism may express operations over parameterized data structures, such
as maps and folds [T4IT7[1827]. Yet parametric polymorphism is essential to
modern typed programming languages. It is intrinsic to functional program-
ming languages, such as ML [21] and Haskell [24], and also extremely important
to imperative languages such as Ada [I6] and Java [BITI]. Furthermore, only
some frameworks for polytypism may examine types with binding structure,
such as polymorphic or existential types [2/4130]. However, these types are be-
coming increasingly more important. Current implementations of the Haskell
language [T929] include a form of existential type and first class polymorphism.
Existential types are particularly useful for implementing dynamically extensible
systems that may be augmented at run time with new operations and new types
of data [I3]. Also, the extension of polytypic programming to an object-oriented
language will require the ability to examine types with binding structure.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 98-{IT4] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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What is necessary to accommodate all types and all operations? First, be-
cause a quantified type hides type information, the semantics of the language
must provide that information at run time to examine polymorphic and existen-
tial types. Second, the class of polytypic operations including mapping functions,
reductions, zipping functions and folds must be defined in terms of higher-order
type constructors instead of types. Such type constructors are “functions” such
as list or tree, that are parameterized by other types

There is no reason why one system should not be able to define polytypic
operations over both type constructors and quantified types. In fact, the two
abilities are complementary if we represent quantified types with type construc-
tors, using higher-order abstract syntax [25J30]. For example, we may represent
the type Va.ao — « as the constant V., applied to the type function (Aa:x.ac — a).

In this paper, we address the previous limitations of polytypic programming
and demonstrate how well these abilities fit together by extending Harper and
Morrisett’s seminal type-passing framework of intensional type analysis [12] to
higher-order polytypism. In their language A}*, polytypic operations are defined
by run-time examination of the structure of first-order types with the special
term typerec. In A}, an analyzable type is either int, string, a product type
composed of two other types, or a function type composed of two other types.
As these simple type constructors form an inductive datatype, typerec defines
a fold (or catamorphism) over its type argument. For example, the result of
analyzing types such as 7 X 7 is defined in terms of analyses of 71 and 7.
With the inclusion of type constructors that take a higher-order argument (such
as V, with argument of kind * — *) the type structure of the language is no
longer inductive. Previously, Trifonov et al. [30] avoided this issue by using the
kind-polymorphic type constructor V of kind Vyx.(xy — *) — x instead of V, to
represent kind-polymorphic types. As the argument of V does not have a negative
occurrence of the kind x, the type structure remains inductive.

Hinze [T4] has observed that we may define polytypic operations over type
constructors by viewing a polytypic definition as an interpretation of the entire
type constructor language, instead of a fold over the portion of kind type. How-
ever, his framework is based on compile-time definitions of polytypic functions
(as opposed to run-time type analysis) and so cannot instantiate these func-
tions with polymorphic or existential types. Here, we use this idea to extend
Harper and Morrisett’s typerec to a run-time interpreter for the type language,
and extend it to higher-order type constructors and quantified types.

In the rest of this section, we review A\}* and Hinze’s framework for polytypic
programming. In Section Bl we extend typerec to constructors of function kind.
Because a polytypic definition is a model of the type language, it inhabits a
unary logical relation indexed by the kind of the argument type constructor.
A simple generalization in Section [ extends this typerec to inhabit multi-place
logical relations. Furthermore, in Section [ we generalize typerec to constructors

! Just as terms are described by types, type constructors are described by kinds .
The kind x contains all types. Higher-order constructors (functions from kind k1 to
kind k2) have kind k1 — k2.
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of polymorphic kind. This extension admits the analysis of the V constructor
and encompasses as a special case the previous approach of Trifonov et al. [30].
Also, incorporating kind polymorphism enables further code sharing; without it,
polytypic definitions must be duplicated for each kind of type argument. Finally,
in Sections[§ and [6l we compare our approach with other systems and conclude
with ideas for future extension.

1.1 Intensional Type Analysis

Harper and Morrisett’s language A} [12] introduced intensional type analysis
with the typerec term. For example, typetostring (of type Va: % . string) uses
typerec to produce a string representation of any type

typetostring = Aa: x . typerec[\(3: % . string] «
int = "int"
string = "string"
— = AB:* Ax:string . Ay: % Ay: string " (" +H x4+ " > " 4+ oy H "
X = AB: % Ax: string . Ay: % Ay:string (" H x4+ "ok " H oy "

The annotation [AS3: x . string] on typerec above is used for type-checking. If
«, the argument to typerec, is instantiated with the type int or string, this term
immediately returns the appropriate string. If ais a product or function type
(in the x and — branches), typerec inductively calls itself to provide the strings
of the subcomponents of the type. In these branches, the type variables g and
~ are bound to the subcomponent types, and the term variables z and y are
bound to the inductively computed strings. The rules below show the operation
of typerec over various arguments, providing the inductively computed results to
the product and function branches.

typerec|c] int €+ eint

typerec|c] string €+ €string

typerec[c] (c1 X ¢2) €+ ex [c1] (typerec[c] c1 €) [c2] (typerec|c] c2 €)
typerec|c] (c1 — c2) € — e, [c1] (typerecc] c1 €) [ca] (typerec|c] ca €)

The symbol & abbreviates the branches of the typerec (int = e, string =
Cstring, — = €, X = ex ). In this paper we will be deliberately vague about what
type constructors comprise these branches and add new branches as necessary.
What is the return type of a typerec term? The typing judgment below reflects
that this term is an induction over the structure of the analyzed type, ¢’. The
annotation c applied to the argument type ¢’ forms the return type of the typerec
expression. For example, in typetostring above, the result type is (AG:x. string)«
or string. In each branch, ¢’ is specialized. For example, the int branch is of
type cint, while the product branch takes two arguments of type ¢ a and ¢ 3 to
an expression of type c¢(a x (3). The context I' contains assumptions about the
types and kinds of the free type and term variables found inside ¢, ¢’ and €.

Ed % Fe:x—* Tk eint i cint  T'F egtring @ € string
I'te,:Vax.ca—VB:x.cp—cla—p)
I'tex:Varx.ca—VB:*.c f— claxp)

I+ typereclc]c e:c

2 We use ++ as an infix function for string concatenation.
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size
size

(a)n = n(a)
Aazk.cyn = Aazk.x:Size(k)a.(size(c)n{a — x})

size{cica)n = (size(c1)n) [c2] (size{c2)n)

size(int)n = Ax:int .0

size(string)n = \z: string .0

size{x)n = Aa: x Ax:(a — int). AB: x Ay:(8 — int). v : a X f.x(mv) + y(mv)

size(+)n = Aoz % Ax:(a — int). AB: % Ay:(8 — int).

Ao+ (. casev(ing, w = 2w | inj, w = yw)

Fig. 1. size

However, typerec may not express all polytypic definitions. For example, we
cannot use it to define a term of type Vaix — *.V3:x.a f — int, that counts the
number of values of type 8 in a data structure of type a (. Call this operation
fsize. For example, if ¢; = da: . X int and ¢3 = Aa: * .« X «, then fsize[c1] and
fsize|[ca] are constant functions returning 1 and 2 respectively. If « is instantiated
with list, fsize[list] is the standard length function.

As « is of higher-kind, we must apply it to some type in order to analyze it.
We might try to define fsize as

fsize = Aazx — *.AB: x . typerec[A\y.y — int](a B) ...

However, this approach is not correct. At run time, § will be instantiated
before typerec analyzes (« ). The value returned by typerec will depend on
what ( is replaced with. If 8 is instantiated by int, then ¢13 and co8 will be the
same type, and analysis cannot produce different results. Therefore, to define
fsize we must analyze « independently of f3.

1.2 Higher-Order Polytypism

How should we extend typerec to higher-order type constructors? What should
the return type of such an analysis be? Hinze [14] observed that a polytypic
definition should be an interpretation of the type language with elements of
the term language. This interpretation must sound — 4.e. when two types are
equal, their interpretations are equal — so that we can reason about the be-
havior of a polytypic definition. A sound interpretation of higher-order types
is to interpret type functions as term functions and type application as term
application. Then S-equality between types (i.e.(Aa:k.c1)ca = ca{c1/a}) will be
preserved by [-equality in the term language. The constants of the type lan-
guage (int, string, —,x) may be mapped to any term (of an appropriate type)
providing the flexibility to define a number of different polytypic operations.
For example, the definition of the polytypic operation size is in Figure [1
This operation is defined by induction over a type constructors c. It is also
parameterized by a finite map n (an environment) mapping type variables to
terms. We use () as the empty map, extend a map with a new mapping from
the type variable a to the term e with the notation n{« — e}, and retrieve the
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mapping for a type variable with n(«). All variables in the argument of size
should be in the domain of 7. The first three lines of the definition in this figure
are common to polytypic definitions. The definition for variables is determined
by retrieving the mapping of the variable from environment. The environment is
extended in the definition of size for type functions (Aa:k.c). As a type function
is of higher kind, it is defined to be a polymorphic function from the size of
the type argument, to the size of the body of the type constructor, with the
environment updated to provide a mapping for the type variable occurring in
the body. The type of x is determined by the kind of cand is explained in the
following. Because a type function maps to a polymorphic term function, a type
application produces a term application.

The last four cases determine the behavior of size. Intuitively, size produces
an iterator over a data structure that adds the “sizes” of all of its parts. We would
like to use this operation in the definition of fsize as follows. Because list is a
type constructor, the specialization size(list) maps a function to compute the
“size” of values of some type (3, to a function to compute the “size” of the entire
list of type list (. If we supply the constant function Az:3.1 for the list elements,
we produce the desired length function for lists. Therefore, we may define fsize
specialized by any closed type constructor ¢ as Af:*.size(c)[f] ()\x:ﬁ.l) For base
types, such as int or string, size produces the constant function Ax.0, because
they should not be included in computing the size. The type constructors + and
x are both parameterized by the two subcomponents of the + or x types («
and () and functions to compute their sizes (x and y).

For example, we can use many of the above definitions to compute size{Aa.ax
string). The slightly simplified result, when all of the definitions have been ap-
plied, is below. It is a function that when given an argument to compute the
size of terms of type «, should accept a pair and apply this argument to the first
component of the pair. (As the second component of the pair is of type string,
its size is 0).

size{Aa.a X string) = Aa: % Aw:(a — int).\v:(a X string).w(mv) + 0

Because type functions are mapped to term functions, the type of the polytypic
definition (such as size) will be determined by the kind of the type constructor
analyzed. In each instance, the definition of size(c) will be of type Size(k)c
where & is the kind of ¢ and Size(k)c is defined by induction on the structure of
k. If the constructor ¢ is of kind %, then Size(x)c, is a function type from ¢ to int.
Otherwise, if ¢ is of higher kind then size is parameterized by a corresponding
size argument for the type argument to c.

Size(xyc = ¢ — int
Size(k1 — ka2)c = Vacki.Size{k1)a — Size(k2)(ca)

Why does the definition of size make sense? Though size is determined by
the syntax of a type, a type is actually an equivalence class of syntactic expres-
sions. To be well-defined, a polytypic function must return equivalent terms for

3 Unlike A\ where types are analyzed at run time, in this framework polytypic func-
tions are created and specialized to their type arguments at compile-time, so we may
not make fsize(c) polymorphic over c.
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all equivalent types, no matter how the types are expressed. For example, size
instantiated with (Ao * .« X string) int must be equal to size (int X string) be-
cause these two types are equal by (-equality. Because the term functions provide
the necessary equational properties, the definition of size is sound. Therefore,
though the interpretations of the type operators (int, —, X ) may change for each
polytypic operation, the interpretations of functions (Aa:k.c), variables «, and
applications (cic2) remain constant in every polytypic definition. As a result,
the types of polytypic operations can be expressed using the following notation.

Definition 1. A polykinded type, written ¢{k)c’, where ¢ is a type constructor
of kind « — %, and ¢ a type constructor of kind k, is defined by induction on
the structure of the kind x by:

c(x)e = cc clk1 — k2)c =Vauki.c{ki)a — c(k2)(d @)

For example, we express Size(k)c in this notation as (Aa: * .o — int)(k)c.

2 The Semantics of Higher-Order typerec

Hinze’s framework specifies how to define a polytypic function at compile time by
translating closed types into terms. However, in some cases, such as in the pres-
ence of polymorphic recursion, first-class polymorphism, or separate compilation
it is not possible to specialize all type abstractions at compile time. Therefore,
we extend a language supporting run-time type analysis to polytypic definitions
over higher-order type constructors. We do so by changing the behavior of A\}*’s
typerec to be an interpreter of the type language at run time.

There is a close correspondence between the polykinded types and the typ-
ing judgment for typerec. Each of the branches of typerec may be written as
a polykinded type. For example, the branch ey is of type ¢(x — x — x)x =
Vo *.ca — V3: % .cf — c(a x B). Carrying the analogy further suggests that we
may extend typerec to all type constructors by relaxing the restriction that the
argument to typerec be of kind x, and by using a polykinded type to describe
the result of typerec. We use & to notate arbitrary type constructor constants
(such as int, —, X, called operators) and assume each @ is of kind kg.

I'-cd: w I'Fcix— % I'keg:clhg) ® (Ve € ©)

I+ typerec|c] e : e(k)c

Unfortunately, this judgment is not complete. As in the definition of size{c)n,
the operational semantics for higher-order typerec must involve some sort of
environment 7 and the typing judgment must describe that environment.

In the following, we introduce higher-order typerec and describe how to type-
check a typerec term. We conclude this section with a number of examples demon-
strating typerec extended to type constructors with binding constructs. To make
these examples concrete, we change the semantics of the typerec term of A}".
The syntax of this language appears in Figure [} we refer the reader to other
sources [12J23] for the semantics not involved with typerec. Type constructors
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(kinds) k == % | K1 — K2 (op's) @ u=int|—| x|+]...
(con's) ¢ = a | Aa:k.c|crea | D (types) o == T(c) | int |0 — o |Vak.o | ...
(exp’s) e n=1 |z | A\zio.e | ere2 | fir z:0.e | Aa:k.e | e[c] | typerec|c|[[,n,p] c € | ...

Fig. 2. Syntax

and types are separate syntactic classes in this language, with an injection T'(c)
between the type constructors of kind * and the types. Consequently, we must
slightly modify the definition of the base case of a polykinded type so that it
produces a type instead of a type constructor: ¢(x)¢’ = T(cc).

We define the operational semantics for higher-order typerec by structural
induction on its type constructor argument.

typerec[c][I",n, p] @ € — n(e)
typerec(c][I",m, p] (c1c2) € (typerec[c][I”,n, p] c1 €)[p(c2)(typerec[c][I”,n, p] c2 €)
typerec[c] [T, n, p] (A:k.c) € +—

AB:Az:e(k) B. typerec|c][["{a — k},n{a— z},p{la— B} c €
typerec[c][I",n, p] ® €+ eq

The environment component 7 of typerec interprets the free type variables in
its argument. For type checking (see below) the context I" lists the kinds of
these variables. When analysis reaches a variable, typerec uses n to provide the
appropriate value. For the analysis of type application cjca, typerec applies the
analyzed constructor function c¢; to the analyzed argument c,. In this rule, we
must be careful that the free type variables in co do not escape their scope, so we
replace all of the free type variables occurring in ¢o. For this substitution, we add
an additional environment p mapping type variables to types. We substitute of all
free variables of ¢g in the domain of p with p(cz). When the argument to typerec is
a type constructor abstraction, the context and the term and type environments
are extended. For operators, typerec returns the appropriate branch.

A reassuring property of this typerec is that it derives the original operational
rules. For example, AM’s typerec has the following evaluation for product types:

typerec|c] (c1 X c2) € ex[c1] (typerec[c] c1 €) [c2] (typerec|c] c2 €)

With higher-order type analysis, because ¢; X cq is the operator x applied to c;
and cs, the rule for type-constructor application generates the same behavior.

To typecheck a typerec term the context I below describes the kinds of the
variables in the domain of 7 and p. To check that I"”,n and p are well-formed,
we formulate a new judgment I';c - IV | i | p. This judgment is derived from
two inference rules. The first rule states that the empty context and the empty
environments are always valid.

TicbT'nlp I'ed ik I'ke:celk)d a¢g Dom(IT7)
Trer 01070 Ticr Mo w} [ n{a ¢} | pla — &)

In the second rule, if we add a new type variable a of kind x to I, its
mapping in p must be to a type constructor ¢’ also of kind x, and its mapping
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in 7 must be to a term with type indexed by x. Note that as we add to I only
type variables that are not in I, the domains of I" and I'"” must be disjoint. With
this judgment, we can state the formation rule for typerec.
'kcix—% eI nlp ILI'EC k' Thkeg:clha)® (Veg € €)
' & typerec[c][I”,n, p] ¢ € : c{x)(p(c))

This rule and the rules for the dynamic semantics are appropriate because
they satisfy type preservation. Looking at the four operational rules for typerec,
we can see that no matter which one applies, if the original term was well-typed
then the resulting term also has the same type. Furthermore, a closed, well-typed
typerec term is never stuck; for any type constructor argument, one of the four
operational rules must apply. These two properties may be used to syntactically
prove type safety for this language [32].

We may implement size with higher-order typerec below (when I, n and p
are empty, we elide them):

size = Aaix — *. typerec[\3: x .3 — int] «
mt = Ay:int .0
string = A\y: string .0
X = AB:x Ax:f — int Ay x Ayry — int Av:B X . z(mo) + y(mav)
+ = AB: % Ax:f — int Ay x Ay:y — int .
Av:B+7. case v (ing, z = x(2) | injo 2 = y(2))

This example demonstrates a few deficiencies of the calculus presented so far.
First, what about recursive types? We cannot compute size for lists and trees
without them. What about polymorphic or existential types? Must we limit size
to constructors of kind x — %, even though typerec can operate over constructors
of any kind? We address these limitations in the rest of the paper.

2.1 Recursive Types

We have two choices to add recursive types to our system. Both versions are
created with the type constructor p, (of kind (x — *) — «). In the first case, an
equi-recursive type is definitionally equivalent to its unrolling, i.e. pyc = c(p4c).
Therefore, we must make analysis of (u«c) equal to that of (¢(uxc)). We do so
with an evaluation rule for typerec that takes the fixed point of its argument as
the interpretation of a recursive typ

typerec|c][L,n, p] px € — Ak — xAz:(c(x — *)a). fix f:(c(x)pra). (z]p.alf)

The alternative is to include uso-recursive types: those that require explicit
term coercions. In other words, there is no equational rule for ., but the calculus
includes two terms that witness the isomorphism.

roll,, ¢ c(piec) — piyc unroll : pye — c(pc)

4 In a call-by-value calculus this rule is ill-typed because we are taking the fixed point
of an expression that is not necessarily of function type. To support this rule in such
a calculus we would require that ¢ return a function type for any argument.
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With iso-recursive types, we have the most flexibility in the definition of poly-
typic functions. Without an equivalence rule governing u,, we are free to in-
terpret it in any manner, as long as its branch in typerec has the correct type
determined by the kind of u,. For a given ¢, this type is

c((x = *) = K =Vax — % [VB: x . T(cB) — T(c(af))] — T(c(pxcr))

In most polytypic terms, the typerec branch for iso-recursive u, will match the
evaluation rule for equi-recursive ,u* For example, the u, branch for size is
below. The difference between it and the rule for equi-recursive types is an 7-
expansion around x|, f that allows the explicit unroll coercion.

tye = Aok — *x Az (VB: % . T(8 — int) — T(af — int)).
fix f: T (pear — int) Ay: T(per). © [pee] f (unrolly)

In this branch, « is the body of the recursive type, and x is the result of typerec
over that body. The definition of size for a recursive type should be a recur-
sive function that accepts an argument y of recursive type, unrolls it to type
T(a(pscr)), and calls x to produce size for this object. The call to x needs an
argument that computes the size of p,a. This argument is the result we are
computing in the first place. Therefore, we use fix to name this result f and
supply it to x.

2.2 F2 Polymorphism

The type constructor constants V, and 3, (of kind (x — *) — %) use higher-
order abstract syntax to describe polymorphic and existentiald types of
F2 [10l2622]. These types are a subset of the polymorphic and existential types
of A" they may only abstract constructors of kind  instead of any kind. The
relationship between these type constructors and the corresponding types are:

T(Vic) =Va:x.T(ca) T(3uc) = Fa: x . T(ca)

We can extend size with a branch for 3,. For this branch, we must provide
a function to calculate the size of the hidden type. We use the constant function
zero, as that is result of size for types.

Fe = Aax — % Ar:(VB: . T(8 — int) — T(afB — int)).
Az: T (3a). let(B,y) = unpack xin r [B] (Az:5.0) y

With size we were fortunate that we could compute the value of size for
the hidden type of an existential without analyzing it, as it was a constant
function. However, for many polytypic functions, the function we pass to operate
on the hidden type may itself be polytypic. Often it is the polytypic function

5 In Section Bl we discuss a example that does not.

6 We create an object of existential type (Ja:k.c) with the term pack(c, ) as Ja:x.c
(where e has type o{c/a}) and destruct the existentially typed e; with the term
let(B, z) = unpack ey in eo which binds 8 and z to the hidden type and term of e;
within es.
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TieEI" [nlpi]... | pn
rred:x I'be:+" — %
I'keg:clhg)"®...® (Veg € ®)

T+ typerec™ (][I, 0, p1 .- .pn] ¢ €:clk)"pi(c)...pn(c)

!

e—e typerec™ (][I, 0, p1,...,pn] & € —ne
typerec"[c}[l“',m Pl ,Dn] a e = 77(0‘)
typerec™[c][I”,n, p1, ..., pn] (cic2) € — (typerec”[c|[T’,n, p1,-- -, pn] c1 €)
[p1(c2)] - .. [pn(c2)] (typerec™[c][I",n, p1, ..., pn] c2 €)
typerec™[c][T, 0, p1, -, pn] Q:ik.c') € — AB1:K. ... ABpikAzic(k)" B ... Bn.
(typerec™ Al (@ s 1}, 1o = 2, prfe o Bih s pafa v Bu)] € )

Fig. 3. Semantics for multi-place typerec

itself, called recursively. This fact is not surprising considering the impredicative
nature of V, and 3, types: since the quantifiers range over all types we need an
appropriate definition at all types.

For example, consider the simple function copy that creates an identical ver-
sion of its argument. At base types, it is an identity function, at higher types, it
breaks apart its argument and calls itself recursively.

fiz copy : Vo : . T(a — a)).
A s *. typerec[ha: * .a — a] «
mt=> \i:int @
— = Aaix Ara:T(a — ). ABix Arg:T(8 — B)Af:T(a — B).rgo fora
X = Aa:ix Ara:T(a — ). AB:x Arg:T(8 — B).Az:T(a x B).(ra(miz), 75(T2T))
e = Aax — *xArVB:x.T(8 — B) — T(af — af).
fix [:T(peae — pec) Az: T (pscr). roll (r [uva] f (unroll x))
Ve = Ak — *xArVB:x . T(8 — B) — T(afB — af).
Az: T (V). AB: x v (copy [8]) (z[0])
I = Aax = *ArVB:x. T (8 — B) — T(af — afB) \z: T (F.a).

let(B,y) = unpack z in pack{B,r (copy [B]) y)as3[:x.af

3 Multi-place Polykinded Types

Unfortunately, with the calculus we have just developed we cannot implement
several important examples of polytypic programming. For example, consider
generic map. Given a function f, this map copies a data-structure parameter-
ized by the type «, replacing every component x of type «, with fx. For example,
if map is specialized to lists, then its type is Va: x V3: x .(a — ) — (list a) —
(list 3). However, while the operation of generic map is guided by the struc-
ture of the type constructor list, this type is not a polykinded type of the form
c(x — *)list. By an analogy with logical relations, Hinze observed that by ex-
tending the definition of polykinded types in the following way, we may define
generic map.
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Definition 2. A multi-place polykinded type, written c(k)"cy ... c,, where ¢ is
of kind x1 — ... = x5, — x and ¢; is of kind k for 1 < i < n, is defined by
induction on Kk as:

c(R)"c1...ecn=T(ccr...cn)
(k1 — Kk2)"er...en =VP1R1. .. Y Bnik1.c(k1)"B1 ... B — c(k2)" (c1B1) ... (cnfn)

. 2
Now the type of generic map may be expressed as Va:x — *.(—){(x — %) «a a.
If map is instantiated with the type constructor list, we get the expected type:

(=) (% — *)list list = Yo: % ¥B: % .(a — () — (list a — list 3).

Generalizing the definition of polykinded types forces us to also generalize
typerec to typerec™ and expand p to a set of type environments py...p, (see
Figure [@). On type abstraction, n type variables are abstracted and p;...p,
are extended with these variables. We use these environments to provide substi-
tutions for the n type arguments in a type application. With typerec? we may
implement map, essentially a two-place version of copy.

Surprisingly, we can write useful functions when n is zero, such as a version
of typetostring below[] In this code, gensym creates a unique string for each
variable name, and let © = ej in ez is the usual abbreviation for (Az:0.e3)e;.

typetostring : Vo : . string.
typetostring = Aa:x. typerec [string] o
int = "int"

— = Azx:string. \y:string. "(" x H " > " 4+ y H "
X = Aw:string.\y:string. "(" z H " * " H y H "
i = Ar:string —string. let x = gensym () in "mu"+H z + "." H (r x)

V. = Ar:string —string. let x
d, = Ar:string —string. let x

gensym () n "all"+H z + "." H (r z)
gensym () in "ex"+H xz H "." H (r x)

Note that this example does not follow the pattern of iso-recursive types,
which would be p, = Ar:string — string . fix f: string .rf. In that case, the
string representation of a recursive type would be infinitely long, witnessing the
fact that a recursive type is an infinitely large type.

4 Kind Polymorphism

Why is there a distinction between types o, and type constructors ¢, necessitating
the irritating conversion 7'()? The reason is that we cannot analyze all types. In
particular, we cannot analyze polymorphic types where the kind of the bound
variable is not x. We may analyze only those types created with the constructor
V. Trifonov et al.[30] (hereafter T'SS) use the term fully-reflexive to refer to a

" For comparison, we could have also extended the typerec! version of typetostring (in
Section [[LT)). In the new branches, r would be of type Va: . string — string instead
of string — string as above, so a dummy type argument must be supplied when r is
used.
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Vx.k @ u=... V]3|V cu=...] Ax.cl k]| e{r)"c1...cn
X0

— x|
vt e n=...|ATx.e|e[x]"

Fig. 4. Additions for kind polymorphism

calculus where analysis operations are applicable to all types, and argue that
this property is important for a type analyzing language.

A naive idea to make this language fully-reflexive would be to limit poly-
morphism to that of F2, i.e., allow types only of the form Va: x .c. However,
then we cannot express the type of the ey, branch as it quantifies over a con-
structor of kind * — *. We could then extend the language to allow types that
quantify over constructors of kind x — «, and add a constructor (V,.—,) of kind
((x = *x) — x) — %, but then the ey, , branch would quantify over variables
of kind (x — x) — . In general, we have a vicious cycle: for each type that we
add to the calculus, we need a more complicated type to describe its branch in
typerec. We could break this cycle by adding an infinite number of type construc-
tors V., thereby allowing construction of all polymorphic types. However, then
typerec would require an infinite number of branches to cover all such types.

TSS avoid having an infinite number of branches for polymorphic types by
introducing kind polymorphism. By holding the kind of the bound variable ab-
stract, they may write one branch for all such types. Furthermore, they require
kind polymorphism to analyze polymorphic types. As their type analysis is based
on structural induction, they cannot handle V, with a negative occurrence of
in the kind of its argument. With kind polymorphism, the V constructor has
kind Vy.(x — *) — *, without such a negative occurrence.

Our version of typerec, as it is not based on induction, can already analyze
V4. So their second motivation for kind polymorphism does not apply. However,
in this system with kind-indexed types, we do have a separate and additional
reason for adding kind polymorphism — our higher-order typerec term is naturally
kind polymorphic and we would like to express that fact in the type system.

Like TSS, we include two forms of kind polymorphism: First, we extend
the type constructor language to F2 by adding kind variables (x), polymorphic
kinds (Vx.x), and type constructors supporting kind abstraction (Ax.c) and
application (¢[]). This polymorphism allows us to express the kind of the V and
J constructors. Second, we also allow terms to abstract (V' x.e) and apply (e[x]™)
kinds, so that the V branch of typerec may be polymorphic over the domain kind.
We use the constructor VT to describe the type of kind-polymorphic terms. This
constructor is also represented with higher-order abstract syntax: it is of kind
(Vx.x) — «, where its argument describes how the type depends on the abstract
kind x.

To extend type analysis to polymorphic kinds we must extend the definition
of ¢(k)a for the new kind forms x and Vy.x. Therefore, we add polykinded types
to the type constructor language and the following axioms to judge equality of
type constructors, including a new axiom for polymorphic kinds:
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I'ce(x)™c1...cn=cc1...cn %
I'tce(k1 — Kk2)"er...cn =

Viki](Aag:k1. .. V1] (Aam:kr. (c(k1) a1 ... an) — c(k2)" (cra1) ... (cnan))...) t %
T'Felvx.a)"er...cn =V (Ax.c{r)"(c1[x]) - .. (calX])) = *

Furthermore, we must extend the operational semantics of typerec to cover
arguments that are kind abstractions or kind applications. By the above def-
inition, typerec must produce a kind polymorphic term when reaching a kind
polymorphic constructor. Therefore, an argument to typerec of a polymorphic
kind pushes the typerec through the kind abstraction. Likewise, when we reach
a kind application during analysis, we propagate the analysis through.

typerec” [c][I',n, ] (Ax.c) €~ ATx. typerec™[c][I",n, 7] (c[x]) €
typerec”[c][I',n, ] (c[x]) € (typerec[c][I',n, 7] ¢ ©)[x]"

With kind polymorphism, we express the type of size more precisely as
VExVaix. T((AB: x .6 — int)(x)a). We can also extend size to general existen-
tial types. Before, as 3, hides type constructors of kind %, we used the constant
zero function as the size of the hidden type. Here, because the hidden type
constructor may be of any kind, we must use a recursive call to define size.

I = Aty Aax — *Ar V8. T(c(x)B) — T(aB — int).
Az: T (3[x]e). let (B,y) = unpack xin v [B] (size[x][B]) v

4.1 Example: typetostring

Unfortunately, even though we may analyze the entire type language, we cannot
extend typetostring to create strings of all constructors. As kind polymorphism is
parametric, we cannot differentiate constructors with polymorphic kinds. How-
ever, by giving typetostring a kind-polymorphic type we can produce many string
representations.
typetostring : ¥ x.Yarx. T (string (x)°)

How do we use typetostring to produce strings of higher-order type construc-
tors? When x is not «, the result of typetostring is not a string. However, we
may analyze stm’ng(x)o to produce a string when y is a function kind. Using a
technique similar to type-directed partial evaluation we may reify a term of
type stm’ng(x)o into a string. To do so, we require app and lam to create string
abstractions and applications.

lam : (string — string) — string app : string — (string — string)
lam = A\z: string — string . let b = gensym() in app = \x: string .\y: string .
” (lanlbda” b ” .” (xb) 77)77 ”» (,7 T ” N y 77)77

Below, let ¢ = Aa: * .(a — string) x (string — «)

ReifyReflect = typerec|c] «
string = (Ay: string .y, Ay: string .y)
— = Aar:x Ariicar.Aas: x Araicas.
let(reify,, reflect,) = r1; (reify,, reflect,) = a2 in
(Ay:an — ao.lam(reify, o y o reflect,), \y: string .reflecty o app y o reify,)



Higher-Order Intensional Type Analysis 111

The result of reify, the first component of ReifyReflect above, composed with
typetostring is a string representation of the long (Gn-normal form of the type
constructor. What if that constructor has a polymorphic kind? We cannot extend
ReifyReflect to analyze stm’ng(VX.n)O, because parametric kind polymorphism
prevents us from writing the functions klam : (V' y. string) — string and kapp :
string — Vx . string.

We also need ReifyReflect to create string representations of polymorphic
types. In the previous version of typetostring, for the constructor V., the inductive
argument r was of type string — string. With kind polymorphism, the type of
this argument (7T'(string(x)")) is dependent on y the kind abstracted by V. In
order to call r, we need to manufacture a value of this type — we need to reflect
a string into the appropriate argument for the inductive call in typetostring:

V = Atx. Aarx — x ArT(string(x)°) — string.
let (reify, reflect) = ReifyReflect[string(x)°]
v=gensym () in "all" ++ v H "." +H (r (reflect v))

Again, because ReifyReflect is limited to kinds of the form x or k1 — k2, we
can only accept the types of F,, [10] (i.e., types such as V[x — x](Aax — *.c)
but not V[Vx.k](Aa:Vx.k.c)). And just as we cannot extend ReifyReflect to kind-
polymorphic constructors, we cannot extend typetostring to kind-polymorphic
types (those formed by V). While this calculus is fully-reflexive, we cannot
completely discriminate all of the type constructors of this language.

4.2 Analysis of Polymorphic Types

In Section 2] we were reassured when the operation of higher-order typerec over
product types mirrored that of A}**. How does analysis of polymorphic and exis-
tential types differ when typerec is viewed as a structural induction (as in TSS)
and as an interpretation of the type language?

In the first case (which we distinguish by typerec’) we have the following
operational rule for polymorphic types; when ¢’ is analyzed, its argument (3 is
also examined with the same analysis.

typerect|c] (V[r]d) € — ey [k]T[¢] (AB:k. typereci(c] (¢'B) €)

With higher-order typerec, we may derive the following rule for polymorphic
types. Here, the result of analysis of the argument to ¢ may be supplied in x.

typerec[d][I",n, p] (V[s]c') & =~

ev [K]T[¢] (AB:k.Az: T (c(k) ). typerec[c][["{a — k},n{a — x}, p{a — B}] (ca) €)
However, many examples of polytypic functions defined by higher-order typerec
(such as copy) create a fixed point of the A-abstracted typerec term, and it is
this fixed point applied to 3 that eventually replaces x. Therefore, as above, the
argument to ¢’ is examined with the same analysis. The difference between the
two versions is similar to the difference between iso- and equi-recursive types.
Because we have more expressiveness in the analysis of type constructors with
higher-order typerec, we have more flexibility in the analysis of quantified types.
TSS’s calculus may implement copy (though they must restrict the kind of its
argument to x) but not typetostring.
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5 Related Work

In lifting type analysis to higher-order constructors, this work is related to in-
duction over datatypes with embedded function spaces and, more specifically,
to those datatypes representing higher-order abstract syntax. Meijer and Hut-
ton [20] describe how to extend catamorphisms to datatypes with embedded
functions by simultaneously computing an inverse. Fegaras and Sheard [9] sim-
plify this process, noting that when the analyzed function is parametric, an
inverse is not required. TSS employ their technique for the type level analysis
of recursive types in the language )\Z-Q [30], using the kind language to enforce
that the argument to u, is parametric. Likewise, in a language for expressing
induction over higher-order abstract syntax, Despeyroux et al. [6I7], use a modal
type to indicate parametric functions. In this paper, because only terms analyze
types, all analyzed type functions are parametric and so we do not require such
additional typing machinery.

6 Conclusions and Future Work

The goal of this work is to extend polytypic programming to encompass the
features of expressive and advanced type systems. Here, we provide an opera-
tional semantics for type constructor polytypism by extending typerec to cover
higher-order types. By casting these operations in a type-passing framework, we
extend polytypic definitions over type constructors (such as size and map) to
situations where type abstraction cannot be specialized away at compile time.
With type passing, we also extend the domain of polytypic definitions to include
first-class polymorphic and existential types. With the addition of kind polymor-
phism and polykinded types, we allow the types of polytypic operations to be
explicitly and accurately described. Finally, by extending typerec to constructors
of polymorphic kind we allow the analysis of constructors such as V and 3 in a
flexible manner and provide insight to the calculus of TSS.

We hope to extend this work in the future with type-level type analysis.
The languages A} and /\f2 include Typerec that analyzes types to produce other
types. This operator is often important in describing the types of polytypic defi-
nitions. Hinze et al. [I5] provide a number of examples of higher-order polytypic
term definitions that require higher-order polytypic type definitions. However,
adding an operator to analyze higher-order constructors will require machinery
at the kind level like T'SS’s )\iQ [30] or Despeyroux et al. [6l7].

This work suggests other areas of future research. First, because this frame-
work depends on a type-passing semantics, it is important to investigate and
develop compiler optimizations that would eliminate unneeded run-time analy-
sis. Furthermore, while intensional type analysis has traditionally been used in
the context of type-based compilation, we would like to incorporate this system
in an expressive user language. Finally, because this language supports the anal-
ysis of types with binding structure, it may be applicable to adding polytypic
programming to object-oriented languages.
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Abstract. Although systems with intersection types have many unique
capabilities, there has never been a fully satisfactory explicitly typed
system with intersection types. We introduce AB with branching types
and types which are quantified over type selectors to provide an explicitly
typed system with the same expressiveness as a system with intersection
types. Typing derivations in AB effectively squash together what would
be separate parallel derivations in earlier systems with intersection types.

1 Introduction

1.1 Background and Motivation

Intersection Types. Intersection types were independently invented near the
end of the 1970s by Coppo and Dezani [3] and Pottinger [15]. Intersection types
provide type polymorphism by listing type instances, differing from the more
widely used V-quantified types [, [[6], which provide type polymorphism by
giving a type scheme that can be instantiated into various type instances. The
original motivation was for analyzing and/or synthesizing A-models as well as in
analyzing normalization properties, but over the last twenty years the scope of
research on intersection types has broadened.

Intersection types have many unique advantages over V-quantified types.
They can characterize the behavior of A-terms more precisely, and can be used
to express exactly the results of many program analyses [I3] [ 25] 26]. Type
polymorphism with intersection types is also more flexible. For example, Urzy-
czyn [20] proved the A-term

(Az.z(z(Afu. fu))(z(Avg.gv))) (Ay.yyy)

to be untypable in the system F,,, considered to be the most powerful type
system with V-quantifiers measured by the set of pure A-terms it can type. In
contrast, this A-term is typable with intersection types satisfying the rank-3
restriction [I2]. Better results for automated type inference (ATT) have also been
obtained for intersection types. ATI for type systems with V-quantifiers that are
more powerful than the very-restricted Hindley /Milner system is a murky area,
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and it has been proven for many such type systems that ATI algorithms can not
be both complete and terminating [11I, 23] 24] [20]. In contrast, ATT algorithms
have been proven complete and terminating for the rank-k restriction for every
finite k for several systems with intersection types [12, [10].

We use intersection types in typed intermediate languages (TTLs) used in
compilers. Using a TIL increases reliability of compilation and can support use-
ful type-directed program transformations. We use intersection types because
they support both more accurate analyses (as mentioned above) and interesting
type/flow-directed transformations [5], 191 [7, [6] that would be very difficult using
V-quantified types. When using a TIL, it is important to regularly check that
the intermediate program representation is in fact well typed. Provided this is
done, the correctness of any analyses encoded in the types is maintained across
transformations. Thus, it is important for a TIL to be explicitly typed, i.e., to
have type information attached to internal nodes of the program representation.
This is necessary both for efficiency and because program transformations can
yield results outside the domain of ATI algorithms. Unfortunately, intersection
types raise troublesome issues for having an explicitly typed representation. This
is the main motivation for this paper.

The Trouble with the Intersection-Introduction Rule. The important
feature of a system with intersection types is this rule:

E-M:o;, EF-M:T
EFM:oAT

(A-intro)

The proof terms are the same for both premises and the conclusion! No syntax is
introduced. A system with this rule does not fit into the proofs-as-terms (PAT,
a.k.a. propositions-as-types and Curry/Howard) correspondence, because it has
proof terms that do not encode deductions. Unfortunately, this is inadequate
for many needs, and there is an immediate dilemma in how to make a type-
annotated variant of the system. The usual strategy fails immediately, e.g.:

Et (Azio.x): (0 —0); EF (Avirz):(tr—71)
EF (/\xm@ (o= o)A (T—T)

Where appears, what should be written? This trouble is related to the fact
that the A type constructor is not a truth-functional propositional connective.

Earlier Approaches. In the language Forsythe [17], Reynolds annotates the
binding of (Az.M) with a list of types, e.g., (Ax:o1| - - |o. M). If the abstraction
body M is typable with a fixed type 7 for each type o; for x, then the abstraction
gets the type (01 — 7) A -+ A (05, — 7). However, this approach can not handle
dependencies between types of nested variable bindings, e.g., this approach can
not give K = (Az.A\y.z) the type 7 = (60 = (0 = 0)) A (7 — (T —= 7).

Pierce [14] improves on Reynolds’s approach by using a for construct which
gives a type variable a finite set of types to range over, e.g., K can be annotated
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as (for a € {o,7}.\x:. \y:v. ) with the type 7x. However, this approach can
not represent some typings, e.g., it can not give the term My = Az.A\y.\z.(zy, 22)
the type (((a— ) A (B— €)) - a— B— (6 x ) A((7—7) = 77— (3% 7).
Pierce’s approach could be extended to handle more complex dependencies if
simultaneous type variable bindings were added, e.g., My could be annotated
as:

A (0 —=n)A(k—v).dy: 0.2z : k. (xy,22)

Even this extension of Pierce’s approach would still not meet our needs. First,
this approach needs intersection types to be associative, commutative, and idem-
potent (ACI). Recent research suggests that non-ACI intersection types are
needed to faithfully encode flow analyses [I]. Second, this approach arranges the
type information inconveniently because it must be found from enclosing type
variable bindings by a tree-walking process. This is bad for flow-based trans-
formations, which reference arbitrary subterms from distant locations. Third,
reasoning about typed terms in this approach is not compositional. It is not
possible to look at an arbitrary subterm independently and determine its type.

The approach of A“I* [25] 26] is essentially to write the typing derivations as
terms, e.g., K can be “annotated” as \((Az:o. Ay:0. ), (Ax:7. A\y:7. x)) in order
to have the type 7. Here A(M, N) is a virtual tuple where the type erasure of M
and N must be the same. In A", subterms of an untyped term can have many
disjoint representatives in a corresponding typed term. This makes it tedious
and time-consuming to implement common program transformations, because
parallel contexts must be used whenever subterms are transformed.

Venneri succeeded in completely removing the (A-intro) rule from a type
system with intersection types, but this was for combinatory logic rather than
the A-calculus [211, 4], and the approach seems unlikely to be transferable to the
A-calculus.

1.2 Contributions of This Paper

Our Approach: Branching Types. In this paper, we define and prove the
basic properties of AB, a system with branching types which represent the effect
of simultaneous derivations in the old style. Consider this untyped A-term:

M, = Xa.\b.Xe. ¢ (Ad. d a b)
In an intersection type system, M, can have type (7 A o), where 7 and o are:
T=0G{—>b—i—>7>b
=14 =b)—=b
-

T=(i—=b)—i—b

c=r—((r—=r)A(b—>b) > (c°—b)—b
0¢ = ((0f = b) A (05 — 1))
ol=r (@ —r)—b

od=r - (b—-0b)—b
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/ : \
Aa:i—b Aa:r
| |
Ab i Ab:(r—r)A(b—0D)
| |
Ae: 7€ Ac:0—b
app app
VAR / \
c A ;T c A
/ \
app M : o M : o
/ \ | |
app b app app
/ \ / N\ / N\
d a app 7r1A app h

/ \ | / \ |
d a b d a b

Fig. 1. A syntax tree in a A“'“-style system

Ajoin{f = *,9 = *})
)\a:{f:il—>b,g:r}
)\b:{f:"é,g:abg}
Ac: {f:Tc,|g:ch—>b}

app
™~
c A{f ==*,g=join{h = %, 1 = %}}
|
M:{f=1g9g={h=0l1=05}}
|

app

\
app [{f =*0= {h = (jv*)vl = (kv*)}}]
/ \ |
d a b

Fig. 2. A syntax tree in our system A"
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In AB, correspondingly the term M, can be annotated to have the type p where:

p=V(join{f =x*,g=x}).{f =7,9 =07}, where 7 is as above
o9 =r -0 = (6% -b)—b
o =V(oin{j = k=x}).{j=r—rk=>0b—b}
0% =V(join{h = *,l = x}).{h = o} = b,l = 0§ — b}

Figure [[ shows the syntax tree of the corresponding explicitly typed term in a
A style system and figure 2 shows the corresponding syntax tree in AP.

The A\CI tree can be seen to have 2 uses of (A-intro), one at the root, and one
inside the right child of the root. In the AP tree, the left branch of the A" tree
is effectively named f, the right branch g, and the left and right subbranches
of the inner (A-intro) rule are named g.h and g.l. Every type 7 has a kind &
which indicates its branching shape. For example, the result type of the sole leaf
occurrence of b has the kind {f = *,g = {h = *,l = *}}. This corresponds to the
fact that in the A®'" derivation the leaf b is duplicated 3 times and occurs in the
branches f, g.h, and g.1.

Each intersection type p; A po in this particular A°™ derivation has a corre-
sponding type of the shape V(join{f1 = x, fo = *}).{f1 = o}, f2 = ph} in the \B
derivation. A type of the shape VP.p' has a type selector parameter P which is
a pattern indicating what possible type selector arguments are valid to supply.
Each parameter P has 2 kinds, its inner kind |P| and its outer kind [P]. The
kind of a type VP.p' is | P| and the kind of p’ must be [P].

One of the most important features of AP is its equivalences among types.
The first two type equivalence rules are:

v*.’f >~ T V{fl :PZ}ZEI{]EZ :Ti}iel ~ {fZ:vplTZ}ZEI

To illustrate their use, we explain why the application of b to its type selector
argument is well-typed in the example given above. The type of b at its binding
site is written as {f =i,g = 0®9} and has kind {f = *, g = *}. Because the leaf
occurrence of b must have kind {f =x*,g = {h = *,l = x}}, the type at that
location is expanded by the typing rules to be {f =i,g = {h = % ,1 = d"9}}.
Then, using the additional names

Pji, = join{j = *,k = *}
={j=r—nrk=0b—10b}

so that o9 = Vij.Ugg , the equivalences are applied to the type as follows to lift
the occurrences of VP to outermost position:

{f=i,g={h=0%,l=0%}}
:{f:(V*.i),g:V{h— ks L= ]k} {h_0297l_02g}}
~V(f =#%g={h=Pul=Pul}{f=ig={h=051=0}}
The final type is the type actually used in figure 21 The type selector param-

eter of the final type effectively says, “in the f branch, no type selector ar-
gument can be supplied and in the g.h and g.l branches, a choice between
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7 and k can be supplied”. This is in fact what the type selector argument
{f=x*9=1{h=(j,%),l = (k,*)}} does; it supplies no choice in the f branch, a
choice of j in the g.h branch, and a choice of k in the g.l branch. The * in (j, x)
means that after the choice of j is supplied, no further choices are supplied. The
use of type selector parameters and arguments in terms takes the place of the
A-introduction and A-elimination rules of a system with intersection types.
The example just preceding of the type of b illustrated 2 of the 3 type equiv-
alence rules. The third rule, which is particularly important because it allows
using the usual typing rules for A-calculus abstraction and application, is this:

{(fi=oy ' = {fi=7n}" =~ {fi=0i =7}’

We now give an example of where this rule was used in the earlier typing example.
The binding type of ¢ is a branching type, but the type of the leaf occurrence of
c needs to be a function type in order to be applied to its argument. Fortunately,
the type equivalence gives the following, providing exactly the type needed:

{f=@"=b)=bg=0—bp={f=1"=bg=0"} = {f=bg=1}

Another important feature of AP is its reduction rules which manipulate and

simplify the type annotations as needed. As an example, consider the AP term
M = (AP1. AP, \x" .x)[A], where:

Po={f=join{j = s,k =shg =+, Po={f =g = joinfh =1 =+}}
T:{f:{j:a17k:a2}7g:{h:ﬁ17l:ﬁ2}}7 A:{f:*7g:(h7*)}

The term M first reduces to AP;.(APy.\a™.x)[A], by a (54)-step where P; and
A pass through each other without interacting. By another (8,4)-step, it reduces
to APy .AP;.(Ax?.2)[A’], where:

Py={f=xg=+} o={f={i=ar,k=as},g=p1}, and A’ ={f == g=x}

Finally, it reduces to AP;.\z?.x, removing the trivial Py and A’ by a (x4)-step
and a (x4 )-step.

Recent Related Work. Ronchi Della Rocca and Roversi have a system called
Intersection Logic (IL) [I8] which is similar to AB, but has nothing corresponding
to our explicitly typed terms. IL has a meta-level operation corresponding to our
equivalence for function types. IL has nothing corresponding to our other type
equivalences, because IL does not group parallel occurrences of its equivalent
of type selector parameters and arguments, but instead works with equivalence
classes of derivations modulo permutations of what we call individual type se-
lector parameters and arguments. We expect that the use of these equivalence
classes will cause great difficulty with the proofs. Much of the proof burden
for the IL system (corresponding to a large portion of this paper) is inside the
1-line proof of their lemma 4 in the calculation of S(II, II') where S is not con-
structively specified. A proof-term-labelled version of IL is presented, but the
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proof terms are pure A-terms and thus the proof terms do not represent entire
derivations.

Capitani, Loreti, and Venneri have designed a similar system called HL (Hy-
performulae Logic) [2]. HL is quite similar to IL, although it seems overall to have
a less complicated presentation. HL. has nothing corresponding to our equiva-
lences on types. The set of properties proved for HL in [2] is not exactly the same
as the set of properties proved for IL in [1§], e.g., there is no attempt to directly
prove any result related to reduction of HL proofs as there is for IL, although
this could be obtained indirectly via their proofs of equivalence with traditional
systems with intersection types. HL is reported in [I§] to have a typed version of
an untyped calculus like that in [9], but in fact there is no significant connection
between [2] and [9] and there is no explicitly typed calculus associated with HL.

For both IL and HL, there are proofs of equivalence with earlier systems with
intersection types. These proofs show that the proof-term-annotated versions of
IL and HL can type the same sets of pure untyped A-terms as a traditional
system with intersection types. We expect that this could also be done for our
system AB, but we have not yet bothered to complete such a proof because it is
a theoretical point which does not directly affect our ability to use AP as a basis
for representing analysis information in implementations.

Summary of Contributions (i.e., the Conclusion). In this paper, we
present AP, the first typed calculus with the power of intersection types which
is Church-style, i.e., typed terms do not have multiple disjoint subterms corre-
sponding to single subterms in the corresponding untyped term. We prove for
AB subject reduction, and soundness and completeness of typed reduction w.r.t.
B-reduction on the corresponding untyped A-terms. The main benefit of AP will
be to make it easier to use technology (both theories and software) already de-
veloped for the A-calculus on typed terms in a type system having the power
and flexibility of intersection types. Due to the experimental performance mea-
surements reported in [7], we do not expect a substantial size benefit in practice
from AP over A, In the area of logic, AP terms may be useful as typed real-
izers of the so-called strong conjunction, but we are not currently planning on
investigating this ourselves.

2 Some Notational Conventions

We use expressions of the form {f; = E;}!, where I is a finite index set, the f;’s
are drawn from a fixed set of labels and the FE; are expressions that may depend
on 7. Such an expression stands for the set { (f;, E;) |i € 1}.

Let an expression E be called partially defined whenever E is built using par-
tial functions. Such an expression E defines an object iff all of its subexpressions
are also defined; this will depend on the valuation for E’s free variables. Given a
binary relation R and partially defined expressions E; and Es, let (E; R* Es)
hold iff either both F; and Fs are undefined or F; denotes an object x1 and F»
an object 2 such that (1 R x2).
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3 Types and Kinds

3.1 Kinds

Let Label be a countably infinite set of labels. Let f and g range over Label. The
set Kind of kinds is defined by the following pseudo-grammar:

k€ Kind = x* | {fi =ri}!
We define a partial order on kinds, inductively by the following rules:

(ks < &) for all ¢ in I
* SR {fi = mi}t <{fi=ri}!

Lemma 1. The relation < is a partial order on the set of kinds. (]

3.2 Types

The sets Parameter of type selector parameters and IndParameter of individual
type selector parameters are defined by the following pseudo-grammar:

P e Parameter := P | {fi =P}’
P < IndParameter ::= * | join{f; = P;}!

Given a parameter P, let P’s inner kind | P| and outer kind [P] be defined
as follows:

[+] =%, Lioin{fi = P} ] = x, [{fi=nrY]={fi= D]}

== fioin{fi= P} = (=B}, [{fi= P} ={fi=TP)}

Let TypeVar be a countably infinite set of type variables. Let o and 3 range
over TypeVar. Let the set of types Type be given by the following pseudo-

grammar:
orc€Typei=a | o —71 | {fi=7} | VPT

The relation assigning kinds to types is given by these rules:

Ok, T:!K T; : ki for every 4 in [ 7 [P]
ook o—=TIR {fi=m}{fi=r}! VP.: | P]

Note that every type has at most one kind. A type 7 is called well-formed if there
is a kind k such that (7 : k). A well-formed type is called individual if its kind
is *. A well-formed type is called branching if its kind is not *. Individual types
correspond to single types in the world of intersection types, whereas branching
types correspond to collections of types where each type in the collection would
occur in a separate derivation.
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3.3 Type Equivalences

In order to be able to treat certain types as having essentially the same meaning,
we define an equivalence relation on the set of types as follows. A binary relation
R C Type x Type is called compatible if it satisfies the following rules:

(cRd') = (c—=7)R (¢/ = 1))
(tTRT) = (6 —=7)R (6 —1))
E(Tj RT)NGE )) ({fz =} U{fi =7} R{fi=7} U{f; =7}})

Let > be the least compatible relation that contains all instances of the rules
(@ through (@), below. Let = denote the reflexive and transitive closure of >,
and ~ the least compatible equivalence relation that contains all instances of ()
through (3]).

VeT R T (1)

V{fi=P}Y {fi=7} R{fi=VP.m:}! (2)

{(fi=o} = {fi=n}Y R{fi=0i =7} (3)

Lemma 2. If (1 ~ o) and (7 : k) then (o : k). O

Lemma 3 (Confluence).

1. If 1 > 19 and T = T3, then there is a type T4 such that 75 > 14 and 13 = T4.
2. If 1 = 7 and 11 = T3, then there is a type T4 such that 7o = 74 and 73 = 74.

O

Proof Sketch. An inspection of the reduction rules shows the following: When-
ever a redex 7 contains another redex o, then o still occurs in the contractum of
7. Moreover, o doesn’t get duplicated in the contraction step. For this reason,
statement (1) holds. Statement (2) follows from (1) by a standard argument. O

Lemma 4 (Termination). There is no infinite sequence (Tp)nen such that
Tn = Tnt1 for all n in N. O
Proof. Define a weight function | - || on types by

Il = (no. of occurrences of labels in 7)
=4 (no. of occurrences of  in 7)

An inspection of the reduction rules shows that 7 = o implies ||7] > ||o].
Therefore, every reduction sequence is finite.
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3.4 Normal Types

A type 7 is called normal if there is no type o such that 7 > o. We abbreviate
the statement that 7 is normal by normal(7). For any type 7, let nf(7) be the
unique normal type o such that 7 > o, which is proven to exist by Lemma
below.

Lemma 5.
For every type T there is a unique normal type o such that T = o. O

Lemma 6. (7 ~ o) if and only if (nf(7) = nf(0)). O

An important property of normal types is that their top-level structure re-
flects the top-level structure of their kinds. In particular, if a type is normal
and individual, then it is not of the form {f; = 7;}!. This is made precise in the
following lemma:

Lemma 7. If (7: {f; = k;}!) and 7 is normal, then there is a family (7;)ic1 of
normal types such that (1 = {f; = 7;}') and (7 : ki) for all i in I. O

4 Expansion and Selection for Types

4.1 Expansion

For the typing rules, we need to define some auxiliary operations on types. First,
we define a partial function expand from Type x Parameter to Type. Applying
expand to the pair (7, P) adjusts the type 7 of branching shape |P] to the
new branching shape [P] (of which |P] is an initial segment) by duplicating
subterms of 7. The duplication is caused by the second of the defining equations
below. The expansion operation is used in the typing rule that corresponds to
the intersection introduction rule, in order to adjust the types of free variables to
a new branching shape. The additional branches in the new branching shape [ P]
correspond to different type derivations for the same term in an intersection type
system.

T, if normal(7)
expand(T, Jom{fl = R} {f; = expand(7, P;)}!, if normal(r)

 *) =
) =
expand({fi = 7}, {fi = P.}!) = {fi = expand(7;, P;)}., if normal({f; = 7;})
expand( 7, P) = expand(nf(7), P), if =normal(7)

Lemma 8.

1. If (|P] < k) and (7 : k), then expand(

7, P) is defined.
2. (7 : | P]) if and only if expand(t, P) : [ P]

Lemma 9.
If (6 — 7 : k), then (expand(o — 7, P) ~* expand(c, P) — expand(r, P)). O
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4.2 Type Selector Arguments and Selection

The sets Argument of type selector arguments and IndArgument of individual type
selector arguments are defined by the following pseudo-grammar:

A€ Argument := A | {fi = A}
A € IndArgument =% | f, A

We define two relations that assign kinds to arguments:

A% A, k; foralliin [
% 1ok f, A« {fi= A} {fi=ri}!
14_1<1/<;j A;<ak; foralliin [l

ifjel

xar  fj, Ad{fi=ri}! {fi=AY <{fi=r}

Note that for every argument A there is exactly one kind « such that (A : k).
On the other hand, there are many kinds  such that (A < k).
Lemma 10. If (A<k) and (k < k'), then (A< K'). O

We define two partial functions select’ and select®. Both go from Type X
Argument to Type. The two functions are similar. The main difference is that
select' performs selections on individual (joined) types, whereas select® performs
selections on branching types. We define the functions in two steps, first for the
case where the function’s first argument is a normal type:

7, if 7 is individual
select (VP; TJ,A)7 if (j €I)
{f; = select'(1;, A;) }!

‘ select' (7, *
select'(V(join{ f; = pz} ) fi =}, (fj’A)
select'({fi = i}, {fi = A}

select® (7, *
select®({f; = 7}, (f5,A) = select (Tj,ﬁ), if (jel)
select”({f; = 7 }1, {fi = A;}1) = {fi = select®(r;, A;)}!
Now, for the case where the function’s first argument is a type that isn’t normal:
select' (1, A) = select'(nf(7), A)
select”(7, A) = select®(nf(7), A)

)
)
)
)
)

Lemma 11.

1. If (1 : k) and select'(1, A) is defined, then (A : k).
2. If (1: k) and (select( LA) =7'), then (77 k).

3. If (7 : k) and select®(t, A) is defined, then (A< k).

Lemma 12. If (f € {select’,select®}) and (¢ — 7 : r),
then (f(o — 7,A) ~*+ f(o,A) — f(1, A)). O
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5 Terms and Typing Rules

Let TermVar be a countably infinite set of A-term variables. Let x range over
TermVar. Let the set Term of explicitly typed A-terms be given by the following
pseudo-grammar:

M,N € Term == AP.M | M[A] | \a™.M | M N | a”

The Az binds the variable z in the usual Wayﬂ We identify terms that are equal
up to renaming of bound variables.

A type environment is defined to be a finite function from TermVar to Type.
We use the metavariable F to range over type environments. We extend the def-
initions of expansion, kind assignment and type equality to type environments:

expand(E, P)(x) = expand(E(z),P)

F:k (d:e% E(z) : k for all z in dom(FE)

v det [ dom(E) = dom(E') and
BxP &£ {(E(f) ~ F'(z)) for all  in dom(E)

Typing judgement are of the form:
EFM:T1atk

The valid typing judgement are those that can be proven using the typing rules
in Figure Bl

(ax) EtrzE@ : E(x) at k if (B2 k)

Ex—olFM:7atk
EFXx°M:0—T1atk

EFEr-rM:0—71atk; FEFN:ocatk
(=)
EFMN:Tatk

expand(E, P) - M : 7 at [P]
EF APM :VPr at [P]

EF-M:71atk
EF M[A]: 7" atk

if (select'(1, A) = 1)

EF-M:T1atk

FFM rats 1 TFT)

Fig. 3. Typing Rules

! In this language, AP does not bind any variables!
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Lemma 13.

1. If(EF M : 7 at k), then (T : K).
2. If(EF M : 7 atk), then (E : k).
3. If(E-M:71atk) and E~E', then (E'F M : 7 at k). O

6 Expansion, Selection and Substitution for Terms

In this section, we define auxiliary operations that are needed for the statements
of the term reduction rules.

6.1 Expansion

In order to define substitution and (-reduction, we need to extend the expand
operation to terms. This is necessary because the branching shape of type anno-
tations changes when a term is substituted into a new context. First, expand is
extended to parameters, arguments and kinds, by the following equations where
X ranges over Parameter U Argument U Kind:

expand(X,x) = X
expand(X,join{f; = P;}') = {f; = expand(X, P,)}’
expand({fi = Xi}', {fi = Pi}") = {f; = expand(X;, )}

Now, the expand operation is inductively extended to terms:

expand(AP'.M, P) = A(expand(P’, P)). expand(M, P)
expand(M[A], P) = (expand(M, P))[expand(A, P)]
expand(\z” .M, P) = Az®P2"("P) expand(M, P)
expand(M N, P) = (expand(M, P)) (expand(N, P))
)=

expand(z”, P p&Pand(7.P)

Lemma 14. If (EF M :7 at k) and (|[P] < k),
then (expand(E, P) I expand(M, P) : expand(T, P) at expand(k, P)). O

Corollary 1. If(E+ M : 7 at |P]),
then (expand(E, P) F expand(M, P) : expand(t, P) at [P]). O
6.2 Substitution

A substitution is a finite function from TermVar to Term. We extend the operation
expand to substitutions as follows:

expand(s, P)(x) = expand(s(x), P)
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We now define the application of a substitution s to a term M. The definition is
by induction on the structure of the term:

s(AP.M) = AP. expand(s, P)(M)
s(M[A]) = (s(M))[A]
s(Ax™.M) = Xx". s(M), if z does not occur freely in ran(s) and = ¢ dom(s)
s(M N) = s(M) s(N)

s(z™) = s(x), if x € dom(s)

s(z7) =2a", if x & dom(s)
We write M[z := N] for the term that results from applying the singleton

substitution {(x, N)} to M.
We define typing judgement for substitutions as follows:

(E'Fs:E atk) &L (E'F s(xP®) : B(z) at ) for all 2 in dom(FE)

Lemma 15. If (F'+s: E at | P]),
then (expand(E’, P) F expand(s, P) : expand(E, P) at [P]). O

Lemma 16. If (E+- M : 7 at k) and (E' + s: E at k),
then (E'F s(M) : 7 at k). O

6.3 Selection

The preceding treatment of substitution prepares for the definition of S-reduction
of terms of the form ((Ax™.M)N). We also need to define reduction of terms of
the form (AP.M)[A]. To this end, we extend the select® to parameters, argu-
ments and kinds, by the following equations where X ranges over Parameter U
Argument U Kind:

select®( X, ¥) = X
select®({fi = X}, (f;, A)) = select®(X;, A), ifjel
select”({f; = Xi}, {fi = Ai}1) = {fi = select®(X;, A;)}!

Lemma 17. (A <) if and only if select®(x, A) is defined. O

The select® operation is extended to terms by induction on the structure of
the term:

select®(AP' .M, A) = A(select®(P’, A)). select®(M, A)
select®(M[A'], A) = ( select®(M, A))[select®(A’, A)]
)=
) =

select®(\z™. M, A 29 (mA)  select®(M, A)
select®(M N, A (select (M, A)) (select®(N, A))

select®(z7, A) = g=elect’(7:4)
The select® operation is extended to type environments as follows:

select®(E, A)(z) = select®(E(z), A)
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Lemma 18. If(EF M : 7 at k) and (A< k),
then (select®(E, A) b select®(M, A) : select(7, A) at select®(x, A)). O

7 Reduction Rules for Terms

We define a partial function match from Parameter x Argument to Parameter x
Argument x ArgumentH This function is needed for the reduction rule (Ba) for
type selection.

match(*, A) = (x, x, A) match(P, x) = (P, , [P])

., A e

match(P;, A;) = (P!, A3, A2) forall¢in I
match({f; = P;}', {fi = Ai})) = ({fi = P} {fi = A}, {fi = AT})

A parameter or argument is called trivial if it is also a kind.

Lemma 19.

1. If P is a trivial parameter and (VP.7 : k), then (VP.T >~ 7).
2. If A is a trivial argument and (select'(t, A) = 7'), then (7 ~ 7). O

The reduction relation for terms is defined as the least compatible relation
of terms that contains the following axioms:

(Br)  ((Az".M)N) — (Mlz := NJ)
(Ba) (AP.M)[A] — AP". ((Se|eCtb(M7 A%))[A%),
if match(P, A) = (P’ A%, A?) and neither P nor A is trivial
(%4) (AP.M) — if P is trivial
(%4) (M[A4]) — it A is trivial

Theorem 1 (Subject Reduction). If (M — N) and (E+ M : 7 at k), then
(EF N:7 atk). O

Proof. For (), one uses Lemma For (x4) and (x4), one uses Lemma [T9
For (84) one uses Lemma [I8 and some other technical Lemmas, which we have
omitted because of space constraints. O

2 In the second rule, note that [P] € Argument for all parameters P.



130 Joe B. Wells and Christian Haack
8 Correspondence of Typed and Untyped Reduction

The set Untyped Term of untyped termsis defined by the following pseudo-grammar:
M,N € UntypedTerm :=2 | A\e. M | M N
Substitution for untyped terms is defined as usual, and so is S-reduction:
(8) (A.M)N — M|z := N]

Let —* denote the reflexive and transitive closure of —. We define a map | - |
from Term to UntypedTerm that erases type-annotations:

|AP.M| = |M]| I\z™.M]| = Az.| M|
[M[A]| = [M] |[MN|=[M]||N|

27| = x

Lemma 20.

1. If expand(M, P) is defined, then (|expand(M, P)| = |M]).
2. If Mz := N] is defined, then |M[z := N]| = |M|[z := |N|].
3. If select®(M, A) is defined, then (|select®(M, A)| = |M]). O

Theorem 2 (Soundness of Reduction).
If M,N € Term and M — N, then |M|—* |N|. O

Lemma 21.

Any sequence of (84), (x4) and (x4) reductions is terminating.

If M reduces to N by a (Ba), (¥4) or (x4) reduction, then |M| = |N]|.

If select’ (VP.7, A) is defined, then so is match(P, A).

A well-typed term that is free of (Ba), (xa) or (xa) redices is of the form

™ fe o~

APy .. AP, M[Ay]. .. [An]

where n,m > 0, the P;’s and A;’s are not trivial, and M 1is either a variable,
a A-abstraction or an application. O

Theorem 3 (Completeness of Reduction).
If M is well-typed and |M| — |N|, then (M —* N). O

Proof Sketch. The proof uses the previous lemma. To simulate a (-reduction
step of the type erasure of M, one first applies (84), (¥4) and (*4)-reductions
until no more such reductions are possible. Because it is well-typed, the resulting
term allows a (x-reduction that simulates the g-reduction of the type erasure.

O
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Abstract. This paper studies the the problem of expressing exceptions
using first-class continuations in a functional-imperative language. The
main result is that exceptions cannot be macro-expressed using first-class
continuations and references (contrary to “folklore”). This is shown us-
ing two kinds of counterexample. The first consists of two terms which
are equivalent with respect to contexts containing continuations and ref-
erences, but which can be distinguished using exceptions. It is shown,
however, that there are no such terms which do not contain callcc.
However, there is a II; sentence of first-order logic which is satisfied
when interpreted in the domain of programs containing continuations
and references but not satisfied in the domain of programs with excep-
tions and references. This is used to show that even when callcc is
omitted from the source language, exceptions still cannot be expressed
using continuations and references.

1 Introduction

All practical functional programming languages have operators for manipulating
the flow of control, typically either first-class continuations or exceptions. There
are clear differences between these features; the former are statically scoped,
whilst the latter are handled dynamically. But how significant are these dis-
tinctions? (After all, many instances of control can be written using either con-
tinuations or exceptions.) This can be seen as a question of relative expressive
power: can exceptions be expressed in terms of continuations and vice-versa [3]?
The difficulty lies in formalising this problem; there is a consensus that trans-
lations between languages should be the basis for comparing their expressive
power but different notions of what constitutes a satisfactory translation have
been proposed in different contexts [ITl[7|1]. Having settled on one of them, a sec-
ond problem is that translations compare whole languages rather than specific
features, as Felleisen notes [1]:

... claims [about expressiveness] only tend to be true in specific lan-
guage universes for specific conservative language restrictions: they often
have no validity in other contexts!

For example, Lillibridge [6] has shown that adding ML-style exceptions to the
simply-typed A-calculus allows recursion to be encoded whilst adding callcc

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 133-{I46] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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does not, and so by this measure exceptions are more powerful than continua-
tions. However, “realistic” languages include some form of recursion directly and
so this notion of expressiveness based on computational strength is too coarse
to distinguish exceptions from callcc in general.

A more fine-grained approach is obtained if the translations between lan-
guages are restricted to those which preserve common structure — the terms
themselves and their contextual equivalences — intact. Riecke and Thielecke
[12] have shown that in the context of a simple functional language, exceptions
cannot be expressed as a macro in terms of continuations and vice-versa, by
giving terms of the simply-typed A-calculus which are contextually equivalent
when continuations are added to the language but inequivalent if exceptions are
added, and terms which are equivalent in the presence of exceptions but not
continuations. This does not resolve the issue, however, for languages like ML or
Scheme which combine exceptions or continuations with assignable references.
Thielecke [14] has shown that in the presence of state it is still the case that
exception-handling cannot be used to macro-express callcc. He also observes
that “...it is known (and one could call it “folklore”) that in the presence of
storable procedures, exceptions can be implemented by storing a current han-
dler continuation.” (An example of such an implementation is given in [I0].)
The inference drawn from this fact in [I4] is that in the presence of higher-order
references, continuations are strictly more expressive than exceptions, although,
as we shall see, the implementation fails to conform to the criteria given in [I]
and adopted in [I2I14] for a translation to be used to compare expressiveness.

1.1 Contribution of This Paper

The main formal results contained in this paper are two counterexamples to
the assertion that exceptions can be expressed in terms of continuations and
references. (An appendix gives (Standard ML of New Jersey) code corresponding
to these examples.) Section 2 describes a language with exceptions, continuations
and references, and gives some background on the theory of expressivenes of
programming languages. The first counterexample (Section 3) is of the kind used
in [1214]; two terms which are observationally equivalent in a language with
continuations and references but which can be distinguished when exceptions
are added. In fact, these two terms are actually equated by various “theories of
control” such as the AC [2] and Ap-calculi [9], and hence these theories are not
sound in the presence of exceptions.

However, the terms used in the first counterexample contain callcc, so it
does not exclude the possibility that exceptions (in the absence of continuations)
can be reduced to continuations and references. In fact, it is shown in Section
4 that no counterexample of the same form can exclude this possibility — be-
cause the implementation of exceptions using callcc and references preserves
equivalences between terms which don’t contain callcc.

Hence to show that the A-calculus with exceptions and references cannot be
reduced to the A-calculus with continuations and references (Section 5), it proves
necessary to develop the theory of expressiveness by describing a new and more



Exceptions, Continuations and Macro-expressiveness 135

general kind of counterexample to relative expressiveness — a I} formula of
the associated logic of programs which is satisfied in the domain of programs
containing continuations and references, but not satisfied when programs can
contain exceptions.

2 Exceptions, Continuations and References

Following [I], a programming language £ will be formally considered to be a tuple
(Tmg, Prog, Cr,Evalz) consisting of the terms of £ (phrases generated from a
signature X';, — a set of constructors with arities), the well-formed programs of
L and the terminating programs of £ respectively (M € Eval;, will be written
M ). £ is a conservative extension of £ (£ C £') if Tm, C Tmg/, Prog, =
Prog,, N Tm, and Eval; = Evalz, N Prog,.

Fig. 1. A hierarchy of functional languages with side-effects

The languages considered here will all be contained within Agcg, a A-calculus
extended with exceptions, continuations and references. The various fragments
of Apc g — A-calculus with just references, with just exceptions, with just contin-
uations, with exceptions and references, and with continuations and references
— will be referred to as Ag, Ag, Ac, Arr and Agc respectively (Figure 1).
Terms of Arcg are formed according to the following grammar:
M:u=z|*x| M| MM |

abort M | callcc M |

new_exn | raise M | handle M M |

new | M =M | IM.
We shall consider a typed form of Agcg, although the results described here ap-
ply (in a modified form) in an untyped setting as well. Types are generated from
a basis — including a type unit containing the single value %, an empty type O,
and a type exn of exceptions — by = and a type constructors for references:
T:=unit |0 |exn|T =T |Tref
Terms are derived in contexts of typed variables; the typing judgements for ex-
ceptions, references and continuations are as follows:
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I'=M:T ref I'mN:T IT'EM:T ref
Fnewp:T ref I'FM:=N:unit I'HIM:T
I'FM:exn I'FM:exn ['FN:unit
Fnew_exn:exn ['Fraise M:S I'Fhandle M N:unit
I'tM:0 I'eM:(T=95)=T
I'+abort M:T I'Fcallce M:T

Reference and exception variables have been given the local declarations new
and new_exn (although the counterexample of Section 3 also shows that global
exceptions cannot be expressed by continuations and references). Evaluation
contexts are used to pick out the next redex, and to represent continuations.

Definition 1. Ewaluation contexts are given by the following grammar:
El]==[] | E[|M |V E[] |

callcc E[] |

B[] =M |V = E[]| B[] |

raise F[] | handle FE[| M | handle h E[']
where M ranges over general terms, and V' over values (variables, exception and
reference names, and lambda abstractions).

Our exceptions are essentially a simplified version of Gunther, Rémy and Riecke’s
“simple exceptions” [3]. A modified notion of evaluation context is used to de-
termine which handler will trap an exception; for each exception name h, Ep[]
ranges over the evaluation contexts which do not have a handle h in their spine.
B[] =[] | Enl1M | V En[] |

callcc Ep[ |

Byl = M|V i= Ey[]| 'yl |

raise Ej[] | handle Ej[-] M | handle k E,[-] (k # h)
(Call-by-value) evaluation of programs is given by small-step reduction in an
environment £ consisting of a set of exception names, a set of reference names
or locations £[L] and a state £[S], which is a partial map from L to values of
ARCE-

Definition 2. Operational semantics of Arc g is given by the reflexive transitive
closure of the following relation between terms of type 0 in an environment £
(containing a set of locations E[L], store E[S] and set of exception names E[Ex]):

EDae.M V], € — E[M[V/z]],&
Elnew|,E[L] — Elz],E[LU{z}] : x & E[L]

Elz :=V],&[S] — E*,E[S[x — V]| : x € E[L]
E'z],E[S] — E[S(2)],€ : S(x)]
Elnew_exn],E[Ex] — E[h],E[Fx U {h}]: h & E[Ex]
Elhandle h*],& — E[*],£: h € E[Ex]
Elhandle h Ep[raise h)],€ — E[*],Eh € E[Ex]
Elcallcc V],E — E[V Az.abort E[z]],&
Elabort M|, — M, E
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For a program (closed term) M : unit, let k : unit = 0 be a variable not
occurring free in M, then M |} if k M, {} - k*,&.

The standard notions of contextual approximation and equivalence will be used:
M <x N if for all closing Ax-contexts, C[M] | implies C[N] {}.
M:XleM,SXNandN,SXM

Notation: M; N will be used for (Ax.N) M (x ¢ FV(N), letx = N inM
for (Ax.M) N, new_exn h.M for (Az.M) new_exn and newz := V.M for (A\x.z :=
V; M) new. At each type T there is a divergent term 17 : T = newynivmsr vy 1=
(Az.ly x).ly *.

2.1 Macro-expressiveness: Some Simple Examples

The common basis of the various comparisons [IT[7[1] of expressiveness is the
notion of a reduction or translation between programming languages.

Definition 3. A reduction from L1 to Lo is a (recursively definable) mapping
¢: Tmgp, — Tmg, such that:

— if M € Prog,  then ¢(M) € Prog,,,
— ¢(M) Uz, if and only if M |, .

¢ 1is compositional if it extends to a map on contexts such that ¢(C[M]) =

P(C)[P(M)].

However, existence of such a reduction (whether compositional or not) merely
amounts to the possibility of writing an interpreter for £; in Lo. As a test
of expressiveness it is unlikely to be sufficient to distinguish between Turing-
complete languages. A finer notion of relative expressiveness can be obtained by
introducing additional criteria for determining a suitable notion of translation,
such as the requirement that a reduction from £; to L9 should preserve their
common structure in the following sense.

Definition 4. Let ¢ be a reduction from Ly to Lo, and L C Lq,Ls. Then ¢
preserves L-contexts if for all contexts C[-] of L, ¢(C[M]) = Clp(M)]. If L =
L1 N Ly we shall just say that ¢ preserves contexts.

The strength of this condition is clearly directly related to the content of L;
when the two languages are disjoint it has no force whereas when Lo C £
it is equivalent to the notion of eliminability [1]; constructors Fy,...,F, in a
language L are eliminable if there is a translation ¢ from £ to £ — {F,... F,}
such that for every G & {F,...,Fp}, ¢(G(My ... My,)) = G(p(Mq) ... ¢p(M,,))
— i.e. ¢ preserves L contexts.

F1,... F, are macro-eliminable if in addition each Fj is expressible as a “syntactic
abstraction”; a context A;[-]...[] of L—{F1,..., F,} such that ¢(F;(M; ... M,))
= A;[(6(My)] ... [¢p(My)] — i.e. ¢ is compositional. We shall use syntactic ab-
stractions for defining compositional translations.
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As an example we shall first show that the forms of raise and handle used
here have the full expressive power of Gunther, Rémy and Riecke’s simple ex-
ceptions [3] by giving syntactic abstractions for the latter. Simple exceptions
differ from our “even simpler” exceptions in that they can carry values; there
is a type-constructor _exn and at each type T there is an operation raiser,
typable as follows:

I'M:Texn I'tEN:T

I'traisep M N : S

In the presence of state, exceptions carrying values of type T can be expressed
by storing the latter in a reference of type T ref and raising and handling an
associated value of type exn.

The second difference between simple exceptions and those in Agcp is that
the handle operation for the former applies a handler function when it catches an
exception: the simple-exception handler handle L with M in N has the typing
rule:

I'tL:Sexn 'FM:S=TI'FN:T
I'+handle Lwith M in N : T.

The operational semantics for simple exceptions is given by an appropriate notion
of evaluation context (see [3]), and the evaluation rules:

Elhandle hwithV inU],€ — E[U], €&
Ehandle hwithV in Ep[raiser hU]],€ — E[V U], €.

We can simulate simple exception handling by raising an additional exception
which escapes from the handler function if the main body of the program eval-
uates without raising an exception.

Proposition 1. Simple exceptions are macro-eliminable in L.

Proof. The following syntactic abstractions for simple exceptions simulate the
reduction rules appropriately, and generate an equivalent notion of evaluation
context:

¢(T exn) = (¢(T) ref = (exn = unit)) = unit,

¢(new_exny) = new_exn z.newr y.Ag.((g y) ),

¢(raiser M N) = ¢(M) (Axy.y := ¢(N);raisex),

¢(handle Lwith M in N) = let ¢(L) =1, ¢(M) = m, k = new_exn, z = newrin
(handle k (I Azy.handley (z := ¢(N);raise k); z := m lx)); !z

3 Interference between Control Effects

Another sense in which a translation may preserve program structure is as fol-
lows.

Definition 5. If L C L1, Lo, then ¢ : L1 — Lo preserves L-terms in context if
it extends to Li-contexts and for all contexts C[] of L1 and all terms M of L,
$(C[M]) = ¢(C)[M].
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Lemma 1. If ¢ is compositional and preserves L-contexts then ¢ preserves L-
terms in context.

Proof. For any L term M, $(M) = M (as M is a O-ary L-context) and hence
P(C[M]) = ¢(C)[¢(M)] = ¢(C)[M].

A translation which preserves terms in context will also preserve observational
equivalences — this is the basis for a useful test given in [I]; a necessary condition
for a compositional and context-preserving reduction to exist.

Proposition 2. If there is a reduction ¢ : Lo — L1 which preserves L-terms in
context then for all My, My in L, M <., N implies M <z, N.

Proof. For any Ly context C[-], C[M] |} implies ¢(C[M]) = ¢(C)[M] | implies
¢(C)[N] = ¢(C[N]) § implies C[N] J.

Our first example showing that exceptions cannot be expressed using continua-
tions and references is of this form; we shall show that exceptions can be used
to break a simple and natural equivalence which holds in Agrc. Moreover, an
equivalence which is at the basis of several “equational theories of control”, such
as Felleisen’s AC-calculus [2], and Parigot’s Ap-calculus [9] (which has been pro-
posed as a “a metalanguage for functional computation with control” by Ong
and Stewart [8]).

Proposition 3. For any E[]: S, M : T in Arc:
Elcallcc M] ~gc callcc k=T .E[M \y.k E[y]]

This equivalence is a typed version of the rule Cj;r; which is a key axiom of
Sabry and Felleisen’s equational theory of the A-calculus with callcc [13], where
it is shown to be sound using a cps translation. To prove that it holds in Arc,
we use an approximation relation. Let ~ be the least congruence on terms of
Arc such that for all evaluation contexts E[-] : S and M : T, E[callcc M] ~
callcc \k*=T.E[M \y.k E[y]],

and for all E[-] such that if z is not free in E[] or M, E[M] ~ A\z.E[z] M.

We extend ~ straightforwardly to a relationship on environments: £ ~ &' if
E[L] = &'[L] and for all z € E[L], E[S](z) ~ E'[S](x).

Lemma 2. If M, ~ M',&" and M',&" — M",E" then HM\,EA such that
M,E— M,E and M,E ~ M",E".

Corollary 1. If M ~ M’, then M || if and only if M’ |l

To prove Proposition[d it suffices to observe that for any C[-], C[E[callcc M]] ~
C[callcc \k®= T .E[M My.k E[y]]] and so by LemmaP] C[E[callcc M]] |} if and
only if Clcallcc Ak~ T . E[M M\y.k E[y]]] |-

However, because exceptions and continuations both manipulate the flow of
control they can “interfere” with each other, breaking this equivalence, even
between terms which do not contain exceptions. For instance, suppose f is a
variable of type (unit = unit) = unit = (unit = unit). Then we have
(callcc f) * ~pe callcc Ak.(f Ay.k (y %)) *, as this is an instance of the equiv-
alence proved in Proposition[3, with E[-] = [-] x.
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Proposition 4. \f.((callcc f) %) 2rcr Af.callcc Mk.((f Ay.k (y *)) *).

Proof. Let N = Agx.(handle h (g \v.raise h);raisee.

Then (callcc N) * raises exception h but callcc Ak.(IV Ay.k (y %)) * raises ex-
ception e, and so if:

C1[] = new_exn h,e.handle h (Af.[] N),

(5[] = new_exn h,e.handlee (Af.[| N),

then Ci[E[callcc f]] | and Ci[callcc Ak.E[f Ay.k E[y]]] ¥,

but Cs[callcc Ak.E[f Ay.k E[y]]] | and C3[E[callcc f]] |f.

Corollary 2. FExceptions are not macro-eliminable in Arcg.

The fact that exceptions cannot be expressed in control calculi based on first-
class continuations such as AC or Ay has already been shown in [12]. But the
result given here is stronger — these calculi are not even sound for reasoning
about exception-free programs if there is the possibility that they might interact
with exceptions. This is an important point of difference between control calculi
and the (call-by-value) A-calculus, which is notable for its robustness in the
presence of side-effects.

4 Implementing Exceptions with Continuations

We have established that exceptions, continuations and references cannot be
satisfactorily reduced to continuations and references, but this leaves open the
problem of whether exceptions and references can be reduced to exceptions and
continuations. In other words, is there a translation from Agg into Agrc which
preserves only the terms or contexts of A\g? The existence of even a limited re-
duction of this kind would lend some plausibility to the claim that continuations
(with references) are more expressive than exceptions, because it is known not to
be possible to reduce continuations and references to exceptions and references
[14].

Moreover, it is possible to give alternative operational semantics of excep-
tions combined with continuations. For example, New Jersey SML includes an
additional type constructor — control_cont— for “primitive continuations”
which ignore enclosing exception handlers, and control operators — capture
and escape — corresponding to callcc and throw, for manipulating them. For
programs without exceptions, substituting capture and escape for callcc and
throw yields an equivalent program, but this is not true in the presence of ex-
ceptions, and in fact the counterexample of Section [3 is not valid for primitive
continuations.

However, exceptions cannot break any equivalence between Ap terms which
is not broken by continuations and references, because there is an implementa-
tion of exceptions using continuations and references which preserves terms of
Ar in context. This implementation is essentially as described in [I0]. Exception
names are represented as references of type (unit = 0) = (unit = 0) = 0 —
they are not used to store anything, but can be tested for equality — define:
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If M = N then L else L' = (M := Axy.y x); (N := Azy.x ); ({M Az.L Az.L").
The current continuation of each handler is stored in a stack, which is repre-
sented as “handler function” inside a reference variable exh. Raising an excep-
tion simply applies the value of exh to the exception name, which then replaces
the current continuation with the relevant handler continuation, and resets exh.
Non-compositionality of the implementation stems from the global nature of
exh; access to this variable must be shared by all parts of a term, but it must
be initialized at the start of each program.
Thus the implementation can be represented as a translation i on terms of Agrpg
defined by the following syntactic abstractions:
1(new_exn) = new,
v(handle M N) = let old =lexh

incallcc Ak.exh := Ay If (M) =1y then (exh := old; (k¢¥(N)))

else (old y)),

Y(raise M)) =lexh Y(M).
This yields a translation ¢ on programs: ¢(M) = newexh := Ax.L.3p(M) such
that if ¢(C)[] =4 newexh := Az.L.¢(C)[] then ¢ preserves A\r terms-in-
context.

Proposition 5. For any program M of Agrg, M | if and only if 6(M) {.

Proof. Define 1) as a map on evaluation contexts as follows:

(1) = [LYEV ) = pE)pV) L],

Y(E[raise []]) = (E)[('exh []], ¥ (E[handle h []]) = o (E)[[];lexh h].

This map is used to define an operation "E[]T which extracts the current con-
tents of exh, represented as a list of pairs (h, F[]) of names and handler contexts:
T =1LTEV T ="ELY, .. TEhandle A []]T = TEL] = (B, $(E[])).

An inductive proof of soundness can then be based on the following facts:
E[(E'[M])], Elexh — 1] » E[(E)[Y(M)], Elexh — 1 TE[]T,

and if E[M],€ — E[M'],£' then:

Y(E)W(M)], Elexh — 1] — Y(E)[p(M")), & [exh v 1].

Corollary 3. FEquivalence of Ar terms with respect to Arcg contexts is conser-
vative over equivalence of Ar terms with respect to Arc contexts.

Thus the implementation cannot be soundly extended to one which preserves
Arc terms in context; the proof of Proposition M provides a counterexample —
#(C2)[(callcc f) #] converges.

5 Expressiveness and First-Order Formulas

Does Corollary Bl entail that exceptions can be expressed using continuations
and references if we don’t have continuations in our source language? We might
reasonably take the fact that the implementation of exceptions preserves Agr
equivalences to be the sufficient condition for it to be a satisfactory reduction of
ARE to Agc. However, we shall show that no translation from Arg to Arc can
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exist which adheres to our original criteria — compositionality and preservation
of contexts — as such a translation will preserve the truth of all I7; statements
which do not mention exceptions, whereas there is a such a statement which is
true in Agc but not in Arg.

Definition 6. For a programming language L, let the object language of L,
obj(L), be the language of first-order logic with two unary predicates Prog and
Eval and terms generated from X, together with a distinct set of logical variables
XYy 2y

Let M(L) be the obj(L)-structure with the domain Tmg in which each term of
obj(L) is interpreted as the corresponding term of L, and M(L) = Prog(t) if
and only if t € Prog, and M(L) |= Eval(t) if and only if t € Eval..

Proposition 6. If there is a compositional and context-preserving translation
¢ : L1 — Lo then for all I} sentences of obj(L1 N L2)), if M(L2) = 0 then
M(Ly) E 6.

Proof. It M(L1) FYy1 ... Yn-0(y1,...,yn) then there exist terms M, ... M, in
Ly such that M(Ly) = —0(M,..., M,). It is then straightforward to show by
structural induction that M(Ls) = —0(¢(M7), ..., ¢(M,)), and hence M(L3)
YY1 ... Yn.0 as required.

So to show that there is no compositional and context-preserving reduction from
L1 to Lo, it is sufficient to find a II; sentence 6 of obj(L£1 N L3) such that
M(L2) | 6 and M(Ly) = 0. In a A-calculus-based language this includes all
counterexamples in the form of a contextual equivalence of Lo which is broken
in £; since contextual equivalence of values U,V can be expressed in obj(L)
by the IT; sentence Vx.Eval(xU) <= Eval(xV). But we gain access to new
counterexamples which are not of this form; we shall give a context C[-] and a
value U of Ag such that for 0 = Vx,y.Prog(C[x]) A Eval(y C[x]) = Eval(y U) we
have M()‘RC) ': 6 and M()‘RE) b& 0.

Let T = (unit = 0) = 0, U = A\g : T.g, and C[] = V Af : T.([] : 0),
where V = AF.A\g.Az.new z := Aa.((z := M\y.x %); g a).F Aw.!z w. So O represents
the assertion that for any M : 0O containing only f : (unit = 0) = 0 free,
VAf.M < Ag.g.

Proposition 7. M(Agg) = 6.

Proof. Let M = new_exn h.(handle h (f Az.raiseh); L); f Aw.L and
D[] = new_exnk.handlek ((([-] Az.handle k (x *); L) Ay.raisek); L).
Then D[V A\f.M] || but D[Ag.g] -

The proof that M(Arc) [= 6 can be outlined via a series of lemmas about <pc
and ~pc. First we show that terms of type 0 containing only f : T = 0 free
can be reduced to a “head-normal form”.

Write newy := v.M for newyj.newys...newy,.y1 ‘= v1;Y2 = V2;...;Yn =
U M.
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Lemma 3. If M : 0 is a Arc term containing only f : T = 0 free, then there
are some Agc-values U : T, T such that M Spc newqy :=7v.fU.

Proof. The following facts (proved using approximation relations) are used to
inductively reduce terms of type M : 0 to head-normal form:

Elabort M]:0 ~pc M

Elcallcc M| : 0 ~rc E[M Az.abort E[x]]

Elnew z.M] ~gc new z.E[M]

newy := U.E[ly;] ~pc newy := 0. E[v;]

newy :=v.Ey; := U] ~gc

NeW Y1 = U1 ... Yim1 = Vim1.Yit1 := Uikl - - - Yn := Up.Y; := U.E[%].

If this reduction process does not terminate, then M is equivalent to Lgq.

The following lemma is proved using approximation relations.

Lemma 4. i If a is not free in W then:
newz := Aa.((z := W); M).newy :=0.12U
~pc newz := Wnewy :=0.M[U/a].

ii For any term M (f) and value V' which do not contain z free:
new z := V.M[Ay.lzy/f] ~rc M[V/f].

The final lemma is a refinement of Lemma [3]

Lemma 5. For any term M = newy := v.Aw.N : unit = 0, containing only
x:unit = 0 free, M <pc .

Proposition 8. For any Agpc-term M(f) : 0 which contains only f : (unit =
0) = 0 free, VAf.M Sgc Ag.g.

Proof. By Lemmalf3] there exist U, v such that M <rc newy :=7.f U and hence
VAfM

Spe Agr.new z := Aa.(z := Ab.x %); g a.(newy :=U.f U)[Aw.lz w/ f]

~po Agr.new z := Aa.(z := Mb.x *); g a.(newy := 0.2 U) [ Mw.!z w/ f]

<krc Agz.new z := \b.x xnewy :=v.g UMw.!z w/f] (By Lemma i)

~po Agr.newy :=v.g UAb.z %/ f] (By Lemma @lii)

~pc Agx.g (newy :=0.U)[Ab.x */ f]

Sre Agz.gz (By LemmaB) ~rc Ag.g.

Corollary 4. There is no compositional and context-preserving reduction from
>\RE to >\RC-

6 Conclusions

What relevance do these results have to the design, implementation and applica-
tion of programming languages? Whilst expressiveness can mean the facility to
write concise, flexible and efficient programs, the kind of expressive power which
is embodied in our counterexamples does not appear to be particularly useful.
Indeed, quite the reverse — combining continuations and exceptions gives the
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“power” to write programs with unpredictable behaviour, and this should be
balanced against the usefulness of these effects when permitting such combina-
tions. A better way to combine the simplicity of exceptions with the power of
continuations could be to provide dynamically bound control constructs which
still allow complex, continuation-style behaviour, such as prompts [3].

The difficulty of predicting on an ad hoc basis how control effects will inter-
act suggests that more formal ways of reasoning about them would be useful.
One possibility is equational reasoning using “control calculi” such as AC [2] or
At [8]. The counterexample in Section 3 shows the limitations of these calculi,
however, in that their equational theories are not consistent with the presence
of exceptions.

There are many other ways to model or reason about control, but one which
deserves mention is game semantics. The results described here arose from a
semantic study of exceptions and continuations in a fully abstract games model
[J5]. Thus one of the conclusions they support is a methodological one; game
semantics — with its focus on definability and full abstraction — can be a useful
tool for investigating relative expressiveness. Moreover game-based reasoning can
be readily converted into syntactic examples (using definability results) which
can be understood in isolation from the semantics.
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Appendix

(* SML_NJ code corresponding to sections 3 - 5.%)

(* Counterexample from section 3: *)

open SMLofNJ.Cont;

exception E;exception F

fun My x = ((y (fn z => raise E)) handle E =>();raise F);
(* (callcc (fn k => (M (fn x => throw k x)))) O;

raises exception E whereas
callcc (fn k => (M (fn x => throw k (x ()))) O));
raises exception F *)

(* Implementation of exceptions described in section 4:%*)
fun diverge x = diverge x;

val exhandler
val new_exn M

ref (fn x:unit ref => (diverge ()):unit);
=M (ref O);

fun handle_xn h x = let val old = !'exhandler in

(callcc (fn k =>

((exhandler := (fn y =>

(if (y = h)
then ((exhandler:= old); (throw k ()))
else (old y))));

((fn v => ((exhandler:= old);v)) (x (O)))))

end;
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(*It’s necessary to ‘‘thunk’’ the second argument to handle_xn.*)
fun raise_xn h = diverge (!exhandler h);

(*Counterexample from section 5: *)
datatype Empty = empty of Empty;
fun V g (£: (unit -> Empty) -> Empty) (x:unit -> Empty) =
let val z = (ref diverge) in

((z:= (fn u => ((z:= (fn y => x ()));( w)));

((diverge (g (fn w => (!'z w)))))) :Empty
end;
fun N f = let exception H in

(diverge (f (fn w=>raise H)) handle H=>();f diverge)

end;
fun argl x = diverge (diverge (x ()) handle F => ());
fun arg2 z = raise F;
(x*diverge (((V N) argl) arg2) handle F=>(); converges, *)
(xdiverge (((fn g => g) argl) arg2) handle F =>(); diverges.*)
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Abstract. This paper describes a theory of second-order trees, that is,
finite and infinite trees where nodes of the tree can bind variables that
appear further down in the tree. Such trees can be used to provide a natu-
ral and intuitive interpretation for type systems with equirecursive types
and binding constructs like universal and existential quantifiers. The pa-
per defines the set of binding trees, and a subset of these called regular
binding trees. These are similar to the usual notion of regular trees, but
generalised to take into account the binding structure. Then the paper
shows how to interpret a second-order type system with recursive quan-
tifiers as binding trees, and gives a sound and complete axiomatisation
of when two types map to the same tree. Finally the paper gives a finite
representation for trees called tree automata, and gives a construction for
deciding when two automata map to the same tree. To tie everything to-
gether, the paper defines a mapping from types to automata, thus giving
a decision procedure for when two types map to the same tree.

1 Introduction

In the theory of type systems there are two approaches to recursive types, the
isorecursive and equirecursive approach. In the isorecursive approach, the types
rec a.7 and 7{« := rec 04.7 are considered different but isomorphic types. The
expression language includes type coerciond roll(e) and unroll(e) for converting
a value of one type to the other. The isorecursive approach is easier to construct
decision procedures for, and is easier to prove sound; but it requires programs
to contain type coercions. In the equirecursive approach, the types rec a.7 and
7{a := rec a.7} are considered equal, and there are no expression-level con-
structs for dealing with recursive types. The presence of this equality makes it
more difficult to develop decision procedures for equality and subtyping, and
more difficult to prove the type system sound. However, there are no type co-
ercions in programs, and more types are equivalent. For example, rec a.7 and
rec a.(t{a := 7}) are equal in the equirecursive types approach but are not
intercoercible in the isorecursive approach.

A more fundamental problem with the equirecursive approach is that pre-
vious work on formalising it has gaps (see below). This paper fills these gaps
by providing solid foundations for second-order type systems with equirecursive

types.

! The notation z{y := z} denotes the capture avoiding substitution of z for y in z.
2 A type coercion changes the type of an expression but has no runtime effect.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 147-{I61] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Amadio and Cardelli [AC93| were the first to investigate the equirecursive
approach. They proposed the tree interpretation of recursive types, which is
based on the idea that if the equality between rec .7 and 7{«a := rec a.7} is
applied repeatedly then recursive types expand into infinite trees that have no
recursive quantifiers. Then, types are equal exactly when their fully-expanded
trees are the same. Furthermore, subtyping can first be defined on trees and
then lifted to types. Amadio and Cardelli defined a suitable tree model for a
first-order type system, and a definition of subtyping between trees. Then they
gave a set of type equality and subtyping rules, and proved them sound and
complete with respect to the tree interpretation. Finally they gave an algorithm
for deciding type equality and subtyping. Their algorithm is exponential time
in the worst case, which is much worse than the linear time algorithm in the
isorecursive approach.

Kozen et al. [KPS95] reduced this exponential time complexity to polynomial
time. First they defined term automataE‘ which, like types, are a finite repre-
sentation for trees. Briefly, a term automaton is finite state machine. Each state
represents a collection of nodes in a tree, the initial state is the root of the tree,
and the transition function gives the children for each node and the labels on
the edges to these children. Kozen et al. gave an intersection-like construction on
term automata that can be used to decide equality and subtyping in quadratic
time. In both Amadio and Cardelli and Kozen et al.’s work, only first-order sys-
tems were considered, and their results do not generalise in a straightforward
manner to second-order types.

Colazzo and Ghelli [CG99] investigated a second-order type system with
equirecursive quantifiers. They gave a coinductively defined set of type rules
(type rules are normally defined inductively), and described and proved correct
an algorithm for deciding subtyping. They did not show the relation between
their rules and Amadio and Cardelli’s rules. Nor did they analyse the complexity
of their algorithm, although they conjectured it was exponential. Their algorithm
is essentially a search algorithm with the curious feature that it cuts off search
when it sees the same subtyping judgement for the third, not second, time. They
were able to show that this criterion is necessary and sufficient, but never gave
an intuitive explanation.

This paper extends the tree interpretation and idea of tree automata from
first-order to second-order trees. The first contribution is a notion of second-
order finite and infinite trees suitable as a semantic model for types. The second
contribution is a proof that the usual equality rules for equirecursive types are
sound and complete for this model. The third contribution is notion of tree
automata suitable for second-order trees. The fourth contribution is a polynomial
time decision procedure for type equality. This paper deals only with equality
and subtyping is left to future work. Since equality is not something specific to
types, I will call them terms in the sequel. The rest of the paper presents each
contribution in turn. Full details including proofs are available in a companion
technical report [GIe02].

3 This paper will call Kozen et al.’s term automata, tree automata.
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2 Preliminaries

The theory is meant to be general and to abstract over everything else in the
term system. Therefore, I will assume the term language consists of variables,
recursive quantifiers, and terms build from node labels nl € NL. Each node
label will take a number of arguments, which will be identified using labels
¢ € L, and for each argument may bind a certain number of variables. The

function spec € NL — L i N defines which arguments a node label takes
and how many variables it binds for each. For example, the system F<, of
Colazzo and Ghelli has NL = {T,—,V}, L = {arg,bnd, bdy, res}, and spec =
{(—,arg,0), (—,res,0), (V,bnd,0), (V,bdy, 1)}. In this system, V is a quantifier
for bounded polymorphic types and binds one variable in its body (label bdy),
so its specification is 1; the bound (label bnd) does not bind a variable, so its
specification is 0. The rest of the paper will not refer to spec, instead it will use
functions LABELS(nl) = dom(spec(nl)) and BIND(nl,£) = spec(nl)(¥).

Notations and Conventions A — B is the set of all partial functions from A to

B; A ' B is the set of partial functions from A to B with finite domain. If ey
and eo are possibly undefined expressions then e; = e; means that either both
are defined and equal or both are undefined. A* is the set of finite sequences of
elements from A; € is the empty sequence; prefix, concatenation, and append are
written using juxtaposition; if z,y € A* then x < y means that x is a prefix of
y. | - | is used both as the size of a set and the length of a sequence. A + B is
the disjoint union of A and B; tags in this font will be used for injections, which
tags correspond to which arms should be clear. If f is a function then f{z — y}
is the same function except that it maps = to y. If R is an equivalence relation
then [R] is the set of its equivalence classes and [z]g is the equivalence class of
x under R.

3 Binding Trees

Binding trees are just finite or infinite trees whose nodes are labeled by node
labels or by variables in a De Bruijn representation [Bru72] and whose edges are
labeled by L. A node labeled nl has edges labeled by LABELS(nl) and variables
are leafs. This can be formalised as follows.

Definition 1 The set of binding trees is defined as:

Tree = {t: L* — NL+N|
e € dom(¢t) A (pl € dom(t) < Inl : t(p) = nl(nl) A€ € LABELS(nl))}

Distance between two trees is defined as d(ty,ty) = 2~ ™ininlti(P)#t2(p)An=[pl}
where 2~ ™0 = (.

For example, the term Va.rec S.(a — V7.5) maps to the tree {(e,nl(V)),
(bdy, nl(—)), (bdyarg, var(0)), (bdyres, nl(¥)), (bdyresbdy, nl(—)), ...} (tree t1 in
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Figure ). De Bruijn indices are used to get a unique representation for the
binding structure. The term above maps to the above tree rather than to an
a-equivalence class of trees, as it would if explicit variables were used in trees.

Fig. 1. Example trees t1, on left, and t2, on right.

Recursive quantifiers will be interpreted as fixed points of maps on Tree,
so it is important that such fixed points exist. In fact, (Tree,d) is a complete
ultrametric space, which means that contractive maps on it have unique fixed
points (c.f. [Kap77]). A map f is contractive on a metric space (X, d) if there
exists a ¢ € [0,1) such that d(f(x1), f(z2)) < ed(xy,x2) for all 7 and x2 in
X—that is, f maps all pairs a certain fraction closer together.

The following two tree constructors will be needed latter. The first builds a
tree whose root is the free variable n, and the second builds a tree with root nl
and the given trees as the children of the root.

Definition 2 Tree VAR(n) is {(¢,var(n))} and tree NL(nl,{ = t1)c L ABELS(ni)
is {(e,nl(nl))} U {(¢p, te(p)) | £ € LABELS(nl) A p € dom(ty)} if t; € Tree.

3.1 Regular Trees

Not all trees are expressible using terms or automata, so it is important to define
a subset of trees that are. In the theory of first-order trees, these are called
regular trees, and are defined as those with a finite number of subtrees. This
definition is inadequate for binding trees, as tree t1 in Figure [l (which should
be regular) has a subtree of the form vAR(n) for each n € N. The problem is
that the De Bruijn indices represent conceptually the same variable as possibility
different tree nodes. The definition of regular trees needs to take into account
the binding structure and De Bruijn representation. Before giving the definition,
two preliminary concepts are needed.
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Definition 3 The number of variables bound along path p in tree t is:

BIND(t,e) =0
BIND(t, pf) = BIND(t, p) + BIND(nl, £) where t(p) = nl(nl)

The number of variables bound from path p1 to ps where p1 < ps in tree t is
BIND(t, p1 — p2) = BIND(¢, p2) — BIND(¢, p1).

The key to regular trees is that variable nodes that conceptually refer to
the same variable (e.g., the same free variable or are bound by the same node)
should be considered equal. The next definition makes precise what a variable
node in a tree refers to.

Definition 4 The variable identified by path p of tree t where t(p) = var(n) is:

free(n — BIND(¢,p)) BIND(¢,p) <n
VAROF(¢t,p) = ¢ bound(py, ¥, 1) p1l <pAi=mn—BIND(t,p1f{ — p) A
BIND(¢, p1{ — p) < n < BIND(t,p1 — D)

For example, VAROF(t1, bdyarg) = bound(e, bdy,0) and if ¢’ is the subtree along
the bdy edge then VAROF(t', resbdyarg) = free(0).

Using this, when two subtrees of a tree might be equal is defined coinductively
as follows.

Definition 5 A relation R is an equivalence of t’s subtrees exactly when R is
an equivalence relation on dom(t) and p1 R po implies either

t(p1) = nl(nl), t(p2) = nl(nl), and p1€ R p2l for all £ € LABELS(nl),
VAROF(t,p1) = free(n) and VAROF(t, ps) = free(n), or
— VAROF(t,p1) = bound(p}, £,n), VAROF(t, p2) = bound(p}, £,n), and p| R ph.

However, more is needed. Consider this tree t2 in Figure[l. There exists an
equivalence of this trees subtrees that relates all the ¥V nodes and has a finite
number of equivalence classes. However, no term or term automata generates
this tree. The problem is that the variable on path bdyresbdyarg binds not to
the nearest V but to the previous one, and terms never have this kind of binding
structure. Therefore I define nonoverlapping equivalences to rule out these kinds
of binding structures.

Definition 6 An equivalence R of t’s subtrees is nonoverlapping exactly when
VAROF(t, p3) = bound(p1,£,n) and p1 < pa < ps implies (p1,p2) ¢ R.

A tree t is regular if there exists a nonoverlapping equivalence of t’s subtrees
with a finite number of equivalence classes. RegTree is the set of regular trees.

While the definition of regular binding trees is not nearly as elegant as that for
regular trees without binding, it nevertheless does define exactly the set of trees
that are expressible by terms or automata, as will be proven later.

It turns out that trees have a greatest nonoverlapping equivalence of their
subtrees; later sections will use this to define a canonical term for each tree and
to prove completeness of the equality rules.
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Definition 7 For t € Tree, EQST(t) is the union of the nonoverlapping equiva-
lences of t’s subtrees.

Theorem 8 Ift € Tree then EQST(t) is a nonoverlapping equivalence of t’s sub-
trees. Hence, t € RegTree if and only if EQST(t) has finite number of equivalence
classes.

Proof sketch: The proof shows that EQST(t)’s transitive closure is a nonover-
lapping equivalence of ’s subtrees. Then it is a subset and thus equal to EQST(¢),
so the latter is a nonoverlapping equivalence of t’s subtrees. Since EQST(t) is a
union of equivalence relations, its transitive closure is an equivalence relation.
Since the other conditions for equivalence of subtrees are monotonic in the rela-
tion, it is easy to show that EQST(t)’s transitive closure is an equivalence of t’s
subtrees. The tricky part is to show that it is nonoverlapping. Space does not
permit showing the details, these are in the companion technical report [Gle02].
O
One final operator on trees is needed latter. It is the shifting operation com-
mon to De Bruijn representations, and returns an identical tree except that the
tree’s free variables are incremented by a constant.

Definition 9 The shift of a tree t by n is:
_ var(n+1) t(p) = var(i) Ai > BIND(¢, p)
SHIFT(L, n) = Ap. {t(p) otherwise

4 Terms
The second-order term language with recursive quantifiers is:
7= | nl(f =as .T¢)cLABELS(ni) | rec a7

where a ranges over term variables and aisa sequence of term variables. Terms
are considered equal up to alpha conversion, where for nl(¢ =ay .7¢), ay binds
in 74, and for rec a.7, « binds in 7.

Not all phrases matching the above grammar are considered terms, but only
those that satisfy two further constraints. In terms of the from nl(¢ =ay .7¢) it

must be that | o | = BIND(nl, £). In terms of the form rec a.7 it must be that
T | «, where the latter means that 7 is syntactically contractive in o and is
defined as:

Bla catp

nl(l =ay .1¢) | «

rec 5.7 | « Sa=0VT]a

Intuitively, 7 | « if mapping « to 7 is not equivalent to the identity mapping,
for which any term is a fixed point. Instead mapping « to 7 produces a term
whose outer most constructor is independent of «, and can have only one fixed
point.
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4.1 Terms to Trees

The interpretation of terms as trees depends upon the interpretation of its free
variables. An environment 7 is a mapping from term variables to Tree. Terms
under a binder are interpreted in a shifted environment.

Definition 10

VAR(%) 0=y

SHIFT(1, Q0 - - Q1) = AB. { sHIFT(n(B),n) B¢ {ao,...,an_1}

With these preliminaries, the interpretation of a term as a tree is straightforward.

Definition 11

ol . =n(a)
nl(¢ =y 1)), = NL(nl, £ = [[TKHSHIFT(n,aTe))
rec .7y, = fix([a.7])

(
a.7], = )\t.[['r}]n{aHt}
where fix(-) maps a contractive function to its unique fized point

It is easy to show that a term’s interpretation is a uniquely defined tree, and
the proof also shows that syntactically contractive term and variable pairs define
contractive maps.

Theorem 12 If n maps term variables to Tree then [7], € Tree. If T | o then
la.t],, is contractive.

The interpretation of terms as trees produces a regular tree. Also, all regular
trees are also expressible as terms; this is proven in the section on completeness.

Theorem 13 If n maps term variables to RegTree then [1],, € RegTree.

4.2 Term-Equality Rules

The term-equality rules derive judgements of the form F 71 = 75 intended to
mean that terms 71 and 7» are equal. The rules are essentially those of Amadio
and Cardelli:

FTQZTl FT1:T2 F’/"Q:Tg

(eqsym) =———" (eqtrans) Ep—— (equar) ——
~ Ty = Oy _
(eqnl) — — FT1=0
Fnl(l =ap .1¢) = nl( =ay .0y) (cqrec) Frec a.t = rec a.o
11
(eqroll) Frec ot = 7{a :=rec a.7}
Fr=cla=n} Frn=cla:=mn}

(equnq) (0| a)

FT1:T2
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The first two rules express that equality is symmetric and transitive. The next
three rules express that equality is closed under all the term constructors and
that equality is reflexive. Together these five rules make equality a congruence
relation. The last two rules are the interesting ones. Rule (eqroll) expresses that
rec a.7 is the fixed point of the mapping of o to 7, and is the rule from the
introduction that defines the equirecursive approach. Rule (equnq) expresses
the fact that contractive mappings have unique fixed points. The hypotheses
expresses that 7 and 7 are a fixed points of the mapping a to o; the side
condition expresses that the mapping is contractive; and the conclusion expresses
that the two fixed points are equal.

It is straightforward to prove the rules sound, that is, that provably equal
terms map to the same tree.

Theorem 14 (Soundness) If - 71 = 1 then [11], = [m2], for all environ-
ments 1.

4.3 Completeness

It is more difficult to show the converse, that terms that map to the same
tree are provably equal. Amadio and Cardelli showed completeness by defining
something called systems of equations. Unfortunately, it seems very difficult to
define systems of equations for second-order terms. So I use a different approach
to showing completeness, which also works in the first-order setting. The idea
is to define a canonical term for every regular tree and show that a term is
provably equal to the canonical term for its tree. Completeness then follows by
transitivity.

I will define canonical terms for trees with respect to particular kinds of
environments called distinguishing environments. These are environments of the
form n(a) = vAR(g(«v)) for some g that is a bijection from term variables to N.

Definition 15 Ift € RegTree, n is distinguishing, and R is a nonoverlapping
equality of t’s subtrees with a finite number of equivalence classes, then T, S,
TERMOF,,(t, R), and TERMOF(t) are defined as follows:

— If f maps [R] to term variables, f maps the pair ([p|r,¢) to a sequence of
term variables of length BIND(nl, £) when t(p) = nl(nl) and ¢ € LABELS(nl),
S is a subset of [R], and p € dom(t) then:

rtars _ ) J(PlR) plr €S
S rec f([p]R)-SS0 (s 0 plr ¢ S
B VAROF(t,p) = free(n) A
gtmR n(3) = VAR(n)
Sip Ff(P'r, On VAROF(t,p) = bound(p’, ¢, n)

nl(t = f([plr, 0). TG t(p) = nl(nl)

— TERMOF,(t, R) = Tg’Z’R’f for some appropriate f that maps to fresh vari-
ables 7
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— TERMOF,(t) = TERMOF,(t, EQST(t))

These terms do map to the tree they are based on, and this shows that every
regular tree is expressible using a term.

Theorem 16 Ift € RegTree and n is distinguishing then [TERMOF,(t)], = t.

The key technical result used to show completeness is that every term is
provably equal to the canonical term for its tree.

Lemma 17 If n is distinguishing then = TERMOF,([7],) = 7.

Proof sketch: The proof is ultimately by induction on the structure of 7. If 7
has the form nl(¢ =ay .7¢) then TERMOF,,([7],) has the form rec c.nl(¢ = .0¢).
If the induction hypothesis is - o¢{a := TERMOF,([7],)} = 7¢ (1), then the
result follows by rules (eqnl), (eqroll), and (eqtrans). If 7 has the form rec .o
then the key is to have the induction hypothesis - TERMOF,([7],) = o{a =
TERMOF, ([7]5)} (2). Then by (eqroll), - 7 = o{c« := 7} and the result follows
by rule (equnq). The key then, is to get the induction hypothesis to satisfy
properties (1) and (2). The proof first defines for each subterm o of 7 a pair of
terms (o1, 02) satisfying properties (1) and (2). Next it shows that the trees for
these two terms and a corresponding subtree of [7], are all the same. Finally it
shows by induction on ¢ that - o1 = 02. Details are in the companion technical
report [Gle02]. 0
Completeness follows easily from this last lemma.

Theorem 18 (Completeness) If 1 is distinguishing and [11], = [12], then
F T = T2.

Proof: By Lemma [I], - TERMOF,([71],) = 71 and F TERMOF,([72],) = .
Since [11], = [m2],, TERMOF,([11],) = TERMOF,([72],). The result follows by
(eqsym) and (eqtrans). O

5 Binding Tree Automata

The final step of my programme is to give a decision algorithm for term equality.
The algorithm is in terms of a finite representation for trees, similar to the term
automata of Kozen et al. The basic idea is that an automaton is given as input
a path and gives as output the node at the end of that path. Automata are state
machines, that is, each label in the path causes the automaton to transition
from one state to another, starting with an initial state, and the state obtained
at the end of the path determines the output. Rather than output the node in
the form a tree does, that is, as an element of NL + N, the automaton outputs
either a node label, a free variable index, or a bound variable. A bound variable
is specified as a state, label, and index; the idea being that the variable is bound
by the most recent occurrence of the binder generated by the state, along the
edge given by the label.
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A few preliminaries are needed for the definition. If § € Q@ x L — @ for
some ) then §* is its extension to L*, specifically 6*(q,e) = ¢ and 6*(¢q,pf) =
0(0%(¢,p),£). If 6*(q1,p) = @2 then p is a path from ¢; to g¢o; if in addition
0*(q1,p’) # q for all p’ < p then p is a g-less path from ¢; to ga.

Definition 19 A binding tree automaton is a quadruple (Q, 1,9, sl) satisfying:

— Q s a finite set called the states of the automaton.
— 1 € Q is the initial state.
— d €Q x L— Q is the transition function.
—sle@ — NL+N+Q x L xN is the labeling or output function.
— (gq,¢) € dom(0) < sl(q) = nl(nl) A £ € LABELS(nl).
— sl(q) = fvar(¢', £,n) implies that:
e sl(q') =nl(nl),
e ( € LABELS(nl),
e 0 < n < BIND(nl, /), and
e if p is a path from i to q then there are paths p1 and ps such that p =
p1lpa, p1 is a path from i to ¢, and ps is ¢'-less (from §(¢',€) to q).

5.1 Automata to Trees

This section explains how an automaton generates a tree. Letting ¢ represent this
tree then intuitively: if sl(6*(i,p)) = nl(nl) then ¢(p) = nl(p); if si(6*(i,p)) =
bvar(n) then VAROF(t,p) = free(n); finally, if si(6*(i,p)) = fvar(q’,¢,n) then
VAROF (¢, p) = bound(p’,¢,n) where p' is the longest path from i to ¢’ that is a
prefix of p.

The formal definition extends the state space to include enough information
to compute the De Bruijn indices for free and bound variables. An extended
state is a triple consisting of a state of the automaton, the number of variables
bound along the path so far (needed to determine free variables), and a function
f € Q — N, which gives the number of variables bound since the last occurrence
of each state (need to determine bound variables). The transition function is
lifted to extended states in such a way as to track the binding information, and
the labeling function is lifted to extended states to use the binding information
to generate nodes for trees. Then the tree of an automaton at a path is just the
lifted labeling function of the lifted transition function on the path.

Definition 20 The tree associated with an automaton is defined as follows:

SHIFT(f, ¢ := n) =" {?"(q/) +n Z: 7:& Z
o((q.n, £),0) = (6(q,£),n +1,SHIFT(f, q := 1))

where sl(q) = nl(nl) A i = BIND(nl, ¢)
R nl(nl) sl(q) = nl(nl)
sl(g,m, f) = < var(n +1) sl(q) = bvar(i)

var(f(q') +14)  sl(q) = fvar(q',(,1)
TREE((Q, i, 0, sl), gnf) = Ap.sl(6* (gnf,p))
0 = (4,0, A\q.0)
TREE(Q, , 0, sl) = TREE((Q, 1, 9, sl), 7)
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It is not hard to see that automata generate trees, in fact, they generate
regular trees.

Theorem 21 If ta is an automaton then TREE(ta) € RegTree.

Proof sketch: Let R = {(p1,p2) | 6*(¢,p1) = 6* (¢, P)} where ta = (Q, 1,9, sl).
Then R is a nonoverlapping equivalence of TREE(ta)’s subtrees. It is clearly an
equivalence relation. The other conditions for being an equivalence essentially
follow from the fact that TREE(ta)(p) is determined by §*(i,p)’s label. It is
nonoverlapping because of the last condition in the definition of tree automata.
O

The converse is also true—regular trees are expressible as tree automata.

Theorem 22 Ift is a reqular tree then there exists an automaton ta such that
TREE(ta) = t.

Proof: The proof uses the equivalence classes of EQST(t) as the states Q. The
initial state ¢ is [e]. If ¢(p) = nl(nl) then si([p]) = nl(nl); if VAROF(t,p) =
free(n) then si([p]) = bvar(n); if VAROF(t,p) = bound(p’,¢,n) then si([p]) =
fvar([p'], £,n). The transition function 6 is A([p], £).[pf]. The conditions for equiv-
alence of subtrees ensure that sl and § are consistently defined. It is easy to
check that this defines an automaton, the last part of the last condition follows
from EQST(t) being nonoverlapping. An easy induction shows that 6*(,p) =
([p], BIND(¢, p), f) where f is such that if p is such that p = p/¢p” and p’ is the
largest strict prefix of p in [p] then f([p/]) = BIND(¢,p'¢ — p). Then it is easy to
show that sI([p], BIND(t, ), f) = t(p). |

5.2 Equality Algorithm

Two trees are different if they differ at some path, but more specifically if they
differ at some minimal path. This minimal path will be in the domain of both
trees. Therefore to determine if two automata generate the different trees, it
suffices to search for paths in their common domain that have different outputs.
If the outputs along some path are the same up to but not including the last
state then the number of variables bound up to the last state is the same.
Thus, two free variable states will differ exactly when their indices differ, free
variable states will differ from bound variable states, and bound variable states
will differ if the most recent occurrence of the binding state occurred at different
prefixes of the path. Thus determining if the outputs are different requires only
keeping track of the states and the correspondence between binding states. As
in Kozen et al., this can be expressed as a deterministic finite state automaton.
The states of this equality automaton are triples, one state from each automata,
and the correspondence between binding states. The transition function updates
the states according to the input automata’s transition functions and updates
the correspondence. The accepting states are those where the output of the two
states differs according to the binding state correspondence. The two trees differ
if the language of the equality automaton is nonempty. The correspondence
between binding states can be expressed as partial bijections, introduced next.
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Definition 23 The partial bijections between A and B are A = B = {R €
P(Ax B) | (a1,b1) € RA(a2,b2) € R= (a1 = az < b1 = ba)}. Bijection update
of R by a maps to b is R{a=b} ={(d',V/) € R|d #a AV #£b}U{(a,b)}.

Definition 24 The equality deterministic finite state automaton (over alphabet
L) of two automata ta; = (Q1,11,01,sl1) and tas = (Q2,i2, 2, sla) is:

CORRESPOND(sl1, sla2, q1,q2, R) =
V(sli(g1) = nl(nl) A sla(g2) = nl
V(sli(q1) = bvar(n) A sla(g2) =
V(sli(q1) = fvar(qy, £,n) A sla(q

EQUAL(tay, tag) =
(Q1 x Q2 x (Q1 = Q2),

(7'1’227®)a
a1, g2, R, 0).(01(q1,£), 62(q2, ), R{q1 = q2}),
{(q1,q2, R) | ~CORRESPOND(sl1, sla, g1, q2, R)})

(nl))
bvar(n))
o) = fvar(gs, £,n) A ¢) R q3)

The next theorem proves the correctness of this construction.
Theorem 25 TREE(ta;) = TREE(tas) < L(EQUAL(ta1,tas)) =0

Proof sketch: The main part of the proof shows that if TREE(ta1)(p') =
TREE(tas)(p’) for p’ < p then: TREE(ta1)(p) = TREE(taz)(p) if and only if p €
L(EQUAL(tay,tag)); from which the result easily follows. This property holds
because of the correspondence between an automaton’s tree and its state labels,
and because ¢1 R g2, where 6*(i,p) = (., -, R), if and only if the most recent
occurrence of g1 and g2 are at the same prefix of p. a

The previous theorem gives an algorithm for deciding the equality of the trees
of two automata. Since emptiness of a deterministic finite state automaton’s
language is linear time, and the equality automaton is exponential in the size
of the tree automata, it is an exponential algorithm. However, an optimisation
yields a polynomial time algorithm. This optimisation is based on the following
lemma.

Lemma 26 If tay = (Q1,41,01,sl1) and tas = (Qa,1i2, 92, sla) are automata,
P2 # € p3 # € 0i(ir,p1) = 07 (i1, pip2) = 01 (i1, p1p2ps) = qu, 05(iz,p1) =
03 (i2, p1p2) = 05 (i2, p1p2ps) = q2, and p ¢ L(EQUAL(tay,taz)) for p # pip2ps
then L(EQUAL(taq,tas)) = 0.

This lemma says that the search for a word in L(EQUAL(tay, taz)) does not need
to search the entire space Q1 X Q2 X (Q1 = Q2), but only needs to search until
it sees the same Q1 x Q2 pair three times. It is insufficient to stop after seeing
the same pair twice, as in Colazzo and Ghelli’s algorithm. For example, consider
the following two automatall

4 The notation for automata depicts states as circles with & = y inside; z is the state’s
identifier, and y is the states label, either a node label, a natural number for a free
variable, or a bn for a variable bound by state n. An arrow not from another circle
points to the initial state. The transition function is depicted with arrows between
the circles labeled by L.
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bnd bnd bnd bnd bnd

The path bdybdybdy produces the pair (2,6) for the second time, and while
bdybnd is not accepted by the equality automaton, bdybdybdybnd is accepted.
The problem is that states 4 and 9 are part of repetitive structures and the path
bdybnd checks that the first repetition of 4 matches the first repetition of 9, but
not that the other repetitions match. The path bdybdybdybnd checks whether
the second repetitions match. Only when both the first and second repetitions
match will all repetitions necessarily match.

With an appropriate choice of representation and implemented carefully, the
above algorithm is quadratic in the sizes of the input automata.

6 Putting It Together

The previous section gave an algorithm for deciding equality of two automata,
so an algorithm to convert terms into automata gives an algorithm for deciding
term equality. This section gives that algorithm and its correctness.

First an algorithm to convert terms into automata. The states of this au-
tomaton are the parts of the term not involved with recursive quantifiers.

Definition 27 The set PROPER(T) is the subterms of T that are not recursive
quantifiers or variables bound by recursive quantifiers of 7. Fvery subterm of T
can be mapped to PROPER(T) as follows: if 0 € PROPER(T) then PROPER(T,0) =
o; PROPER(T,rec a.0) = PROPER(T,0); if o is a subterm of T bound by the
subterm rec a.o then PROPER(T, &) = PROPER(T, rec a.o).

PROPER(T, 0) is uniquely defined for all subterms ¢ of 7, because recursive quan-
tifiers are required to be syntactically contractive.
Armed with these constructs, the automaton of a term is easily defined.

Definition 28 If n is distinguishing then

AUTOMATONOF,(T) = (PROPER(T), PROPER(T, T), 4, s)

where § and sl are as follows. If ¢ = nl({ =ay .04) then §(a,{) = PROPER(T, 0¢)
and sl(o) = nl(nl). If o is variable subterm of T that is free in T then sl(c) =
bvar(n) where n(o) = VAR(n). If o is a variable subterm of T that is bound by
the nth binder of edge £ of o' subterm of T then sl(c) = fvar(o’, £, n).
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The automaton of a term is defined so that its tree is the same as the term’s
tree.

Theorem 29 If n is distinguishing then TREE(AUTOMATONOF, (7)) = [7],.

Finally, all the previous results can be combined into a decision procedure
for equality of terms. Since the algorithm for equality of automata is quadratic
and the conversion from terms to automata produces a linear output in linear
time, the decision procedure below is quadratic.

Theorem 30 If n is distinguishing then:
Fm=m <& L(EQUAL(AUTOMATONOF, (71), AUTOMATONOF,(72)) = 0

Proof:

F T = T2
< (Theorem [14] and Theorem [I8)

[l = [r2ly
< (Theorem [29)

TREE(AUTOMATONOF,(71)) = TREE(AUTOMATONOF,;(72))
< (Theorem [25)

L(EQUAL(AUTOMATONOF (71 ), AUTOMATONOF,(72))) = {)

7 Summary and Future Work

This paper has shown how to give a natural interpretation to a second-order term
system with recursive quantifiers. In particular it extends the well known tree
interpretation, introduced by Amadio and Cardelli, to second-order constructs
by defining a theory of trees with binding. It gives an appropriate generalisation
of regularity to binding trees, and shows that regular trees characterise both
those generated by terms and by automata. It shows the usual set of equality
rules are sound and complete in the second-order case. It generalises Kozen
et al.’s term automata to the second-order case, providing a polynomial time
decision procedure for equality of terms. The result is a natural and intuitive
theory of second-order type systems with equirecursive types.

The obvious next step is to add subtyping to the theory. The main idea is
to define subtyping on trees coinductively. Then it should be possible to show
that a certain set of rules is sound and complete with respect to this definition.
Interestingly, the rules I believe are sound and complete are a nonconservative
extension of rules for F< with the Kernel-Fun rule for bounded quantification
(c.f. [Pie94] and [CG99]). Finally, it should be possible to extend the construction
for equality of automata’s trees to subtyping in a way that combines my ideas
for second-order constructs with Kozen et al.’s ideas for subtyping and a simple
idea for dealing with bounded variables. The result should be a polynomial
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time algorithm for deciding subtyping in a system with Kernel-Fun recursively-
bounded quantifiers and equirecursive types.

Another extension of the ideas is to higher-order kinds. Languages like ML
and Haskell allow the definition of type constructors, which could be thought
of as type variables with second-order kinds. Thus at a minimum, it would be
good to include this in the theory if not a larger system with a fuller set of
kinds. Full F,, (c.f. [Gir71] and [Gir72]) with equirecursive types is likely to be
undecidable since it contains the simply-typed lambda calculus with recursive
functions at the type level, for which equality is at least as hard as the halting
problem. But, it might be possible to restrict F, with equirecursive types to a
decidable system, perhaps by allowing only syntactically-contractive recursive

types.
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Abstract. Testing is a critical part of the software-engineering process.
Coverage tools provide information about which components are exer-
cised by a test suite, but they do not assist programmers with the impor-
tant problem of how to increase coverage. We propose a tool to address
that problem: Using the program’s control and flow dependences, the
tool helps programmers determine where to focus their efforts, and how
to force a chosen component to be exercised.

1 Introduction

A common approach to testing software is the use of coverage criteria [5]; for
example, using the all-statements criterion, a program is 100% covered if after
running the program on all test inputs, every statement has been executed at
least once. Tools such as Rational’s PureCoverage [14], Bullseye Testing Technol-
ogy’s C-Cover [4], and Software Research, Inc’s TCAT [15] help the programmer
by measuring coverage: the tools instrument the program so that when it runs, a
record is kept of which components executed. The tools can then report untested
components to the programmer. However, these tools provide no help with the
important problem of how to increase coverage.

Given a set of program components that have not yet been executed, the
programmer must decide which component(s) to focus on next. The programmer
would like to know, for each component:

— How easy will it be to find an input that causes the component to execute.

— How much benefit will there be in causing that component to execute; i.e.,
how many of the other currently untested components are also likely to be
executed using the same, or similar inputs.

Furthermore, once the programmer has selected a component on which to con-
centrate, help is needed to determine how to force the execution of that compo-
nent.

Ezample: Consider the program shown in Figure [[] which reads information
about one employee, reads a print option, and then prints information either
about the employee’s average hours worked per day, or the current week’s pay.
(Apologies for the poor structure of the code — the use of the goto permits
certain features of the proposed approach to be illustrated.) Comments on the
right label the predicates, and line numbers are given on the left. Assume that
the code has been tested on one input file, and that the untested statements are

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 162-{77] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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(1) read(jobCode, hourlyRate, hours);
(2) read(printOption);

(3) if (printOption == AV_HOURS) { /* pred 1%/
(4) print("av. hours per day = ", hours/5.0);

(5 1}

(6) else if (printOption == WEEKS_PAY) { /* pred 2*/
(7) if (jobCode == SALARI ED) { /* pred 3*/
(8) pay = 40*hourl yRate;

(9) }

(10) else { if (hours > 40) { /* pred 4*/
(11) basePay = 40*hourl yRat e;

(12) overtime = (hours-40)*1.5*hourl yRate;

(13) pay = basePay+overti ne;

(14) }

(15) el se {

(16) pay = hours*hourl yRate;

(17) goto L;

(18) }

(19) }

(20) if (hours > 60) { /* pred 5*/
(21) pay += BONUS;

(22) }

(23) L: print("weekly pay =", pay);

(24)

(25) else print("unknown print option: ", printOption);

(26) print("all done!");

Fig. 1. An example program. This code has been tested on one input file, and the
untested code is shown using bold font.

those shown using bold font. In this example, there are two blocks of untested
code: The first (lines (6) - (24)) is the block that executes when predicate 1
evaluates to false and predicate 2 evaluates to true (i.e., when the input print
option is WEEKS_PAY). The second (line (25)) is the single-line block that executes
when both predicates 1 and 2 evaluate to false (i.e., when the input print option
is neither AV_HOURS nor WEEKS_PAY). Within the first untested block, different
code will execute depending on the values of predicates 3, 4, and 5. O

As mentioned above, the programmer would like help in choosing a key com-
ponent of the program such that

— It will not be too difficult to figure out what input values will cause that
component to execute.

— Many of the untested components in the program are likely to be executed
using the same, or similar input values.

In this example, the same (small) amount of effort is required to force either
of the outer two untested blocks to execute: in both cases, predicate 1 must
evaluate to false; in the first case, predicate 2 must then evaluate to ¢rue, and in
the second case, it must evaluate to false. However, the payoff in the first case
is much greater: all but one of the untested components are in the block that is
reached when predicate 1 is false and predicate 2 is true; only a single untested
component is reached when both predicates are false. Given these observations,
it is clear that it would be very useful to have a tool that:
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— Guides the programmer to choose to concentrate on producing an input file
that will cause predicate 2 to execute and to evaluate to true, and
— Assists the programmer in producing that file by indicating:
e That in order to reach predicate 2, it is necessary first to reach predicate
1, and to have it evaluate to false, and
e That the value of the variable printOption used in predicates 1 and 2
comes from the read statement at line (2) in the program.

A tool that has access to the program’s control and flow dependences (defined
in Section ) can provide help with both of these problems, as described in
sections B @, and B.

In the remainder of the paper, as in the example above, we assume that the
criterion of interest is the all-statements criterion. However, it should be clear
that the ideas presented apply equally well to other criteria, such as the all-
branches criterion, that involve individual components (nodes or edges of the
program’s control-flow graph). Also, while our example program is written in C,
the ideas presented here can be applied to any program for which control and flow
dependences can be computed. Language features that make those computations
difficult include interprocedural control flow (e.g., throw-catch or exceptions)
parallelism (e.g., Java threads), and the use of standard libraries. Those issues
are currently being addressed by a number of researchers, including [13], [10/6/11]
and [12].

2 Background

2.1 Control Dependences

Intuitively, control dependences capture the fact that the number of times some
program component will execute, or whether it will execute at all, may depend on
the value of some predicate. For example, the statements in the true branch of an
if-then-else statement will execute only if the condition evaluates to true (so
those statements are said to be true-control-dependent on the if predicate), while
the statements in the false branch will execute only if the condition evaluates
to false (so those statements are said to be false-control-dependent on the if
predicate).

Control dependences are defined in terms of the program’s control-flow graph
(CFG) [7]. For the purposes of defining control dependences, the enter node of
a CFG is considered to be a predicate (that always evaluates to true) whose true
control child in the CFG is the first statement in the program, and whose false
control child in the CFG is a special exit node that follows the last statement
in the program.

Definition 1. A node n in a program’s CFG is v-control-dependent on a
node m iff n postdominates m’s v CFG successor, but does not postdominate m
(by definition, every node postdominates itself).
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Ezxample: Figures 2] and B show the control-flow and control-dependence
graphs for the program in Figure [[l Note that predicate 5 is true-control-
dependent on both predicate 3 and predicate 4, because it postdominates both of
their true successors in the CFG, but does not postdominate either of their false
successors. Statement (23), L: print("weekly pay = ...") is not control de-
pendent on predicates 3, 4, or 5, because it postdominates both CFG successors
of each of those predicates (i.e., it executes whether they evaluate to true or to

false). O

Ty

1) read(jobCode, ...)

Y
EZ) read(printOpti on)j

3) pred 1
(@],

(11) basePay = ...

(13) pay = ...
(20) pred 5

T

(21) pay += BONUS

Eze) print("all done!")

[(4) print("av. hours )j

(7) pred 3 (25) print("unknown ...)

T

(8) pay = 40*hourl yRate

(16) pay = hours*hourl yRat e]

23) L: print("weekly pay = )j

Fig. 2. The Control Flow Graph (CFG) for the example program.
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[(11) basePay = ] [(12) overtine = ] [(13) pay = ] {(16) pay = hours*hourIyRatej EN) goto Lj

Fig. 3. The Control Dependence Graph for the example program.

2.2 Flow Dependences

Flow dependences are essentially def-use chains [I], representing the flow of
values in the program.

Definition 2. Node n is flow dependent on node m iff m defines a variable
x, n uses x, and there is an x-definition-free path in the CFG from m to n.

Ezample (refer to Figurel)): Statement (21), pay += BONUS, uses the variable
pay. That variable is defined at three places in the program: statements (8), (13),
and (16). There are pay-definition-free paths in the control-flow graph from (8)

0 (21), and from (13) to (21); therefore, statement (21) is flow dependent on
statements (8) and (13). There is no path in the control-flow graph from (16) to
(21); therefore, statement (21) is not flow dependent on statement (16). O

3 Choosing the Next Component on Which to Focus

As discussed in the Introduction, when a programmer is trying to increase cover-
age, an important issue is which component to focus on next. In this section, we
discuss using control dependences to address this issue. In particular, we describe
how to compute three metrics that can be used to help answer the following two
questions for each predicate in the program:

1. How easy will it be to find an input that causes the predicate to be executed?

2. How much benefit will there be in causing that predicate to be executed; i.e.,
how many of the currently untested components in the program will also be
executed using the same, or similar inputs?
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After defining the metrics, we first discuss the time required to compute
them, then how they, together with additional information provided by the tool,
can be used by the programmer to choose the next component on which to focus.

3.1 A Metric for the Ease of Forcing Execution of Component C

There may be many paths in a program’s control-flow graph to a given compo-
nent C (where a component is a statement or a predicate). C will execute if any
one of those paths is followed. Following a particular path requires that the pred-
icates along the path evaluate to the appropriate values. However, sometimes a
predicate is actually irrelevant: if component C post-dominates a predicate in
the control-flow graph, then C will execute regardless of the predicate’s value.

Ezample: In the control-flow graph in Figure[2 all paths to statement (26),
print("all done!"), include predicate 1; however, statement (26) will exe-
cute whether predicate 1 evaluates to true or to false, since it postdominates
predicate 1 in the control-flow graph. Similarly, all paths to statement (23),
L: print("weekly pay = ", pay) include predicates 1, 2, 3, and 4; however,
since statement (23) post-dominates predicates 3 and 4, the values of those two
predicates are not actually relevant to the execution of statement (23). O

An estimate of the effort needed to force an untested component C to execute
can be computed by finding the path from a tested component to C that contains
the fewest “relevant” predicates; i.e., we can define an Fase-of-Ezecution metric
whose value is the number of relevant predicates on that path. The idea is that
the programmer can reuse the part of the input that caused the component at
the start of the path to execute, but then must figure out what the rest of the
input must be to force execution to follow the path to C. Of course, this provides
only a rough estimate of the actual effort needed to force C to execute, since in
practice the predicates in a program are not independent, and it may be easier
for the programmer to force a predicate to evaluate to one value than to another
value. Nevertheless, we believe that this metric (when used with the other metrics
defined in the next section) will be useful in helping the programmer to choose
the next component on which to focus. In this context, absolute precision is not
required, there just needs to be a reasonable correlation between the actual effort
required and the values of the metrics for most components.

Ezample (refer to Figure B)): Consider statement (25), print("unknown
print option: ", printOption), in the example program. The Ease-of-
Execution metric for this statement is 2, since it requires that both predicates
1 and 2 evaluate to false. The metric for statement (11), basePay = 40*rate,
is 4, since it executes only when predicates 1 — 4 evaluate to false, true, false,
true, respectively. Now consider predicate 5: if (hours>60), at line (20). Note
that there are two paths in the program’s control-flow graph from the already-
executed predicate 1 to this predicate: both start by following the false edge out
of predicate 1, and the true edge out of predicate 2. One path then takes the
true edge out of predicate 3, while the other takes the false edge out of predicate
3 and the true edge out of predicate 4. Thus, the first path includes 3 relevant
predicates, while the second path includes 4 relevant predicates. Since the value
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of the metric is determined by the path with the fewest relevant predicates, the
metric for predicate 5 is 3. O

This Ease-of-Execution metric can be computed efficiently for each compo-
nent C using the program’s control-dependence graph by finding the path in
that graph from a tested predicate (or from the enter node) to C that includes
the fewest predicates. In the control-dependence graph, each such path corre-
sponds to one or more paths in the control-flow graph — the predicates on the
control-dependence-graph path are the “relevant” predicates on the correspond-
ing control-flow-graph paths (the possibility of irrelevant predicates is what can
cause a single control-dependence-graph path to correspond to more than one
control-flow-graph path).

Ezample: In the control-dependence graph in Figure [ the path from predi-
cate 1 to statement (25) includes two predicates (predicate 1 itself, and predicate
2); thus, as discussed above, the metric for that statement is 2. Similarly, the
path to statement (11) contains four predicates, and there are two paths to pred-
icate b, one containing three predicates and the other containing four. The table
in Figure @ gives the Ease-of-Execution metric for each untested component in
the example program. O

Untested | Ease Untested | Ease Untested | Ease
Component|Metric||{Component|Metric||Component|Metric
line (6) 1 line (12) 4 line (21) 4
line (7) 2 line (13) 4 line (23) 2
line (8) 3 line (16) 4 line (25) 2
line (10) 3 line (17) 4
line (11) 4 line (20) 3

Fig. 4. The Ease-of-Execution metric for each untested component C in the example
program: the number of predicates on the shortest path from a tested predicate (in
this example, always predicate 1) to C in the program’s control-dependence graph.

3.2 Two Metrics for the Benefit of Forcing Predicate P to Execute

Finding an input that forces a particular predicate P to execute and to evaluate
to a specific value v can help improve test coverage in two ways:

1. There will be a set S of previously untested components that are guaranteed
to execute whenever P evaluates to v, but that might not execute if P does
not evaluate to v. Thus, forcing P to evaluate to v is guaranteed to increase
coverage by at least the size of set S.

2. There will be another set T of previously untested components whose Ease-
of-Execution metrics will decrease; thus, forcing P to execute and to evaluate
to v will have “made progress” toward forcing the execution of each member
of set T.
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For instance, in our example program:

1. When predicate 2 evaluates to true, lines (7) and (23) are guaranteed to
execute.

2. Predicate 2 evaluating to true lowers the Ease-of-Execution metric of state-
ments (8), (10), (11), (12), (13), (16), (17), (20), and (21) by at least 2,
possibly more, depending on the values of predicates 3, 4, and 5. Predicate
2 evaluating to true lowers the Ease-of-Execution metric of statement (25)
by 1.

These observations suggest two useful metrics to report to the programmer
for each predicate P, and each possible value v of P:

Must-Execute-Set Metric: The number of untested components that must
execute if P executes and evaluates to v, and might not execute otherwise
(the value of this metric is 2 for the pair (predicate 2, true) in the example
program).

Improved-Ease-Set Metric: The total amount by which the ease metrics of
untested components are guaranteed to be lowered if P executes and evalu-
ates to v (the value of this metric is 19 for the pair (predicate 2, true) in the
example program).

The two metrics can be computed efficiently using the control-dependence
graph. Recall that component C is v-control-dependent on predicate P iff C post-
dominates P’s v-successor (in the control-flow graph) but does not postdominate
P. This means that if P evaluates to v, then C is guaranteed to execute, while
if P evaluates to some other value, C may not execute. Thus, it seems that
the Must-Execute-Set Metric for predicate P and value v could simply be the
number of untested components that are v-control-dependent on P. However,
there is a subtlety involving backedges in the control-flow graph. Such edges can
cause a component C that dominates predicate P in the control-flow graph to
be control dependent on P. For example, as illustrated in Figure [5 all of the
statements in the body of a do-while loop dominate the loop predicate, and are
also control dependent on it. If component C dominates predicate P, then when-
ever P executes, C will have already executed; i.e., C will be tested regardless
of the value to which P executes, and therefore it would be wrong to include C
when computing (P,v)’s Must-Execute-Set Metric (since that set is supposed to
include only components that might not execute if P does not evaluate to v).
Fortunately, this is an easy problem to solve: it simply requires that all backedges
be removed from the control-flow graph before computing control dependences.
(In the example of Figure B] this would have the effect of removing all outgoing
control-dependence edges from the while predicate.) Given control dependences
computed using a control-flow graph with no backedges, the Must-Execute-Set
Metric for each predicate P and value v is the number of untested components
that are v-control-dependent on P.

The Improved-Ease-Set Metric can be computed for each predicate P and
value v by determining, for each untested component C reachable in the control-
dependence graph from P, how many predicates are on the shortest path from
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Fig. 5. Control-flow and control-dependence graphs for a do-while loop.

P to C (counting P itself when considering paths that start with a control-
dependence edge labeled with a value other than v, and not counting P when
considering paths that start with one of P’s outgoing v edges). If the number of
predicates is less than C’s current Ease-of-Execution metric, then the difference
in values is added to (P,v)’s Improved-Ease-Set Metric.

Note that we are proposing to supply the two “benefit” metrics only for
predicates (rather than for all program components). It is true that forcing a
statement S to execute also guarantees the execution of the other statements in
the same weak region [2]. For example, forcing the statement on line (11) of our
example program to execute guarantees that the statements on lines (12) and
(13) will also execute. However, since only predicates have control-dependence
successors, there is no obvious analog to the Improved-Ease-Set Metric for state-
ments. Furthermore, in order to force a statement S to execute, the programmer
must consider how to force the predicates that control S’s execution to execute,
and to evaluate to the appropriate values. Therefore, it seems reasonable for the
programmer, and thus the tool, to concentrate on predicates.

Example: For each of the five predicates P in the example program, and for
each value v to which P could evaluate, the table in Figure[d lists the untested
components that are guaranteed to execute if P evaluates to v (those that are
v-control-dependent on P), those whose ease metrics are guaranteed to decrease
if P evaluates to v (with the amount of decrease in parentheses), and the values
of the two “benefit” metrics. O

3.3 Complexity

Ease-of-Execution Metric: The computation of the Ease-of-Execution metric for
all untested components in the program can be performed using a single breadth-
first search in the control-dependence graph. The queue is initialized to include
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Predicate|Value|Must Execute |Has Lowered Ease Metric|Metric 1|Metric 2
pred 1 true |- none - - none - 0 0
false |6 7(-1), 8( 1), 10( 1), 11(-1), 1 10
12(-1), 13(-1), 16(-1),
17(-1), 23(-1), 25(-1)
pred 2 | true |6, 7, 23 8(-2), 10(-2), 11(-2), 12(-2), 3 16
13(-2), 16(-2), 17(-2), 20(-2)
false |6, 25 - none - 2 0
pred 3 true |7, 8, 20 21(-3) 3 3
false |7, 10 11(-3), 12(-3), 13(-3), 16(-3), 2 19
17(-3), 20(-2), 21(-2)
pred 4 true |10, 11, 12, 13, 20(21(-3) 5 3
false 110, 16, 17 - none - 3 0
pred 5 true |20, 21 - none - 2 0
false |20 - none - 1 0

Fig. 6. For each predicate in the example program, and for each possible value, the
untested components that must execute, those whose ease metrics are guaranteed to
be lowered (and by how much), and the values of the Must-Execute-Set Metric (Metric
1) and the Improved-Ease-Set Metric (Metric 2).

all nodes that are control-dependence successors of some tested predicate, with
metric = 1. Each time a node n is removed from the queue, each of its successors
is considered. If a successor has not yet been visited, then its value is set to n’s
value + 1, and it is enqueued. The time required is linear in the size of the
control-dependence graph.

Must-Execute-Set Metric: As stated in Section B2, the value of this metric for
predicate P and value v is the number of untested components that are v-control-
dependent on P. This number can be computed in time proportional to the
number of components that are v-control-dependent on P simply by checking
each one to see whether it has been tested.

Improved-FEase-Set Metric: The Improved-Ease-Set Metric for predicate P and
value v can be computed by using breadth-first search to find the shortest path
in the control-dependence graph from P to each untested component C, starting
by putting all of P’s v-successors on the queue. If the path to C is shorter than
the current value of C’s Ease-of-Execution Metric, then the difference in values
is added to the running total for (P,v)’s Improved-Ease-Set Metric. In the worst
case, this computation is linear in the size of the control-dependence graph.

Interprocedural Analysis To handle complete programs, control-dependence
graphs are built for each procedure, and are connected by adding an edge from
each node call Proc to Proc’s enter node. The techniques described above
for computing the Ease-of-Execution and Improved-Ease-Set metrics work with
a trivial extension in the interprocedural case: When during the breadth-first
search a node call Proc is enqueued, if Proc’s enter node has not yet been
visited, all of its successors should also be enqueued. In the case of the Ease-of-
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Execution metric, those nodes should also be given the same metric value as the
call node. In the case of the Improved-Ease-Set metric, the length of the current
path (counting the new interprocedural edges, as well as the edges out of the
enter node as having length zero) should be compared to the nodes’ recorded
Ease-of-Execution metric value, updating (P,v)’s Improved-Ease-Set metric if
appropriate.

When computing the interprocedural Must-Execute-Set metric for predicate
P and value v, the call nodes that are v-control-dependent on P must be handled
specially: for each such node, call Proc, the number of untested components
that are true-control-dependent on Proc’s enter node must be included in the
value of the metric. However, they should not be added multiple times when there
are multiples calls to Proc that are v-control-dependent on P. A straightforward
way to implement the computation of (P,v)’s Must-Execute-Set metric is to
do a breadth-first search from P, initializing the queue to include all of P’s v-
control successors. The search continues only from call nodes (following their
outgoing interprocedural edges) and from enter nodes (following their outgoing
true edges). The final value of the metric is the number of untested components
encountered during the search. The time required to compute the metric for
(P,v) is proportional to the number of nodes that are v-control-dependent on P,
plus the number of nodes that are true-control-dependent on the enter node for
some procedure Proc called from a node that is v-control-dependent on P.

4 Using the Metrics

Our proposed testing tool will use the three metrics computed for each untested
(predicate, value) pair to determine an ordering on those pairs, which will be
reported to the programmer. One window will be used to display the program
itself, and another window will be used to display the sorted list of pairs (with
the values of the three metrics).

Experiments will be needed to determine the best way to compute the or-
dering (and, while a good default will be used, the programmer will also be
given the opportunity to define alternative ways of combining the metric values
to produce a sorted list). One reasonable possibility is to sort the pairs using
the Ease-of-Execution metric as the primary key (sorting from low to high), the
Must-Execute-Set metric as the secondary key (sorting from high to low), and
the Improved-Ease-Set metric as the third key (sorting from high to low). The
intuition is that predicates with low Ease-of-Execution metrics represent “low-
hanging fruit”; i.e., it will be relatively easy for the programmer to figure out
how to force those predicates to execute. By providing the two “benefit” metrics
as well, the programmer can avoid wasting time focusing on those “easy” pred-
icates that are unprofitable because their execution is not likely to cause very
many untested components to execute.

Example: The information that would be provided to the programmer using
this approach is shown in Figure [. O
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Ease-of- Must- Improved-
Predicate Value|Execution|Execute-Set| Ease-Set
Metric Metric Metric

1: if (printOption == AV_HOURS) | false 0 1 10
2: if (printOption == WEEKS_PAY)| {rue 1 3 16
false 1 2 0
3: if (jobCode == SALARIED) true 2 3 3
false 2 2 19
4: if (hours > 40) true 3 5 3
false 3 3 0
5: if (hours > 60) true 3 2 0
false 3 1 0

Fig. 7. The untested (predicate, value) pairs for the example program, sorted using
the Ease-of-Execution metric as the primary key (sorted from low to high), the Must-
Execute-Set metric as the secondary key (sorted from high to low), and the Improved-
Ease-Set metric as the third key (sorted from high to low). The values of the three
metrics are also shown.

The tool will also provide a way for the programmer to see the components
that have contributed to the values of the three metrics: When the programmer
chooses one of the predicate-value pairs (P, v) — by clicking on that line in the
table — the tool will change the display of the program as follows:

— The text of the program is scrolled if necessary, so that the selected predicate
is visible on the screen.

— The “relevant” predicates for P are displayed using red font. (If those predi-
cates are not visible on the screen, a separate window is used to display the
names of the files and procedures that contain relevant predicates.) Click-
ing on a relevant predicate causes the display of the value to which it must
execute in order to follow the path to P.

— The components that are (interprocedurally) v-control-dependent on P are
displayed using green font (again, a separate window is used to indicate
where to find those components that are not on-screen).

— The components whose Ease-of-Execution metrics would decrease if P eval-
uates to v are displayed using blue font.

5 Help with Forcing the Execution of Predicate P

Once the programmer has selected a predicate-value pair (P, v) on which to
focus, the next task is to consider what input values will cause P to execute and
to evaluate to v. Our tool, which has access to the program’s control and flow
dependences can help in several ways.
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5.1 The Reduced CFG

First, the tool can use the same information that was used to compute P’s Ease-
of-Execution metric to compute a reduced control-flow graph. Recall that the
Ease-of-Execution metric was based on finding the shortest path in the control-
dependence graph from an already-executed component C to P. Initially, the
reduced control-flow graph includes only the paths that start from the begin-
ning of the program, go through C, then reach P via a path in the CFG that
corresponds to the control-dependence-graph path from C to P. The control and
flow dependences induced by this reduced CFG are then computed and used
to find all of the statements that involve computations that might affect which
path is actually followed at runtime (i.e., the statements in the backward inter-
procedural slice from P [9])@ Irrelevant statements (those not in the slice) are
removed, further reducing the size of the reduced CFG. The input statements in
the reduced CFG are highlighted, using different colors for the ones that are rel-
evant, and the ones that are irrelevant (an input statement is irrelevant if some
input must be provided at that point, but the actual value can be arbitrary).
Finally, the tool allows the user to “walk back” along the flow dependence edges
in the reduced control-flow graph, to help illustrate the flow of values.
Ezample: Suppose that the programmer has decided to concentrate on forc-
ing predicate 5 to evaluate to true (this is an unlikely choice, but is good for
illustrative purposes). The Ease-of-Execution metric for predicate 5 was based
on a control-dependence-graph path starting at (already executed) predicate 1.
There is only one path in the CFG from the beginning of the program to predi-
cate 1: nodes (1), (2), and (3). The control-dependence path from predicate 1 to
predicate 5 goes via predicates 2 and 3. There is only one CFG path that cor-
responds to this control-dependence-graph path; that CFG path includes nodes
(3), (6), (7), (8), and (20). Thus, the initial reduced CFG would contain just
seven nodes: (1), (2), (3), (6), (7), (8), and (20). Since the statement at node
(8), pay = 40 * hourlyRate, has no direct or transitive effect on any of the
predicates, that node would also be eliminated. The code that corresponds to
the final reduced control-flow graph is shown in Figure B. Each predicate is an-
notated with the value to which it must evaluate in order to reach predicate
5; boxes are used to indicate the relevant inputs, and underlining is used to
indicate the (single) irrelevant input. If the programmer asks to see the source
of the value of variable hours used in predicate 5, the tool would display the
input of that variable at line (1). Similarly, the programmer could ask to see
the sources of the values of the variables used at the other relevant predicates.
In this example, the information provided by the tool would quickly lead the
programmer to understand that using SALARIED as the first input (for variable
jobCode), an arbitrary value as the second input (for variable hourlyRate), a
value greater than 60 for the third input (for variable hours), and WEEKS_PAY for

! We assume that input statements are chained together by control dependences as
described in [3] so that every input statement in the reduced CFG is in the slice
from P.
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the final input (for variable printOption) would cause predicate 5 to evaluate
to true. O

(1) read( obCDdel hour | yRat e, |hours);
(2) read(jprintOpti orj);

(3) if (printOption == AV_HOURS) { /* pred 1: must be FALSE */
(5)

(6) else if (printOption == WEEKS_PAY) { /* pred 2: must be TRUE */
(7) if (jobCode == SALARI ED) ({ /* pred 3: must be TRUE */
(9) }

(20) if (hours > 60) { /* pred 5*/

Fig. 8. The reduced version of the example program that is relevant to forcing predi-
cate 5 to evaluate to true. The relevant inputs are indicated using boxes and the one
irrelevant input is underlined.

5.2 Forbidden Predicate-Value Pairs

As discussed in Section B], there may be multiple paths in the control-flow graph
(and in the control-dependence graph) to a given predicate P. One example,
caused by the use of a goto, was given in Section 3.1l However, non-structured
code is not the only cause; for example, a predicate in a procedure that is called
from multiple call sites will be reachable via multiple paths. While it is reasonable
to start by considering the control-dependence path with the fewest predicates,
the programmer may prefer to consider other paths as well. For example, the
path used to compute the Ease-of-Execution metric for (P, v) might include a
predicate-value pair (pred, val) such that the programmer cannot easily figure
out how to force pred to evaluate to val. In this case, the programmer may wish
to see a different reduced CFG that does not involve this problem pair. To permit
this, our tool will allow the programmer to specify a set of prohibited predicate-
value pairs; the tool will first find the best path in the control-dependence graph
to P that does not include any prohibited pairs, and will then produce the
corresponding reduced CFG. Computing the new path can be implemented easily
and efficiently by using breadth-first search in the control-dependence graph from
which edges that correspond to the forbidden pairs have been removed.

Ezxample: Assume that the programmer has chosen to force predicate 5 to
evaluate to true, but specifies that (predicate 3, true) is forbidden. The re-
computation of the control-dependence-graph path would produce: (predicate
1, false)(predicate 2, true)(predicate 3, false)(predicate 4, true), because that is
the shortest path in the control-dependence graph from predicate 1 to predicate
5 that does not include the forbidden predicate-value pair. The code that corre-
sponds to the (final) reduced CFG that would be produced in this case is shown
in Figure[@ O
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read(, hour | yRat e,) ;

(1)
(2) read(printOption);
(3)

if (printOption == AV_HOURS) { /* pred 1: must be FALSE */
(5 1}
(6) else if (printOption == WEEKS PAY) { /* pred 2: must be TRUE */
(7) if (jobCode == SALARI ED) { /* pred 3: must be FALSE */
(9) }
(10) else { if (hours > 40) { /* pred 4: must be TRUE */
(14) }
(19) }
(20) if (hours > 60) { /* pred 5*/

Fig. 9. The reduced version of the example program that is relevant to forcing pred-
icate 5 to evaluate to true, given that the pair (predicate 3, true) is forbidden. The
relevant inputs are indicated using boxes and the one irrelevant input is underlined.

6 Summary, Current Status, and Future Work

Testing is one of the most difficult aspects of software engineering. In practice,
testers use tools that tell them what percentage of their code is covered by a
given test suite, and their goal is to reach some level of coverage (typically some-
thing like 85%). While existing tools track code coverage, they do not provide
help with the vital problem of how to increase coverage. We have proposed the
design of a tool that does address this problem. The tool uses information about
the program’s control dependences to help the programmer to select (predicate,
value) pairs such that it will not be too difficult to find an input that causes the
selected predicate to evaluate to the chosen value, and such that forcing that
evaluation will make good progress toward increasing code coverage. The tool
then uses both control and flow dependences to help the programmer choose an
input that will cause the selected predicate to execute, and to evaluate to the
chosen value.

We have implemented an initial prototype of the tool using GrammaTech’s
CodeSurfer system [8]. CodeSurfer is an ideal platform on which to build since
it provides many of the facilities needed to support our proposed tool:

— CodeSurfer processes C programs, computing their control and flow depen-
dences.

It provides an API that gives access to the program’s CFG, control-
dependence, and flow-dependence edges.

It can import the program-coverage data gathered by PureCoverage [14],
mapping per-line coverage information to per-CFG-node information.

— It provides high-level operations such as program slicing and chopping.

Future work includes completing the implementation of the tool and evalu-
ating how well it works in practice, as well as investigating other uses for control
and flow dependences in the context of testing. For example:
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How well does the Ease-of-Execution metric predict the actual effort required
to force a given predicate to evaluate to a given value?

How effective is the use of the reduced CFG in helping the programmer to
write a test input that forces the chosen predicate to execute and to evaluate
to the chosen value?

Can control and flow dependences help with the problem of how to reuse
existing test inputs when writing new ones?

Can control and flow dependences help with the problem of automatic test-
input generation?
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Abstract. An optimizing compiler can play an important role in en-
hancing data locality in array-intensive applications with regular data
access patterns. This paper presents a compiler-based data space ori-
ented tiling approach (DST). In this strategy, the data space (i.e., the
array index space) is logically divided into chunks (called data tiles) and
each data tile is processed in turn. In processing a data tile, our approach
traverses the entire iteration space of all nests in the code and executes
all iterations (potentially coming from different nests) that access the
data tile being processed. In doing so, it also takes data dependences
into account. Since a data space is common across all nests that access
it, DST can potentially achieve better results than traditional tiling by
exploiting inter-nest data locality. This paper also shows how data space
oriented tiling can be used for improving the performance of software-
managed scratch pad memories.

1 Introduction

TIteration space tiling (also called loop blocking) [O[1] is a loop-oriented opti-
mization aiming at improving data locality. The idea behind tiling is to divide a
given iteration space into chunks such that the data elements accessed by a given
chunk fit in the available cache memory capacity. Previously-published work it-
eration space tiling reports significant improvements in cache miss rates and
program execution times. Compilers use iteration space tiling mainly to create
the blocked version of a given nested loop automatically. Note that, in general,
it is difficult to guarantee that the array elements accessed by a given iteration
space tile will fit in the cache. This problem occurs because tile shapes and tiling
style are decided based on loop behavior rather than the data elements accessed.
In particular, most of the current approaches to tiling do not consider the shape
of the data regions (from different arrays) touched by an iteration space tile.

In this paper, we discuss and evaluate data space oriented tiling (DST), a
variant of classical iteration space oriented tiling, to achieve better data locality
than classical tiling. Instead of tiling iteration space first, and then considering
data space requirements of the resulting tiles (data regions) in data space, DST
takes a data space oriented approach. Specifically, it first logically divides data
space into tiles (called data space tiles or data tiles for short), and then processes

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 178-{I393] 2002.
(© Springer-Verlag Berlin Heidelberg 2002



Data Space Oriented Tiling 179

each data tile in sequence. Processing a data tile involves determining the set
of loop iterations that access the elements in that data tile and executing these
iterations taking into account data dependences. Since it starts its analysis from
data space, DST has two main advantages over iteration space tiling:

— Since data space of a given array is shared across all nests that access the
corresponding array, DST has a more global view of the program-wide access
pattern (than iteration space tiling). This is especially true if one can come
up with strategies to summarize access patterns of multiple nests on a given
array.

— Working on data space allows compiler to take layout constraints into ac-
count better. For instance, in selecting a data tile shape, in addition to other
parameters, the compiler can also consider memory layout of the array in
question.

This paper describes a data space oriented tiling approach and presents a
strategy for determining data tile shapes and sizes automatically. It also shows
how DST can be used in conjunction with a scratch pad memory (SPM).

The remainder of this paper is organized as follows. Section [2] revises classi-
cal iteration space tiling and discusses how it improves data locality. Section ]
presents description of data space oriented tiling, focusing in particular on issues
such as selection of data tile shapes, traversing iteration space, and handling data
dependences. Section H] discusses an application of DST to optimizing the effec-
tiveness of scratch pad memories, which are compiler-managed on-chip SRAMs.
Section Bl concludes the paper with a summary of our major contributions.

2 Review of Iteration Space Tiling

An important technique used to improve cache performance (data locality) by
making better use of cache lines is iteration space tiling (also called loop blocking)
[1I2]9]. In tiling, data structures that are too big to fit in the cache are (logically)
broken up into smaller pieces that will fit in the cache. In other words, instead of
operating on entire columns or rows of a given array, tiling enables operations on
multi-dimensional sections of arrays at one time. The objective here is to keep
the active sections of the arrays in faster levels of memory hierarchy (e.g., data
caches) as long as possible so that when a data item (array element) is reused,
it can be accessed from the faster memory instead of the slower memory.

For an illustration of tiling, consider the matrix-multiply code given in Fig-
ure [{a). Let us assume that the layouts of all the arrays are row-major. It is
easy to see that, from the cache locality perspective, this loop nest may not
exhibit a very good performance (depending on the actual array sizes and cache
capacity). The reason is that, although array Us has temporal reuse in the inner-
most loop (the k loop) and successive iterations of this loop access consecutive
elements from array Uy (i.e., array Uy has spatial reuse in the innermost loop),
the successive accesses to array U; touch different rows of this array. Obviously,
this is not a good style of access for a row-major array. Using state-of-the-art
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optimizing compiler technology (e.g., [5]), we can derive the code shown in Fig-
ure [[{b), given the code in Figure [[[(a). In this optimized code, the array Uy has
temporal reuse in the innermost loop (the j loop now) and the arrays U; and
U, have spatial reuses, meaning that the successive iterations of the innermost
loop touch consecutive elements from both the arrays.

However, unless the faster memory in question is large enough to hold the
entire N x N array Uj, many elements of this array will probably be replaced
from the cache before they are reused in successive iterations of the outermost 4
loop. Instead of operating on individual array elements, tiling achieves reuse of
array sections by performing the calculations (in our case matrix multiplication)
on array sections (in our case sub-matrices). Figure [[{c) shows the tiled version
of Figuredl(b). This tiled version is from [I]. In the tiled code, the loops kk and
jj are called the tile loops, whereas the loops 7, k, and j are called the element
loops. Tt is important to choose the tile size (blocking factor) B such that all
the B2 + 2N B array items accessed by the element loops i, k, j should fit in
the faster memory (e.g., cache). In other words, the tiled version of the matrix-
multiply code operates on N x B sub-matrices of arrays Uy and Us, and a B x B
sub-matrix of array U; at one time. Assuming that the matrices in this example
are in main memory to begin with, ensuring that B? + 2N B array elements
can be kept in cache might be sufficient to obtain high levels of performance. In
practice, however, depending on the cache size, cache associativity, and absolute
array addresses in memory, cache conflicts can occur. Consequently, the tile size
B is set to a much smaller value than necessary [I].

for(i=1;i < Nii++)
for(j =15 < N;j++)
for(k =1,k < Nik ++)
Usli][j]4 = Uold][k] = Ur[K][5];

for(kk = 1;kk < N; kk = kk + B)
for(ji =1;j5 < N;jj =jj+ B)
for(i=1;i < N;i++)
for(k = kk; k < min(N,kk + B — 1);k + +)
for(j =jjsj < min(N,jj+ B —1);5++)
Us[i][jl+ = Uoli][k] = U1 [K][j];

(©)

Fig. 1. (a) Matrix-multiply nest. (b) Locality-optimized version. (¢) Tiled version.
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3 Description of Data Space Oriented Tiling

The traditional iteration space tiling tiles the iteration space taking into account
data dependences in the code. In such a tiling strategy, it is not guaranteed
that the array elements accessed by a given iteration space tile form a region
(which we can refer to as data tile) that exhibits locality. Also, since each nest
is tiled independently from other nests in the code, it may not be possible to
exploit potential data reuse between different nests due to common array regions
accessed.

In contrast, data space oriented tiling (DST) takes a different approach.
Instead of focussing on iteration space, it first considers data space (e.g., an
array). Specifically, it divides a given array into logical partitions (data tiles) and
processes each data tile in turn. In processing a data tile, it traverses the entire
iteration space of all nests in the code and executes all iterations (potentially
coming from different nests) that access the current data tile being processed. In
doing so, it takes data dependences into account. Note that since a data space
is common across all nests that access it, DST can potentially achieve better
results than traditional tiling by exploiting inter-nest locality. Note also that, as
opposed to tradition tiling, this data oriented tiling approach can also handle
imperfectly-nested loops easily as it is not restricted by the way the loops in the
nests are structured.

In [4], Kodukula et al. present a data oriented tiling strategy called data
shackling, which is similar to our approach in spirit. However, there are signifi-
cant differences between these two optimization strategies. First, the way that a
data tile shape is determined in [4] is experimental. Since they mainly focus on
linear algebra codes, they decided that using square (or rectilinear) tiles would
work well most of the time; that is, such tiles lead to legal (semantics-preserving)
access patterns. In comparison, we first summarize the access patterns of mul-
tiple nests on data space using data relation vectors, and then select a suitable
tile shape so as to minimize the communication volume. Second, their optimiza-
tion strategy considers only a single imperfectly-nested loop at a time, while we
attempt to optimize all the nests in the code simultaneously. Therefore, our ap-
proach is expected to exploit inter-nest data reuse better. Third, we also present
an automated strategy to handle data dependences. Instead, their work is more
oriented towards determining legality for a given data tile (using a polyhedral
tool). Finally, the application domains of these two techniques are also differ-
ent. The approach discussed in [] is specifically designed for optimizing cache
locality. As will be explained later in the paper, we instead mainly focus on
improving memory energy consumption of a scratch pad memory based archi-
tecture. Therefore, in our case, optimizing inter-nest reuse is more important.

To illustrate the difference between iteration space oriented tiling and data
space oriented tiling, we consider the scenario in Figure [2] where an array is
manipulated using three separate nests and there are no intra-nest or inter-nest
data dependences in the code. As shown on the upper-left portion of the figure,
the array is divided into two sections (regions): a and b. The iteration spaces
of the nests are divided into four regions. Each region is identified using letters
a or b to indicate the data region it accesses. Figure [2 also shows three possi-
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ble execution orders. In the execution order (I), the traditional tiling approach
is shown, assuming that the sections in the iteration space are processed from
left-to-right and top-to-bottom. We clearly see that there are frequent transi-
tions between a-blocks and b-blocks, which is not good from the data locality
perspective. The execution order (IT) illustrates a data oriented approach which
restricts its optimization scope to a single nest at a time (as in [4]). That is,
it handles nests one-by-one, and in processing a nest it clusters iterations that
access a given data region. Consequently, it does not incur transitions between
a-blocks and b-blocks in executing a given nest, a big advantage over the scheme
in (I). However, in going from one nest to another, it incurs transitions between
a-blocks and b-blocks. Finally, the execution order (IIT) represents our approach.
In this strategy, we process data regions one-by-one, and in processing a region,
we execute all iterations from all nests that access the said region. Therefore,
our approach first executes iterations (considering all nests) that access a-block,
and then executes all iterations that access b-blocks. Consequently, there is only
one transition between a-blocks and b-blocks. However, there are many issues
that need to be addressed. First, in some cases, inherent data dependences in the
program may not allow interleaving loop iterations from different nests. Second,
in general, a given code may contain multiple arrays that need to be taken into
account. Third, shape of the data regions might also have a significant impact on
the success of the strategy (in particular, when we have data dependences). Data
space oriented tiling is performed in two steps: (i) selecting an array (called the
seed array) and determining a suitable tile shape for that array, and (ii) iterating
through data tiles and for each tile executing all iterations (from all nests in the
code) that manipulate array elements in the data tile. In the remainder of this
paper, we address these issues in detail.

Data Space 1st Iteration Space 2nd Iteration Space 3rd Iteration Space

ajfb Em |E||E| Em
(o] [a] (o] [a] [a] [b]

O ] [&] (o] [a}—{e] [a] [&] [a]—[z] [&] [a] [&]
(W) ——{a] [a] [&] [e}—{e] [&] [a] (][] [] [&] [&]

(i G ofn aln
51 5] & [ [ @

Fig. 2. Comparison of iteration space oriented tiling and data space oriented tiling.

The loop iterators surrounding any statement can be represented as an n x 1
column vector: ¢ = [iy, g, -,in]T, where n is the number of enclosing loop
iterators. The loop bounds of the iterators can be described by a system of
inequalities which define the polyhedron A¢ < b where A is an | X n integer
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matrix and b is an [ vector. The integer values taken by ¢ define the iteration
space of the iterators.

The data storage of an array Uy can also be viewed as a (rectilinear) poly-
hedron. The index domain of array Uy can be described using index vectors:
a = [(Jbl,ag7 e 7adim(U0)]T7 where dim(Uy) refers to the dimensionality of Up.
The index vectors have a certain range which describe the size of the array, or
data space: prp < a < pyp, where the dim(Uy) x 1 vectors purp and pyp
correspond to lower and upper bounds of the array, respectively. In this paper,
we assume that prp = [1,1,---,1,1]; that is, the lowest index value in each
subscript position is 1.

The subscript function for a reference to array Uy represents a mapping
from iteration space to data space. An iteration vector i is said to access (or
reference) an array element indexed by a if there exists a subscript function (or
array reference) Ry, (.) such that Ry, (¢) = a. In our context, an array reference
can be written as an affine mapping that has the form Li + o, where L is
a dim(Up) x n matrix and o is a dim(Uy) x 1 vector. For example, an array
reference such as Upli — 1][i + j + 2] in a two-level nested loop (where i is the
outer loop and j is the inner loop) can be represented as

wio-sevo=[4] ]+ ]

where i = [i  j]” . When there is no confusion, we write Ry, € N to indicate
that the reference Ry, (.) appears in nest Ny.

3.1 Array Selection and Tile Shapes

The first step in DST is selecting a suitable array (called the seed array) from
among the arrays declared in the code and determining a suitable data tile shape
for this array. Once the shape of the tile has been determined, its sizes in different
dimensions can be found by scaling up its shape.

Let us assume for now that we have already selected a seed array, Uy. A data
tile corresponds to set of array elements in a data space (array). To define a
suitable data tile for a given seed array, we need to consider the access pattern
of each nest on the said array. For a given seed array Uy and a nest N, the seed
element of Uy with respect to nest N;, denoted sy, n,, is the lexicographically
smallest element of the array accessed by N;. Based on this definition, the global
seed element gy, for array Uy is the smallest array element accessed by all nests
in the code. In cases where there is not such a global seed, we select an element
which is accessed by most of the nests.

Using this global seed element, we determine a seed iteration for each nest
as follows. The seed iteration of nest IV; with respect to array Uy is an iteration
1sU,,N, that among the elements accessed by this iteration, gy, is the smallest
one in lexicographic sense. If there are multiple seed iterations (for a given nest),
we select the lexicographically smallest one. Then, we define the footprint of nest
N; with respect to array Uy (denoted Fy,, n,) as the set of elements accessed by
isU,,N,- More precisely, Fu, n, = {f | f = Ru, (isv,,n,) for all Ry, € N;}.

Let us define a set of vectors (Vy, n,), called data relation vectors, on the data
space of Uy using the elements in the footprint Fy, n,. Specifically, let Fy, n, =
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{f1,f2, -, fr}, where the elements in this set are ordered lexicographically,
f1 being the lexicographically smallest one. Each v; € V represents a vector
between f; and fy, where k > 4. In other words, by doing so, we define a set
of lexicographically positive vectors between all data point pairs in Fy,,n,. We
can write Vy, n, as a matrix [v1;v2;- - -;vL] . This matrix is termed as the local
data relation matrix.

The global data relation matrix of array Uy (denoted Gy,) is the combi-
nation of local data relation matrices coming from individual nests; that is,
Gu, = [Vue.N1; VUo,Nai -+ - Vue.Np), Where P is the number of nests in the code.
If desired, the (column) vectors in Gy, can be re-ordered according to their fre-
quency of occurrence. Our approach uses Gy, to define tile shapes on data space.
Specifically, we first find the vectors in Gy, and cover the entire data space (of
the array in question) using these vectors. The positions of these vectors on the
data space is used in selecting a data tile shape. Our objective in selecting a data
tile shape is to ensure that, when executing a group of iterations that access the
elements in a given data tile, the number of non-tile elements accessed should
be minimized as much as possible. Obviously, the shape of the data tile plays a
major role in determining the number of the non-tile elements accessed.

Array  Space lteration ~ Space
OO0O0OO0O0OO0O I Q0000000
OQO0O0OOO0O0OO OO0O0O0OO00O0O0
OO OO O OO000O00
OfOO;OOO OO0B 00000
[elle/[e)e) el eXe)e) O O [eJeoJeole)
0|0 OJOI0 OO OO [eJeoJeole)
0000000 OO [eJeoleole)
COPgOOVLOO OO (oJeoJoke)

Data lteration
Tile (U] Tile

Element

Fig. 3. Going from data tile to iteration tile and off-tile (non-tile) elements.

We next define communication volume as the number of non-tile elements
accessed during the execution of iterations that manipulate the elements in the
tile. It should be noted that, for a given data tile, the execution of each nest might
incur a non-zero communication volume. We then try to minimize the global
(over all nests) communication volume. It should also be noted that a non-tile
element access occurs due to a relation vector that crosses a tile boundary (i.e.,
one of its end-points are inside the tile whereas the other end-point lies outside
the tile). As an example, consider the iteration space and data space shown in
Figure Bl Considering the data tile on the left side of the figure, our approach
determines an iteration tile (on the iteration space). This activity is marked (I)
in the figure. The iterations in the iteration tile are the ones that access the array
elements in the data tile. We will make a more accurate definition of iteration
tile later in the paper. Next, the entire set of array elements accessed by this
iteration tile is determined. This step corresponds to (II) in the figure. These
array elements are delimited using a dashed box in the figure. The array elements
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that are within the dashed box but outside the data tile are called off-tile (or
non-tile) elements. The objective of our tile selection strategy is to minimize the
number of off-tile elements.

A given data tile can be defined using a set of hyperplanes. Specifically,
data tiles in an M-dimensional space can be defined by M families of parallel
hyperplanes (or planes), each of which is an (M — 1)-dimensional hyperplane.
Data tiles so defined are parallelepipeds (except for those near the boundary of
the data space) and each tile is an M-dimensional subset of the data space. Thus,
the shape of the tiles is defined by the families of planes and the size of the tiles is
defined by the distance of separation between adjacent pairs of parallel planes in
each of the M families. We can represent a given tile to array Uy using M vectors,
where the ith vector p; (1 <i < M) corresponds to the ith boundary of the tile.
These vectors can collectively be written as a matrix Py, = [p1;p2; - ;PM]-
Alternatively, a given data tile can be defined using another matrix, Hy,, each
row of which is perpendicular to a given tile boundary. It can be shown that
Hy, = PUO_I. Consequently, to define a data tile, we can either specify the
columns of Py, or the rows of Hy,.

We then try to select a tile shape such that the number of data relation
vectors intersected by tile boundaries will be minimum. As mentioned earlier,
each such vector (also referred to as the communication vector) represents two
elements, one of which is within the tile whereas the other is outside the tile.
Note that such vectors are the most important ones to concentrate on as the
vectors with both the ends are outside can be converted to either the com-
munication vectors or the vectors which are contained completely in the tile by
making the tile large enough. It should also be noted that using Hy, and Gy, , we
can represent the communication requirements in a concise manner. Specifically,
since data tiles are separated by tile boundaries (defined by Hy, ), a communica-
tion vector must cross the tile boundary between the tiles. A non-zero entry in
G'v, = Hy,Gu,, say the entry in (i, 5), implies that communication is incurred
due to the jth communication vector poking the ¢th tile boundary. The amount
of communication across a tile boundary, defined by the ith row of Hy,, is a
function of the sum of the entries in the ith row of Gy, .

Based on this, we can formulate the problem of finding tiling planes as that
of finding a transformation Hy, such that the communication volume (due to
communication vectors) will be minimum. Note that the communication volume

is proportional to:
M S M

Z Z Z hi iUk, 5 -
i=1 j=1 k=1
As an example, let us consider the code fragment given below, which consists
of two separate nests. Figure[4|(a) shows the local data relation vectors for each
nest as well as the global data relation vector (only the first 3 x 3 portion of
the array is shown for clarity). Figure @(b) shows how the global data relation
vectors can be used to cover the entire data space. This picture is then used
to select a suitable tile shape. It should be noted that the global data relation
matrix in this example is:
Gu, = |:(1) }:| .
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for(i=14i< N—1;i++)
for(G =15 < N—1j++)
{Uold]l4], Uoli + 1][j + 11}
for(i=13i < Nii++)
for(3=1j< N—-1j++)
{Uo[ill5), Uolil[j + 11}

Assuming a data tile capacity (size) of six elements, Figure @l c) shows three
alternative data tile shapes with their communication vectors. It should be noted
that each tile in this figure has a different communication volume. For example,
the data tile in (I) has a communication volume of 12, corresponding to six
in-coming edges and six out-going edges. The tile in (II), on the other hand,
has a communication volume of 14. Finally, the tile (III) has a communication
volume of 10. Consequently, for the best results, tile (IIT) should be selected.
In fact, it is easy to see that, in this example, if the dimension sizes of the
rectangular data tile (as in (I) and (IT)) are n (vertical) and m (horizontal),
then the communication volume is 4n + 2(m — 1). For the tile in (III), on the
other hand, the corresponding figure is 2(m +n). As an example, if n = m = 50,
the communication volume of the tile in (III) is 32% less than the one in (I).

To show how our approach derives the tile shown in (III) for the example
code fragment above, let us define Hyj, as:

| h11 R
Hu, = {hm h22] ’

Consequently,

hi1 h 01 hii +hiz h
g _ | P11 hao _ | Pt haz haa |
g'u, U0 9Us {hm hoo | |11 ha1 + hag hao

To minimize the communication volume, the sum of (the absolute values of)
the entries in this last matrix should be minimum. This is because, as we have
discussed above, each non-zero entry in G’y represents a communication along
one surface of the tile. In mathematical terms, we need to select hi1, hi2, ho1,
and h22 such that ‘hll + hlg‘ + |h12‘ + |h21 + h22| + ‘h22| should be minimized.
A possible set of values for minimizing this is h1; = 1, h1o = 0, ho; = —1, and
hos = 1, respectively, which gives us:

10
Hu, = [1 1}’

_ 10
Py, = Hy, 1:|:11]'

Recall that each column of the Py, matrix represents a boundary of data tile.
So, the Py, matrix above represents the data tile (IIT) illustrated in Figure H{c).
We next explain how a data tile is actually scaled up.

After selecting a data tile shape, it is scaled up in each dimension. In scal-
ing up a data tile, we consider the iterations that follow the seed iteration in
execution order. The left part of Figure [d{(d) shows the global data relation vec-
tors defined by the seed iteration and three other iterations that follows it. We

which, in turn, means
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Fig. 4. (a) Local and global data relation vectors. (b) Data space covered by global
data relation vectors. (¢) Three different data tile shapes with their communication
vectors. (d) Scaling up tile size based on array layout. (e) Tiling the entire data space.

can include as many iterations as possible as long as the maximum (allowable)
capacity of a data tile is not exceeded. As will be discussed later in the paper,
the maximum capacity of a data tile depends on the application at hand and
the memory architecture under consideration. The iterations that (follow the
seed iteration and) are included in determining the size of a tile constitute an
iteration tile. It should be noted, however, that we do not necessarily include the
iterations that immediately follow the seed. Instead, we can take into account
array layout and determine a suitable iteration tile such that the spatial locality
is exploited as much as possible. For example, as we can see on the left portion of
Figure Bl(d), for this example, progressing the relation vectors (that is, stretch-
ing the data tile) along the horizontal axis makes sense since the array layout
is row-major. If, however, the array layout was column-major, it would be more
beneficial to stretch the tile along the vertical exis as illustrated one the right
side of Figure Hld). Our current implementation takes the maximum capacity
of the tile and the array layout into account, and determines the iterations in
the iteration tile. Note that, for a given data tile, each nest may have a different
iteration tile.

As will be explained in detail in the next section, once a suitable data tile
(shape/size) has been selected, our approach considers data tiles one-by-one,
and for each data tile, executes iterations that access the array elements in
the tile. It should be noted, however, iterations that manipulate elements in a
given tile may also access elements from different arrays. Assuming that we have
tiles for these arrays as well, these accesses may also incur communication (i.e.,
accesses to non-tile elements). Consequently, just considering the seed array
and its communication volume may not be sufficient in obtaining an overall
satisfactory performance (that is, minimizing the communication volume due to
all arrays and all nets). It should also be noted that the selection of the seed
array is very important as it determines the execution order of loop iterations,
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how the iterations from different nests are interleaved, and tile shapes for other
arrays. Our current approach to the problem of selecting the most suitable seed
array is as follows. Since the number of arrays in a given code is small, we
consider each array in turn as the seed array and compute the size of the overall
communication set. Then, we select the array which leads to overall minimum
communication when used as the seed.

3.2 Traversing Iteration Space

In this subsection, we assume that there exists no data dependences in the code.
Once a seed array has been determined and a data tile shape/size has been
selected, our approach divides the array into tiles. The tiles are exact copies
of each other except maybe at the boundaires of the array space. It then re-
structures the code so that the (re-structured) code, when executing, reads each
data tile, executes loop iterations (possibly from different nests) that accesses its
elements, and moves to the next tile. Since, as explained in the previous section,
we are careful in selecting the most suitable tile shape, in executing iterations
for a given tile, the number of off-tile (non-tile) elements will be minimum.

However, we need to be precise in defining the iterations that manipulate
the elements in a given tile. This is because even iterations that are far apart
from each other can occasionally access the same element in a given tile. For this
purpose, we use the concept of the iteration tile given above. Let us focus on a
specific data tile of T elements:

DTUO = {017 az,---,ar-1i, CLT},
assuming that gy, = a; and Hy, is the corrsponding tile matrix. Let
ITyy,n, = {%1,42, -, ar—1,ar}

be the corresponding iteration tile for nest IV;, where 5y, N, = %1.

When DTy, is processed, the corresponding I'Ty, is determined. This I7T, in
turn, determines the data tiles for the other arrays in the code. This is depicted
in Figure [§, assuming that there are three arrays in the code and a single nest:
Uy (the seed array), Uy, and Us. We first determine the data tile for Uy (the
seed array). Then, using this data tile, we find the corresponding iteration tile.
After that, using this iteration tile, we determine data tiles for arrays U; and Us.
Once this iteration tile is executed, our approach processes the next tile from
Up and so on. If there exist multiple nests in the code being optimized, when we
process the data tile, we execute all iterations from the corresponding iteration
tiles of all nests. Let us number the tiles in a given data space (array) from 1 to
Y. Let us also denote DTy, (j) the jth data tile (from array Uy) and 1Ty, n,(5)
the corresponding iteration tile from nest IV;. We process data tiles and execute
corresponding iteration tiles in the following order (in Y steps):

DTy, (1) : ITye,n, (1), ITye N2 (1), -+, 1Ty N (1)
DTUO (2) : ITUO,Nl (2)’ [TU07N2 (2)7 T 7ITU0,NP (2)

DTUO (Y) : ITUO,Nl (Y)7 ITUO,NZ (Y)7 T 7ITU0,NP (Y)
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In other words, the iterations from different nests are interleaved. This is possible
as we assumed that no data dependence exists in the code. When there are
data dependences, however, the execution order of loop iterations is somewhat
restricted as discussed in the next section.

OQOOOOOOO Iteration
OOO0OOOOO Space
QOOOO0O00O0O
QOOOO0O00O0O
QOOOO0O00O0
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Iteration 88888888 Array Uy
Tile 00000000
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Fig. 5. Determining data tiles of non-seed arrays using the iteration tile defined by
the data tile of the seed array.

3.3 Handling Data Dependences

As mentioned earlier, ideally, we would like to execute loop iterations as follows.
We consider data tiles from the array one-by-one, and for each data tile, we
execute all loop iterations (and only those iterations) that access array elements
in the tile. However, if the communication volume of data tile is not zero, this
ideal execution pattern would not happen. This is because, in executing some
iterations, we might need to access elements from other tiles as well. Obviously,
if we are able to select a good data tile (using the strategy explained earlier), the
number of such non-tile accesses will be minimized. Note that, even in a loop
without data dependences, we can experience non-tile accesses. However, when
data dependences exist in the code, we can expect that such off-tile accesses
will be more as the iterations that access the elements in the current tile might
involve in data dependence relationships with other iterations.

For the sake of presentation, let us assume that there are two nests in the
code (N; and Nz) and a single array (Up). Assume that DTy, (1) is a data
tile for array Uy and let ITy, n,(1) and ITy, n,(1) be the corresponding it-
eration tiles for nests N; and N,. Assume further that IT"y, n,(1) is the set
of iterations (in N7) other than those in ITy, n,(1). Note that 1Ty, n, (1) and
IT'y, N, (1) are disjoint and their union gives the iteration space of nest Nj.
We can define a similar IT", n,(1) set for nest Ny. Consider now the iteration
sets ITy, ny (1), IT vy, ny (1), Ty, N, (1), and IT"y, n, (1) shown in FigureGl(a).
If there are no data dependences in the code, when processing DTy, (1), we
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can execute ITy, n, (1) followed by ITy, n,(1). Note that this corresponds to
the ideal case as these two iteration sets, namely, Ty, n, (1) and ITy, n,(1),
access the same data tile, so executing them one after another (without an in-
tervening iteration from 17"y, v, (1) or IT"y, n,(1)) represents the best possible
scenario. Note also that even if there are data dependences between iterations
in ITy, n,(1) (and/or between iterations in I7Ty, n,(1)) but not across itera-
tions of different sets, we can still execute ITy, n,(1) followed by ITy, n,(1),
provided that we execute iterations in [Ty, n, (1) (and also in ITy, n,(1)) in
their original execution order. This execution order is also valid if there are de-
pendences from ITy, n, (1) (resp. [Ty, n, (1)) to IT y, n, (1) (resp. IT y, N, (1))
only. These cases are superimposed in Figure [6(b). Once all the iterations in
ITy, n, (1) and ITy, n,(1) have been executed, we can proceed with DTy, (2).
The dashed arrow in Figure Bl(b) represents the execution order of these sets.

Suppose now that there exists a dependence from an iteration i’ € IT"y, n, (1)
to an iteration ¢ € ITy, n,(1) as shown in Figure [0(c). Assume further that
there exists a dependence from an iteration @’ € IT'y, n,(1) to an iteration
1 € ITy, N, (1). In this case, it is not possible to execute ITy, n, (1) followed by
ITy, N, (1) as doing so would modify the original semantics of the code (i.e., vi-
olate data dependences). To handle this case, our approach breaks IT'y, n, (1)
into two groups, IT'y, v, (1la) and IT'y, n,(1b), such that there is a depen-
dence from IT"y, n, (1a) to ITy,, n, (1), but not from IT"y, n, (10) to 1Ty, n, (1).
This situation is depicted in Figure Bl(d). Note that in the degenerate case
one of IT'y, n,(1la) and IT 'y, n,(1b) can be empty. Similarly, we also divide
IT'y, N, (1) into two groups: IT'y, n,(1la) and IT'y, n,(1b). Then, a suitable
order of execution (during processing DTy, (1)) is IT vy, n, (1a), IT y, Ny (1a),
ITy, ny (1), ITy, n,(1), which is also illustrated in Figure B(d). It should be
noticed that, in this scenario, although we need to execute sets IT'y, n, (1a),
IT'y, N, (1a) before ITy, n, (1), ITy, n,(1), we are still able to execute 1Ty, n, (1)
and ITy, n,(1) one after another, which is good from the locality viewpoint.

Let us now consider the scenario in Figure Bl e) that indicates data dependences
from ITy, n, (1) and ITy, n, (1) to ITy, N, (1) and IT"y, N, (1). To handle this
case, we break IT"y, n, (1) into two subsets, IT"y, n, (1a) and ITy, n, (1b), such
that there are no dependences from the set IT'y, v, (1b) to the set IT y, n,(1).
Then, the preferred execution order is shown Figure[6l(f).

4 Application of Data Space Oriented Tiling

There are several applications of data space oriented tiling. One of these is
improving cache locality in array-dominated applications. Since DST captures
data accesses in a global (procedure-wide) manner, it has better potential for
improving cache locality compared to conventional iteration space oriented tiling.
In this section, however, we focus on a similar yet different application area: using
data space oriented tiling for exploiting an on-chip scratch pad memory (SPM).

Scratch pad memories (SPMs) are alternatives to conventional cache mem-
ories in embedded computing world [7I8]. These small on-chip memories, like
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Fig. 6. Different iteration sets and dependences between them. Note that a solid arrow
denotes a data dependence, whereas a dashed arrow denotes a legal execution order.

caches, provide fast and low-power access to data and instructions; but, they
differ from conventional data caches in that their contents are managed by soft-
ware instead of hardware. Since the software is in full control of what the contents
of the SPM will be at a given time, it is easy to predict memory access times in
an SPM-based system, a desired property for real-time embedded systems. Since
there is a large difference between access latencies and energy consumptions of
these memories, it is important to satisfy as many data requests as possible from
SPM. Our compiler-based approach to SPM management determines the con-
tents of the SPM (at every program point) and schedules all data movements
between the SPM and off-chip data memory at compile-time. The actual data
movements (between SPM and off-chip data memory), however, take place at
run-time. In other words, we divide the task of exploiting the software-controlled
SPM between compiler and run-time (hardware). It should also be mentioned
that in order to benefit from an SPM, the energy (and performance) gains ob-
tained through optimized locality should not be offset by the runtime overheads
(e.g., explicit data copies between SPM and off-chip memory). That is, a data
item (array element) should be moved to the SPM only if it is likely that it will
be accessed from the SPM large number of times (that is, if it exhibits high data
reuse).

Our approach works as follows. It first optimizes the code using DST as
explained above. It then reads data tiles from off-chip data memory to SPM
and executes all iterations that manipulate the data in the SPM. When these
iterations are finished, a new set of data tiles are brought into SPM and the
corresponding loop iterations are executed, and so on. It should be noted that
if, during its stay in the SPM, the data tile has been modified (through a write
command) it should be written back to the off-chip memory when it needs to be
replaced by another data tile. Figure [7] gives a sketch of the SPM optimization
algorithm based on data space oriented tiling. To keep the presentation clear, we
assume that all arrays are of the same size and dimensionality, and all arrays are
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accessed in each nest. After determining the seed array and the most suitable
tile shape from the viewpoint of communication volume, the first loop in this
figure iterates over data tiles. In each iteration, we read the corresponding data
tiles from the off-chip memory to the SPM. Then, the second loop nest deter-
mines the corresponding iteration tiles from all nests and also computes the set
of iterations (Z') that should be executed before these iterations (due to data
dependences). The compiler then generates code to execute these iterations and
updates the iteration sets by eliminating the already executed iterations from
further consideration. It should be noted that this is a highly-simplified presen-
tation. In general, the iterations in 7" and Ty, n, (i) might be dependent on
each other. In executing the iterations in a given set, we stick to the original ex-
ecution order (not to violate any dependences). After that, it checks whether the
data tiles have been updated while they are in the SPM. If so, they need to be
written back to the main memory. This concludes an iteration of the outermost
for-loop in Figure[7

INPUT: a set of nests N;, 1 < j < P accessing K arrays
Z;: the iteration set of the jth nest

ALGORITHM:
determine the seed array Up and data tile shape;
for each data tile 7, 1 < <Y
generate code to read DTy, (i), DTy, (), -, DTug (7)
from main memory;
Tres = 0;
for each nest N;j, 1 < j < P
Trem =Tk, 1< k<
determine ITy,, N, (i) and IT’UO,N]. (2);
determine Z’ C Z,em such that:
(i) there is a dependence from Z’ to ITy,, N (2)
(ii) there is no dependence from (Z,em — Z”)
to ITugy, N, (7)
Tres = Ires (JZ';
endfor;
for each nest N;j, 1< j < P
generate code to execute iterations in Z’
(if they have not been executed so far);
generate code to execute iterations in ITUO,NJ. (2)
(if they have not been executed so far);
endfor;
update Zp, 1 < k< j
for each Uj, 1 < I < K
if DTy, (i) is modified, then write it back
to main memory;
endfor;
endfor;

Fig. 7. An SPM optimization algorithm based on DST.
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Conclusions

This paper presents a compiler-based strategy for optimizing data accesses in
regular array-dominated applications. Our approach, called data space oriented
tiling, is a variant of classical iteration space tiling. It improves over the latter
by working with better data tile shapes and by exploiting inter-nest data reuse.
This paper also shows how data space oriented tiling can be used to improve the
effectiveness of a scratch pad memory.
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Abstract. We introduce a concrete semantics for floating-point oper-
ations which describes the propagation of roundoff errors throughout a
computation. This semantics is used to assert the correctness of an ab-
stract interpretation which can be straightforwardly derived from it.

In our model, every elementary operation introduces a new first order er-
ror term, which is later combined with other error terms, yielding higher
order error terms. The semantics is parameterized by the maximal order
of error to be examined and verifies whether higher order errors actu-
ally are negligible. We consider also coarser semantics computing the
contribution, to the final error, of the errors due to some intermediate
computations.

Keywords: Numerical Precision, Abstract Interpretation, Floating-point
Arithmetic, IEEE Standard 754.

1 Introduction

Often, the results of numerical programs are accepted with suspicion because of
the approximate numbers used during the computations. In addition, it is often
hard for a programmer to understand how precise a result is, or to understand
the nature of the imprecision [G/T3]. In this article, we present the theoretical
basis of an abstract interpreter which estimates the accuracy of a numerical
result and which detects the elementary operations that introduce the most
imprecision. The implementation of this tool is described in [9]. Compared with
other approaches, we do not attempt to compute a better estimation of what a
particular execution of a numerical program would return if the computer were
using real number. Instead, we statically point out the places in the code which
possibly introduce significant errors for a large set of executions.

From our knowledge, the propagation of roundoff errors and the introduction
of new errors at each stage of a computation is a phenomenon which has almost
never been studied in a semantics framework. Some dynamic stochastic methods
have been proposed but they cannot guarantee the correctness of the estimation

* This work was supported by the RTD project IST-1999-20527 “DAEDALUS” of the
European FP5 programme.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 194-208] 2002.
(© Springer-Verlag Berlin Heidelberg 2002



Propagation of Roundoff Errors in Finite Precision Computations 195

in all cases [2ITTIT6IT7]. Recently, Eric Goubault has proposed a static analysis
based on abstract interpretation [3] which can compute the contribution of each
first order error, due to the inaccuracy of one floating-point operation, to the final
error associated with a result [7]. This new approach differs from the existing
ones in that it not only attempts to estimate the accuracy of a result, but also
provides indications on the source of the imprecision. It also differs from much
other work in that it models the propagation of errors on initial data (sensitivity
analysis) as well as the propagation of roundoff errors due to the intermediate
floating-point computations (this can dominate the global error in some cases).

We develop a general concrete semantics S£° for floating-point operations
which explains the propagation of roundoff errors during a computation. Ele-
mentary operations introduce new first order error terms which, once combined,
yield higher order error terms. S models the roundoff error propagation in
finite precision computations for error terms of any order and is based on IEEE
Standard 754 for floating-point numbers [12]. By modelling the propagation of
errors in the general case, S~ contributes to the general understanding of this
problem and provide a theoretical basis for many static analyses. In particular,
SE” can be straightforwardly adapted to define abstract interpretations gener-
alizing the one of [7].

Next we propose some approximations of S£°. We show that for any integer
n, S£” can be approximated by another semantics S£” which only computes the
contribution to the global error of the error terms of order at most n, as well
as the residual error, i.e. the global error due to the error terms of order higher
than n. Approximations are proven correct by means of Galois connections. For
example, Se computes the contribution to the global error of the first order
errors. In addition, in contrast to [7], SE" does verifie that the contribution to
the global error of the error terms of order greater than one is negligible. Finally,
we introduce coarser semantics which compute the contribution, to the global
error in the result of a computation, of the errors introduced by some pieces of
code in the program. These semantics provide less information than the most
general ones but use non-standard values of smaller size. In practice, this allows
the user to first detect which functions of a program introduce most errors and,
next, to examine in more detail which part of an imprecise function increases the
error [9]. We introduce a partial order relation C on the set of the partitions of
the program points and we show that, for two partitions 71 C Jo, the semantics
based on J; approximates the semantics based on J5.

Section [2] gives an overview of the techniques developed in this article and
Section [3 briefly describes some aspects of IEEE Standard 754. In Section ] and
Section [B] we introduce the semantics detailing the contribution, to the global
error, of the error terms of any order and of order at most n, respectively. In
Section [6] we introduce a coarser semantics which computes the contribution of
the error introduced in pieces of code partitioning the program. We show that
the semantics based on certain partitions are comparable. Section [7] concludes.
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2 Overview

In this section, we illustrate how the propagation of roundoff errors is treated
in our model using as an example a simple computation involving two values
ar = 621.3 and by = 1.287. For the sake of simplicity, we assume that ar and bp
belong to a simplified set of floating-point numbers composed of a mantissa of
four digits written in base 10. We assume that initial errors are attached to ag
and by, and we write a = 621.3+0.05¢; and b = 1.28740.0005&5 to indicate that
the value of the initial error on ap (resp. br) is 0.05 (resp. 0.0005). €1 and &3 are
formal variables related to static program points. a and b are called floating-point
numbers with errors. Let us focus on the product ar x by whose exact result is
ar X bp = 799.6131. This computation carried out with floating-point numbers
with errors yields a x b = 799.6131 4 0.06435e1 + 0.31065&2 + 0.000025¢1 X €5
The difference between ay X br and 621.35 x 1.2875 is 0.375025 and this error
stems from the fact that the initial error on a (resp. b) was multiplied by b (resp.
a) and that a second order error corresponding to the multiplication of both
errors was introduced. So, at the end of the computation, the contribution to
the global error of the initial error on a (resp. b) is 0.06435 (resp. 0.31065) and
corresponds to the coefficient attached to the formal variable e; (resp. €2). The
contribution of the second order error due to the initial errors on both a and b
is given by the term 0.000025e; x €2 which we will write as 0.000025&12 in the
following. Finally, the number 799.6131 has too many digits to be representable
in our floating-point number system. Since IEEE Standard 754 ensures that
elementary operations are correctly rounded, we may claim that the floating-
point number computed by our machine is 799.6 and that a new error term
0.0131ey is introduced by the multiplication. To sum up, we have

a %X b="799.6 + 0.06435¢; + 0.31065€2 + 0.000025&12 + 0.0131e

At first sight, one could believe that the precision of the computation mainly
depends on the initial error on a since it is 100 times larger than the one on b.
However the above result indicates that the final error is mainly due to the initial
error on b. Hence, to improve the precision of the final result, one should first
try to increase the precision on b (whenever possible). Note that, as illustrated
by the above example and in contrast to most of existing methods [T4/16], we
do not attempt to compute a better approximation of the real number that the
program would output if the computer were using real numbers. Since we are
interested in detecting the errors possibly introduced by floating-point numbers,
we always work with the floating-point numbers used by the machine and we
compute the errors attached to them.

3 Preliminary Definitions

3.1 IEEE Standard 754

IEEE Standard 754 was introduced in 1985 to harmonize the representation of
floating-point numbers as well as the behavior of the elementary floating-point
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operations [6[I2]. This standard is now implemented in almost all modern pro-
cessors and, consequently, it provides a precise semantics, used as a basis in this
article, for the basic operations occurring in high-level programming languages.
First of all, a floating-point number x in base (3 is defined by

x:s'(do'dl"'dp—l)'ﬁe:s-m.ﬁE—p—H

where s € {—1,1} is the sign, m = dod; .. .dp—1 is the mantissa with digits 0 <
d; < B,0<1i<p—1, pis the precision and e is the exponent, €,,in < € < €maz-
A floating-point number z is normalized whenever dy # 0. Normalization avoids
multiple representations of the same number. IEEE Standard 754 specifies a
few values for p, €pmin and en,q;. Simple precision numbers are defined by 3 = 2,
p =23, emin = —126 and e,,4, = +127; Double precision numbers are defined by
08=2,p=>52, emmin = —1022 and e, = +1023. § = 2 is the only allowed basis
but slight variants also are defined by IEEE Standard 854 which, for instances,
allows 0 = 2 or 8 = 10. IEEE Standard 754, also introduces denormalized
numbers which are floating-point numbers withdp =d; = ... =dy =0,k < p—1
and e = e, Denormalized numbers make underflow gradual [0]. Finally, the
following special values also are defined:

— NAN (Not a Number) resulting from an illegal operation,
— the values +o00 corresponding to overflows,
— the values +0 and —0 (signed zero).

We do not consider the extended simple and extended double formats, also
defined by IEEE Standard 754, whose implementations are machine-dependent.
In the rest of this paper, the notation F indifferently refers to the set of simple
or double precision numbers, since our assumptions conform to both types. R
denotes the set of real numbers.

IEEE 754 Standard defines four rounding modes for elementary operations
between floating-point numbers. These modes are towards —oo, towards +oo,
towards zero and to the nearest. We write them o_,, 04, 09 and o. re-
spectively. Let R denote the set of real numbers and let T, : R — T be the
function which returns the roundoff of a real number following the rounding
mode o € {o_ s, 0400, 00,0~ }. IEEE standard 754 specifies the behavior of the
elementary operations ¢ € {4+, —, X, +} between floating-point numbers by

f10r0 f2 =10 (f1 Or f2) (1)

IEEE Standard 754 also specifies how the square root function must be
rounded in a similar way to Equation () but does not specify, for theoretical
reasons [15], the roundoff of transcendental functions like sin, log, etc.

In this article, we also use the function |,: R — R which returns the error w
due to using T, (r) instead of f. We have |, (r) = r— 1o (7).

Let us remark that the elementary operations are total functions on F, i.e.
that the result of operations involving special values are specified. For instance,

2 Remark that 0 is neither a normalized nor denormalized number.
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1+ 400 =0, 400 x 0 = NAN, etc. [6/10]. However, for the sake of simplicity,
we do not consider these special values, assuming that any operation has correct
operands and does not return an overflow or a NaN.

3.2 Standard Semantics

To study the propagation of errors along a sequence of computations, we consider
arithmetic expressions annotated by static labels ¢, ¢1, {5, etc. and generated by
the grammar of Equation (2J).

ot = ol alt el <l s F G @

r denotes a value in the domain of floating-point numbers with errors and F'
denotes a transcendental function /> sin, ete. For any term generated by the
above grammar, a unique label is attached to each sub-expression. These labels,
which correspond to the nodes of the syntactic tree, are used to identify the
errors introduced during a computation by an initial datum or a given operator.
For instance, in the expression ré“ +¢ rfl the initial errors corresponding to ro and
r1 are attached to the formal variables g/, and €, and the new error introduced
by the addition during the computation is attached to ey.

In the remainder of this article, the set of all the labels occurring in a pro-
gram is denoted £. We use the small step operational semantics defined by the
reduction rules below, where ¢ € {+, —, x, +}. These rules correspond to a
left to right evaluation strategy of the expressions.

ago N agz a‘fl N a?
aéo g afl N a§2 Ot afl ,rgo of a€1 N ,rgo of a§2

r=r O ry al> — b r=F*ro)
WOl it Flay) - Flay) Py ot

In the following, we introduce various domains for the values r and we specify
various implementations of the operators ¢. We only deal with arithmetic ex-
pressions because the semantics of the rest of the language (which is detailed in
[8]) presents little interest. The only particularity concerns loops and condition-
als, when the result of a comparison between floating-point numbers differs from
the same comparison in R. In this case, the semantics in F and R lead to the
execution of different pieces of code. Our semantics mimics what the computer
does and follows the execution path resulting from the evaluation of the test in
F. However, the errors cannot be computed any longer.

Labels are only attached to the arithmetic expressions because no roundoff
error is introduced elsewhere. A label £ is related to the syntactic occurrence
of an operator. If an arithmetic operation {* is executed many times then the
coefficient attached to g, denotes the sum of the roundoff errors introduced by
each instance of {. For instance if the assignment x = r?(}‘] réz is carried out
inside a loop then, in the floating-point number with error denoting the value




Propagation of Roundoff Errors in Finite Precision Computations 199

of x after n iterations, the coefficient attached to ey is the sum of the roundoff
errors introduced by Ot during the n first iterations.

4 Floating-Point Numbers with Errors

In this section, we define the general semantics S£° of floating-point numbers
with errors. S~ computes the errors of any order made during a computation.
Intuitively, a number ¢ occurring at point ¢ and corresponding to an initial
datum r is represented by the floating-point number with errors rt¢" = (fe+
whey) € RE™ where f =1, r is the floating-point number approximating r and
w* =], 7. The functions T, and |, are defined in Section Bl f and w’ are written
as coefficients of a formal series and € and &, are formal variables related to the
value f known by the computer and the error between r and f.

A number r occurring at point £y, and corresponding to the result of the

evaluation of an expression ag" is represented by the series

S fer Y ute ®)

uEE_Jr

where £ is a set containing all the labels occurring in af)“ and L+ is a subset
of the words on the alphabet £. £F is formally defined further in this Section.
In Equation @), f is the floating-point number approximating r and is always
attached to the formal variable €. Let ¢ be a word made of one character. In the
formal series ZueF whe,, wle, denotes the contribution to the global error of
the first order error introduced by the computation of the operation labelled ¢
during the evaluation of ag". w® € R is the scalar value of this error term and &y is
a formal variable. For a given word u = ¢1/45 ... ¢, such that n > 2, e,, denotes the
contribution to the global error of the n'? order error due to the combination of
the errors made at points ¢; ... ¢,. For instance, let us consider the multiplication
at point f3 of two initial data r¥* = (fie + w''ey,) and 152 = (foe 4+ wi?ey, ).

Ttil x s T? =Ts (fle)E + fQWfl €y T flw§2€£2 + w{1w§2€£1£2+ lo (flfQ)Efs (4)

As shown in Equation (), the floating-point number computed by this mul-
tiplication is o (f1f2). The initial first order errors w''e,, and wt?ey, are mul-
tiplied by f and f; respectively. In addition, the multiplication introduces a
new first order error |, (f1f2)es,, due to the approximation made by using the
floating-point number T, (f1f2) instead of the real number f;fo. Finally, this
operation also introduces an error whose weight is wflwéz and which is a second
order error. We attach this coefficient to the formal variable ey, ¢, denoting the
contribution to the global error of the second order error in ¢; and /s.

From a formal point of view, let £* denote the set of words of finite length
on the alphabet L. e denotes the empty word, |u| denotes the size of the word
u and u.v denotes the concatenation of the words u and v. We introduce the
equivalence relation ~ which identifies the words made of the same letters. ~
makes concatenation commutative.
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Definition 1 ~ C L* X L* is the greatest equivalence relation R such that u R v
implies u = L', v =20 L0V and v/ R v'.v".

Let £* be the quotient set £*/ ~. An equivalence class in £* is denoted by
the smallest element u of the class w.r.t. the lexicographical order. £+ denotes
the set £*\ {e}. For any word u € £+, the formal variable e, is related to a n'"
order error whenever n = |u|. e. = € is related to the floating-point number f
known by the computer instead of the real value. In this article, the symbols f
and we€ are used indifferently to denote the coefficient of the variable e..

Let F(D,L*) = {>,cprw"eu : Yu, w" € D} be the domain of the for-
mal series (ordered componentwise) whose formal variables are annotated by
elements of £* and which coefficients w® belong to D. The semantics S° uses
the domain RE™ = F (R, £*) for floating-point numbers with errors. The elemen-
tary operations on R are defined in Figure[Dl. W denotes a set of words on an
alphabet containing £ and W+ denotes W \ {e}. For now, W = L* but some
alternatives are treated later in this article.

it She (fit e+ D0 (Wi +wdeut Lo (i + e, )
uewt
= S (i = et D0 (Wi —wheut Lo (fi — f)e, ©)
uewW+
rxr S (Aif)e+ Y. wiwlewwt Lo (fifo)er, ()
ueWw
veW
luv| >0
(m)flei Ee (fih)e + E3 Z(*l)n Z Seu | A Lo U Den, ®)
S n>1 ueW+ h
g ey (Tz)ilei ©)

Fig. 1. Elementary operations for the semantics S£".

In Figure[], the formal series ) | .7+ w"e, related to the result of an operation
O% contains the combination of the errors on the operands as well as a new error
term |o (f1Orf2)es, corresponding to the error introduced by the operation O
occurring at point ¢;. The rules for addition and subtraction are natural. The
elementary errors are added or subtracted componentwise in the formal series
and the new error due to point ¢; corresponds to the roundoff of the result.
Multiplication requires more care because it introduces higher-order errors due
to the multiplication of the elementary errors. Higher-order errors appear when
multiplying error terms. For instance, for ¢1,¢2 € L, and for first order errors

wflsgl and wﬁ"‘ €, , the operation wflsgl X wﬁ"‘ €¢, introduces a second-order error
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term written (w!' x w4?)er,s,. The formal series resulting from the computation

of ri 1 s obtained by means of a power series development. Note that, since a
power series is only defined as long as it is convergent, the above technique cannot
be used for any value of r1. In the case of the inverse function, the convergence
disc of the series Y, - (—=1)"2z" = (1 + z)~! has radius p = 1. So, in Equation
B), we require —1 < > 4+ Lj‘_i < 1. This constraint means that Equation (8]
is correct as long as the absolute value of the sum of the elementary errors is
less than the related floating-point number.

For an expression ag’ such that Lab(ag”) C £, the semantics S*™ is defined
by the domain RE" for values and by the reduction rules —£ obtained by substi-
tuting the operators on RE™ to the operators ¢ in the reduction rules of Section
Bl

Concerning the correctness of the operations defined by equations () to
@), it is a trivial matter to verify that both sides of these equations denote
the same quantity, i.e. for any operator ¢ and any numbers ry = >_ ), wi'€y,
T2 =) ey Whey and r = r1Obiry = Y wew W €y, we have

Zw“z(Zwi‘)(}(Zwé‘) (10)
ueW ueW ueW

However, this is too weak a correctness criterion since it does not examine
whether a given error term is correctly propagated during a computation. For
example, Equation (IIl) incorrectly models the propagation of errors since it
inverts the errors attached to ¢, and ey,.

(fretwhien)+5 (hetwes,) ™ 1o (fitfo)etwiien, +wen + Lo (fit f2)er,

(11)
Defining addition by a generalization of Equation () leads to an undesirable
formula satisfying the correctness criterion of Equation (I). We aim at showing
that no such confusion was made in our definitions of the elementary operations,
mainly for multiplication and division. So we compare the variations of the
terms occurring in both sides of the equations (B) to (@) as a finite number of
the coefficients w} and w§ are slightly modified. The variations of r; and ry
are given by MLW for a finite subset wy!,...wy;" of the coefficients, with

1 Un,
177 kn

ki =1or2, u; € WH, 1 <i<n. We first introduce Lemma ] which deals with
first order partial derivatives.

Lemma 2 Let ¢ € {+,—, X, =} be a usual operator on formal series and let
Of € {44, =% xb =4} be the operators defined in Equations () to (@). For
any =Y uew Wi€us T2 = Y ey wiew and for any ug € W\ {{;} we have
8(7‘107‘2) o 8(7“10&7“2) and 8(7“107‘2) o 8(7“10&7“2) (12)
Ow}® Ow}® Owsy® Owsy®
Lemma [2l ensures that the variation of a single error term in the input series
is correctly managed in our model. Proofs are detailed in [§]. Proposition[3 below
generalizes Lemma [2 to the variation of a finite number of coefficients.
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Proposition 3 Let § € {+,—, x,+} denote an usual operator on formal series
and let OY € {44, =t xti =4} denote the operators defined in Equations ()

to [@). For any 11 = Y ey Wi€u, T2 = Y. ey wheu and for any wil, .. .wi",
ki=1o0r2, u;e WH\ {4}, 1<i<n, we have:

0" (ri0ra) O™ (r10%rs)

w1 Un u1 Un
Owy! ... wy" Owy!l .. wy”

(13)

As a conclusion, let us remark that the incorrect definition of addition given
in Equation (II) satisfies neither Lemma 2] nor Proposition Bl

For transcendental functions, given a number r%" = Y ez w'ey and a
function F, we aim at determining how a given error term w" related to 72"
is modified in F(r*"). This is done by means of power series developments,
as for the inverse function of Equation (B). However, let us remark that the
functions To (F(z)) and |, (F(z)) must be used carefully, since IEEE Standard
754 only specifies how to roundoff the elementary operations 4+, —, x and +
and the square root function. For another function F' € {sin, exp, ...} machine-
dependent criteria must be considered to determine T, (F(z)) [§].

5 Restriction to Errors of the nt® Order

The semantics S¢, introduced in Section [, computes the errors of any order
made during a computation. This is a general model for error propagation but
it is commonly admitted that, in practice, errors of order greater than one or
(rarely) two are negligible [5]. However, even if, from a practical point of view,
we are only interested in detailing the contribution of the first n order errors to
the global error, for n = 1 or n = 2, a safe semantics must check that higher
order errors actually are negligible.

We introduce a family (S°"),en of semantics such that the semantics S©”
details the contribution to the global error of the errors of order at most n.
In addition, S&” collapses into the coefficient of a single formal variable of the
series the whole contribution of the errors of order higher than n. A value r is
represented by

r=fe+ Z whe, + woe (14)

wel™, |ul<n

The term w°e. of the series aggregates the elementary errors of order higher
than n. Starting with n = 1, one can examine the contribution of the first order
errors to the global error in a computation. If the w* coefficient is negligible in the
result, then the semantics se provides enough information to understand the
nature of the error. Otherwise, SE' states that there is a higher order error which
is not negligible but does not indicate which operation mainly makes this error
grow. This information can be obtained by the semantics S for an adequate
value of n.
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__ Let L™ be the set of words of length at most n on the alphabet £ and let
Lr = (L") ~)U{s}. ¢ &€ L* is a special word representing all the words of size
greater than n. We define the new concatenation operator

(15)

w.w if Ju.w] <nand u,v #¢
Up V= .
¢ otherwise

For the sake of simplicity, we write u.v instead of u -, v whenever it is clear
that v and v belong to £7. The domain of floating-point numbers with errors
of order at most n is RE" = F(R,L"). The elementary operations on R are
defined by the equations (B) to (@) of Section[d in which W = L.

Let S“" denote the semantics defined by the domain R*" for values and by
the reduction rules of Section @ The semantics S£” indicates the contribution
to the global error of the elementary errors of order at most n.

The correctness of the semantics (S*"),en stems from the fact that, for any
n, S£" is a conservative approximation of S£”. Furthermore, for any 1 < m < n,
SE™ is a conservative approximation of S£”. So, the semantics of order m can
always be considered as being a safe approximation of the semantics of order n,
for any n > m. To prove the previous claims we introduce the following Galois
connections [3/4] in which m < n.

m,n

(p(F(R L)), C) S (F(RL™),C) (16)

amn,m

p(X) denotes the power set of X and C denotes the componentwise ordering on
formal series. ™™ and ™" are defined by

DI DY (vwr>su+v N

i€l ye ueLm\{s} \i€l iel \ue(Lr\Lm™)U{s}

dot U<y ifuelm\{c}

,ym,n Z VUEu = Z w® €y WU < S
ueL™ ueL™ ue(ﬁn\ﬁm)u{g} o

The abstraction of the coefficients attached to €, for any u € £™ \ {c}, is
natural. o™ also adds the coefficients of the terms of order higher than m and
appends the result to e;. Next the supremum is taken between the terms v5e.,
i € 1. ¥™™ maps a series Y., zw V"€, € F(R,L™) to the set of series of the
form_XZueﬁ—n
u € L™\ {¢} and such that v° is greater than the sum of the remaining terms.
The correctness of the elementary operations in F (R, £™), w.r.t. the correctness
of the same operations in F(R, £) stems from Lemma 4.

whe, € F(R, L") whose coefficients w® are less than v* for any

Lemma 4 Let {; be a program point, let RE",SE" ¢ p(}—( L)) be sets of
floating-point numbers with errors and let r=" = a™™(RE"), s£™ = ™™ (SE"),
1 <m < n. For any operator ¢ € {+,—, X, +} we have

RE"QZ@ SE" g ,Ym,n(,r,ﬁmofisﬁm)
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Proofs are given in [8]. To extend Lemma Hl to sequences of reduction steps,
we introduce the mapping R defined by Equation (I7). Lab(a) is the set of
labels occurring in a;’.

Lab(al?) — F(R, L")
R(al) - i if a* =1’ (17)
1 otherwise

/4

R(af)(¢) returns a value if the sub-expression a’ in af® is a value and L

otherwise.

Proposition 5 Let aé"ﬁm and aé"ﬁn be syntactically equivalent expressions such
that for any € € £, R(af")(£) € ™™ (R(a**")(0)). If al*" — a'**" then
aé”‘cn — afl‘cn such that afl‘cm and afl‘cn are syntactically equivalent expressions
and for all £ € £, R(a‘*£")(0) € y™™(R(a£")(0)).

Given an arithmetic expression a?, Proposition Blshows how to link S£" (af?)
to SE™ (af) for any integer n > 0. The semantics S is based on the domain
RS = F(R,L"). The semantics S*° can be viewed as a simple instance of
this model, since the operations on R, as defined in Section ] correspond to
the ones of equations (B) to (@) with W = L*. Conversely, the semantics Se”
uses floating-point numbers with errors of the form w. + w°e. and computes
the global error done during a computation. In short, there is a chain of Galois
connections between the semantics of any order:

S5 @) 5 ... 8@l 5 87D ... 5 S5 ()
S (aé”) is the most informative result since it indicates the contribution of

the elementary errors of any order. S£° (aé") is the least informative result which
only indicates the global error made during the computation.

6 Coarse Grain Errors

In this section, we introduce a new semantics that generalizes the ones of Section
Hland Section Bl Intuitively, we no longer consider elementary errors correspond-
ing to the errors due to individual operations and we instead compute errors due
to pieces of code partitioning the program. For instance, one may be interested
in the contribution to the global error of the whole error due to an intermediate
formula or due to a given line in the program code.

In practice, these new semantics are important to reduce the memory size
used to store the values. From a theoretical point of view, it is necessary to prove
that they are correct with respect to the general semantics S£~ of Section Hl

We show that the different partitions of the program points can be partially
ordered in such a way that we can compare the semantics based on comparable
partitions. Let J = {Ji, J2,. .., Jp} € P(L) be a partition of the program points.
We consider now the words on the alphabet 7. J™ denotes the words of maximal
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length n and J™ = (J"/ ~)U{c}. The concatenation operator -, related to J"
is defined in Equation ([5).

For a maximal order of error n € N, we consider the family of domains
(F(R,T™)7ep(c), equivalently denoted (R7 ") 7¢p(r). Basically, a unique label
identifies all the operations of the same partition. A value 77" € R7 " is written

r7" = fe+ Z ( Z w)ew = fe+ Z Ve,
we Jgnt U:fl...EkEﬁ uegnt
wu=J ...Jp Vi, 1 <i<Ek, {; € J;

If |u] = 1, the word w = J is related to the first order error due to the
operations whose label belongs to J. The elementary operations on R’ " are
defined by the equations (B) to (@) of Sectiond in which W = Jn.

Remark that this semantics generalizes the semantics of Section [B] which
is based on a particular partition J = {{¢f} : ¢ € L}. Another interesting
partition consists of using singletons for the initial data and collapsing all the
other program points. This enables us to determine the contribution, to the
global error, of initial errors on the program inputs (sensitivity analysis).

In the rest of this section, we compare the semantics based on different par-
titions of the labels. Intuitively, a partition [J; is coarser than a partition J5 if
J1 collapses some of the elements of [J>. For a maximal order of error n and
using this ordering, the partition J = {{¢} : ¢ € L} corresponds to S*" and
is the finest partition. We show that any semantics based on a partition 7,
coarser than a partition 7, is an approximation of the semantics based on 7.
Consequently, any semantics based on a partition of the program points is an
approximation of the general semantics S£” and S£” defined in Section @ and
The partial ordering on the set of partitions is defined below.

Definition 6 Let J; and Jo be two partitions of the set L. J1 is a coarser
partition of L than Jo and we write J1CJ2 iff VJo € Jo, dJ1 € 1 @ Jo C Ji.

If 71 CJs then some components of the partition J5 are collapsed in J;. Cis
used in the following to order the partitions of the set L of labels. The translation
function Tgp. 7 MAaps words on the alphabet J3* to words on Ji* as follows.

Tj2n7jln(J2.u) = Jl.Tj£L7‘71n(U> Where J1 € \717 JQ Q Jl

The correctness of any semantics based on a partition J; of £ stems from
the fact that, for any J> € P(L) such that J1 CJs, there is a Galois connection

n n
TPT}

n n
QT3]

defined by

J”,Jn u dﬁf Z \/ u
a2 Y1 U Z W; €y | = w; 67»75“51"(“)

el ue Jg ue Jg el
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yjln“ﬁ Z vhe, def Z whe, wh <Y
veJy ueTg Ty, gp (W)=v
Let J be an element of the coarser partition J;. For any first order error
term w'e,, attached to a floating-point number with errors rJs = Zuej—; whey,

the abstraction a/z 71" ({rJ3'}) defines the coefficient vy attached to € ; as being
the sum of the coefficients wy such that J' € J5 and J' C J. The abstraction
of sets of numbers is next defined in the usual way, by taking the supremum
of the coefficients for each component. The function 471 72" returns the set of

floating-point numbers with errors for which ern () =v w* < vY. Lemma [7]
2°Y1

assesses the correctness of the operations defined by Equations (B) to (@) for the
domains introduced in this section.

Lemma 7 Let {; be a program point, let Ji and J2 be partitions of L such
that J1CJo and let R7? | S72 € o(F(R, JF)). If ri = a2 I (RIZ), s91" =
a2 I (892") then for any operator ¢ € {+, —, x,+} we have

RJQHO&SJ; c ,YJI",JQ" (TJ{LOZisJ{l)

The proof is given in [8]. The semantics defined by the domain R7 " for values
and by the reduction rules of Section[3is denoted S7". Proposition Blestablishes
the link between the semantics 871" and 872" for comparable partitions J1 C 7o
of the set £ of labels.

Proposition 8 Let J1 and J> be partitions of L such that J1iCTs and let

aéojln and aéﬂj?n be syntactically equivalent expressions such that for all ¢ € L,

Riag™)() € ¥ (R(ag™ ) (0). If ag " — a7 then ag ¥ — ap"*

such that alil‘yl and ali are syntactically equivalent expressions and for all

Ce L, R(ay72)(0) € 47775 (R(a72 ) (0)).

As a consequence, for a given order of error n and for a given chain C' of
partitions, there is a chain of Galois connections between the semantics based
on the partitions of C. Let us assume that

C=Jo={L}C...C...CHC...C{{) :ter)

By combining Proposition[d and Proposition[§], we can also link the semantics
ST and ST for any Ji € C' and any n € N. This is summed up in Figure
For any integer n and partition Ji, S7¢ describes a particular semantics;
S£” is the most informative semantics and, conversely, the semantics S£° that
computes one global error term is the least informative semantics; for all £ > 0
ST = §L° (for n = 0, any partition yields the same semantics); SJd computes
the global first order and second order errors made during a computation; finally,
for any Ji, S " computes the contribution to the global error of the first order
errors made in the different pieces of code identified by Js.

Let us remark that the values in R7" contain less terms than the ones in
R72" if J1CJ». Hence, using coarser partitions leads to significantly fewer com-
putations.
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5% (a0) S .. ”n%t 578 (al0) ”n;j . 5 87 (alo)
[ e Coch R | A
STy s ... S ST (al0) S 587 (0
Il Il Il
Il Il Il
Sty s ... s SE" (k) s 5 85 ()

Fig. 2. Links between the semantics S7¢ for a given order of error n and for a
chain of partitions 7o € J1 C ... CJp C ... C{{¢} : L€ L}

7 Conclusion

The semantics introduced in this article models the propagation of roundoff
errors and the introduction of new errors at each stage of a computation. We use
a unified framework, mainly based on the equations of Figure[Il to compute the
contribution, to the global error, of the errors due to pieces of code partitioning
the program and up to a maximal order of error. Lemma [2] and Proposition B]
are essential to ensure the correctness of the operators of Figure [II They also
represent a stronger correctness criterion for the operators introduced in [7].
Another important point is that S£” not only details the propagation of the
errors of order < n but also verifies that higher order error terms actually are
negligible.

A tool has been developed which implements an abstract interpretation based
on the semantics introduced in this article. The real coefficients of the error se-
ries are abstracted by intervals of multi-precision floating-point numbers. This
tool is described in [9]. Current work concerns the precision of the abstract inter-
pretation in loops and is proceeding in two directions. First, because narrowings
do not yield information to improve the precision of the error terms, we really
need finely-tuned widening operators for our domain. This should enable us to
restrict the number of cases where a loop is stable but is declared unstable by
the abstract interpreter because of the approximations made during the analysis.
The second way to improve the precision in loops consists of using a relational
analysis. A first solution was proposed in [7] that can be used when the errors
made at the iterations n and n 4 1 are related by a linear transformation. We
are also working on the non-linear cases, using mathematical tools developed for
the study of dynamical systems.
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1 Introduction

The manipulation of real numbers by computers is approximated by floating-
point arithmetic, which uses a finite representation of numbers. This implies
that a (small in general) rounding error may be committed at each operation.
Although this approximation is accurate enough for most applications, there are
some cases where results become irrelevant because of the precision lost at some
stages of the computation, even when the underlying numerical scheme is stable.
In this paper, we present a tool for studying the propagation of rounding errors
in floating-point computations, that carries out some ideas proposed in [3], [7].
Its aim is to detect automatically a possible catastrophic loss of precision, and
its source. The tool is intended to cope with real industrial problems, and we
believe it is specially appropriate for critical instrumentation software. On these
numerically quite simple programs, we believe our tool will bring some very
helpful information, and allow us to find possible programming errors such as
potentially dangerous double/float conversions, or blatant unstabilities or losses
of accuracy. The techniques used being those of static analysis, the tool will not
compete on numerically intensive codes with a numerician’s study of stability.
Neither is it designed for helping to find better numerical schemes. But, it is
automatic and in comparison with a study of sensitivity to data, brings about
the contribution of rounding errors occuring at every intermediary step of the
computation. Moreover, static analyzes are sure (but may be pessimistic) and
consider a set of possible executions and not just one, which is the essential
requirement a verification tool for critical software must meet.

2 Main Features

Basically, the error » — f between the results f and r of the same computation
done with floating-point and real numbers is decomposed into a sum of error
terms corresponding to the elementary operations done to obtain f. An elemen-
tary operation introduces a new rounding error which is then added, multiplied

* This work was supported by the RTD project IST-1999-20527 “DAEDALUS” of the
European FP5 programme.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 209-2T2] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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etc. by the next operations on the approximated partial result. For example,
let x and y be initial data and let us assume that errors are attached to these
numbers (we assume that we only have three digits of precision). The notation
% = 1.01le + 0.005¢,, indicates that the floating-point value of z is 1.01 and
that an error of magnitude 0.005 was introduced on this value at point ¢;. If
v’ = 10.1e + 0.05€¢, then x +% y = 11.1e + 0.005&¢, + 0.05e,, + 0.01e,, and
x xy = 10.2e +0.0505¢,, 4+ 0.0505¢(, +0.001&,, +0.00025¢,. In x+*3 3, the er-
rors terms on z and y are added and this operation, done at point /3, introduces
a new error term 0.001&,, due to the truncation of the result. x x“* y also intro-
duces an higher order error term 0.00025¢. due to the factor 0.005e,, x 0.05&y,.

More generally, a floating-point number f with errors is denoted by an error
series fe + > e, w’e; where L is a set of syntactic program points and w’ey is
the contribution to the global error of the error introduced at the point £ € L
and propagated in the following computations. The tool described in this article
implements an abstract interpretation [I] based on this model, where the value
f and the coefficients w’ are abstracted by intervals.

As shown in Figure [[l the main window of the analyzer displays the code
of the program being analyzed, the list of identifiers occurring in the abstract
environment at the end of the analysis and a graph representation of the abstract
value related to the selected identifier in the list. Scrollbars on the sides of the
graph window are used to do various kinds of zooms.
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e
#nchudi sdamd_bultim.he i
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Fig. 1. Main window of the analyzer.

The graph represents the error series of a variable id and thus shows the
contribution of the operations to the global error on id. The operations are
identified with their program point which is displayed on the X-axis.
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In Figure [[I the bars indicate the maximum of the absolute values of the
interval bounds. This enables to assert the correctness of the code, when the
errors have a small magnitude. This kind of graph is well suited to identify
some numerical errors, but other kinds of errors, like cancellations [2], are more
easily detected by graphs showing relative errors. Different types of graphs can
be drawn by clicking the adequate button in the right-hand side toolbar. The
graph and program code frames are connected in the graphical user interface
in such a way that clicking on a column of the graph makes the code frame
emphasizes the related program block and conversely. This enables the user to
easily identify which piece of code mainly contributes to the error on the selected
variable. Another interesting feature is that different grains of program points
(like code lines or functions) can be selected by clicking the adequate button.
Hence, for the analysis of a program made of many functions, the user may first
identify which functions introduce the most important errors and next refine the
result.

In the example of Figure[l] a typical program of an instrumentation sofware
is being analyzed. It is basically an interpolation function with thresholds. One
can see from the graph at the right-hand side of the code that the only sources
of imprecision for the final result of the main function are: the floating-point
approximation of the constant 2.999982 at line 20 (click on the first bar to outline
the corresponding line in the C code), which is negligible, the 2nd return line
26 (second bar in the graph), and the 3rd return line 28 (third and last bar
in the error graph), the last two ones being the more important. In fact, using
__BUILTINDAED FBETWEEN (an assertion of the analyzer), we imposed that E1
takes its value at the entry of the function between -100 and 100. So the analyzer
derives that the function does not go through the first return. Then it derives
that the function can go through the 4th and last return, but the multiplication
is by zero and the constant is exact in the expression returned, so that there is
no imprecision due to that case. The user can deduce from this that if he wants
to improve the result, he can improve the accuracy of the computation of the
2nd and 3rd return. One simple way is to improve the accuracy of the two
subtractions in these two expressions (using double E1 in particular), whereas
the improvement of the precision of the constant 2.999982 is not the better
way. Notice that the analyzer also finds that the higher-order errors are always
negligible. It will also be demonstrated that simple looping programs, such as
linear filters can be proved stable or unstable accordingly by the analyzer, so the
method does also work for loops (to a certain amount of precision).

3 Implementation

We are at a point where we have a first prototype of a static analyzer for full
ANSI C programs, which abstracts floating-point variables by series of intervals.
For the time being, if it can parse all ANSI C, it does not interpret aliases, arrays
and struct information on the code. Nevertheless, it is already interprocedural,
using simple static partitioning techniques [6].
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The analyzer is based on a simple abstract interpreter [4] developed at CEA.
The interval representing the floating-point value is implemented using classical
floating-point numbers, and higher precision is used for the errors (necessary be-
cause numerical computations are done on these errors, and they must be done
more accurately than usual floating-point). We use a library for multiprecision
arithmetic, MPFR [5], based on GNU MP, but which provides the exact fea-
tures of IEEET754, in particular the rounding modes. The interface is based on
Trolltech’s QT and communicates with the analyzer through data files.

The computational cost of the analysis is really reasonable. To give an idea,
on small toy examples, typically a loop including a few operations, the analysis
takes less than 0.1 second. On a more complex example of about 500 lines, with
no loop, it takes only 45 seconds.

4 Conclusion and Future Work

The current implementation of our prototype already gives some interesting
results on simple programs, which we propose to show during the demo. Con-
cerning the threats detected by the analyzer, various reasons like cancellations
or instabilites in loops may contribute to the loss of precision and some phenom-
ena are easier to detect with a particular graph representation of the errors. In
interaction with users, we are working on the best way to represent the many
results collected by the analysis as well as on the methodology needed to their
treatment. We also work on improving the precision of the analysis in loops.
Because narrowings do not improve the analysis for the error terms, the approx-
imation made by widenings must be fairly precise. We also plan to use relational
lattices as discussed in [3].
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Abstract. We introduce a new proof technique for showing the cor-
rectness of 0CFA-like analyses with respect to small-step semantics. We
illustrate the technique by proving the correctness of 0CFA for the pure
A-calculus under arbitrary (-reduction. This result was claimed by Pals-
berg in 1995; unfortunately, his proof was flawed. We provide a correct
proof of this result, using a simpler and more general proof method. We
illustrate the extensibility of the new method by showing the correctness
of an analysis for the Abadi-Cardelli object calculus under small-step
semantics.

1 Introduction

Sestoft [10] M1] has shown the correctness of 0CFA [12] with respect to call-by-
value and call-by-name evaluation, using an evaluation semantics for the former
and the Krivine machine for the latter. Palsberg [9] attempted to show that 0CFA
was correct with respect to small-step semantics under arbitrary S-reduction;
unfortunately, his proof was flawed. Our attempts to extend Palsberg’s proof to
more complex languages led us to discover flaws in the proof of one of the main
theorems upon which his correctness result depends.

In this paper, we fix Palsberg’s proof, working out some key details omitted
from his paper and introducing a new proof technique that we believe will be
easier to extend to more complex languages. Our proof is based on the observa-
tion that reduction carries most of the local structure of the source expression
into the result expression, modifying only a few key terms. We illustrate the
extensibility of our proof technique by showing the correctness of an analysis for
the Abadi-Cardelli object calculus [I].

We begin in Sect. Bl by presenting the syntax and semantics of the language
we will analyze, the A-calculus, along with a few syntactic annotations and their
properties. In Sect. [3, we present our control flow analysis, following Palsberg’s
constraint-generation system. In Sect. [l we present our reformulation of Pals-
berg’s proof of correctness, along with a description of precisely where his proof
goes wrong. In Sect. Bl we apply our proof technique to an analysis of the Abadi-
Cardelli object calculus.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 213-227] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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2 The Language

The syntax of our language is shown in Fig.[l. It is the standard untyped lambda
calculus consisting of variable, abstraction, and application expressions. How-
ever, our analysis will require that expressions carry labels, so we define the
set of expression labels Lab, and we use [ to range over this set. We define two
restrictions of Lab: Lab® to the set of binding labels, and Lab™ to the set of
abstraction labels. We use 8 to range over Lab®. Binding labels appear only on
variable expressions, and on the bound variables in lambda expressions. (We
have adapted the use of binding labels from [4].) In Fig. Bl we define lab, the
obvious map from expressions to their labels.

l € Lab Labels
Lab™ C Lab Abstraction Labels
8 € Lab® C Lab Binding Labels
z € Var Variables
ex=1a" | (e1 e2)! | NaPeo Expressions

Fig. 1. Syntax

Iab(x )=0
Iab()\ T eo) l
|ab((€1 62) ) l

Fig. 2. The map lab from expressions to their labels

In Fig. Blwe show the definitions of change of variable, e{y/x}, and substitu-
tion, e[e’/z], to make explicit these two operations’ effects (or lack thereof) on
expression labels. The lemma which follows indicates precisely the limits of this
effect.

e {y/z} =y’ x [e/x} =
P {y/fay = 2° yle/2] = B
(e1 e2)'{y/z} = (er{y/a} ea{y/a})’ (ex ez)l[e/l‘} (61[6/55} ezle/z])’
(N aPeo){y/z} = (\zP.eo) (N aPeo)le/z] = (NaPeo)
(N'2"e0){y/a} = N'27.(eo{y/}) (Nyeo)le/x] = (N'2".eo{z/y}[e/x])
(z#y) (z fresh)

Fig. 3. Change of variables and substitution

Lemma 2.1. lab(egle/z]) = lab(eg), unless eg = x°, for some 8 € Lab®.

Proof. By inspection of the definition of substitution, observing that variable
renaming preserves labels.
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Our semantics is unrestricted S-reduction, and we define the redex and re-
duction contexts in Fig. @

((Alomﬁ.eo) e)l — eole/z]
E:=[]|NaPE|(Ee)| (e E)

Fig. 4. Semantics: the redex and reduction contexts

We introduce a syntactic notion of well-labelledness for expressions, along
with binding environments. Intuitively, an expression is well-labelled when all
of the labels on variable expressions match the binding labels appearing on
the lambda expressions that bind them. To formulate well-labelledness, define
a binding environment to be a finite map from variables to the labels of their
respective binders:

I Var — Lab® .

Consider the expression M2%ep. A binding environment I" would be “correct”
for the expression ey only if I'(x) = 3. We formalize this notion of a binding
environment being correct for an expression into labelling judgements of the
form I' - e wl, which says simply that the expression e is well-labelled under the
binding environment I". Well-labelledness for expressions is captured precisely by
the set of rules for deriving labelling judgements shown in Fig.[5l For convenience,
we say that an expression e is well-labelled, written F e wl, iff there exists a
labelling environment I" such that I' F e wl.

F(m) = ﬁ /ﬁ = ﬁl [var-wl]
I'tz? wi

I'Feiwl I'keswl _wl
't (ex 62)l wl [app-wlj

Iz — B]Feo wl [abs-wl]

T'F 2P e wi

Fig. 5. The rules for deriving labelling judgements
Finally, we define a subterm relation €g, shown in Fig.

eo€ee iff (e =eo)
V (e = (NaPei) Aeoceer)
V (e=(e1 e2)" A(eoEeer Ve EEer))

Fig. 6. The subterm relation €
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The following lemma expresses some properties of well-labelledness that should
be familiar from typing. (See [7], pp. 244-5.)

Lemma 2.2. Let e be an expression and let I' be a binding environment.

1. If '+ ewl and €' €g e, then there exists a I extending I' such that I'" + e’ wl.
2. If x & fv(e), then for all B € Lab®, I'+ e wl iff Clx — B F e wl.

3. If 'z w— Bl Fewl and y ¢ dom(I'), then I'ly — B] F e{y/z} wl.

4. If Mz — Bl Fewl and I'F ey wl, then ' eleg/x] wl.

Proof. Each property is proved by a straightforward induction, the first by in-
duction on the definition of ¢’ € e, and the remaining three by induction on the
size of e.

Finally, we show that well-labelledness is preserved under reduction.
Lemma 2.3. If I'Fewlande — €, then I' - ¢’ wil.

Proof. Since e — €', choose the reduction context F and redex r such that r — s,
e = E[r], and ¢ = E[s]. We proceed by induction on the structure of E.

In the base case, we have E = []. Thene =17, ¢ = s, I' - r wl, and we must
show I' = s wl. Since 7 is a redex, r = ((Moxfeg) e1)!, so s = egler/x]. Since
' 7 wl, we have I' - MozPeg wl and I' F e wl by [app-wl]. Thus, I'[z — 3] -
eop wl by [abs-wl]. Then by Lemma [Z2] part 4, we have I" F egle1/z] wl and
thus I' - s wl.

In the induction step, consider first £ = Moaf Ey. In this case, e = E[r] =
NogB Ey[r], and we have

I MoxB Eylr] wl = Iz G] F Eg[r] wl (by [abs-wl])
= I'[z — ] F Eyls] wl (by IH)
= I'F Aozl Ey[s] wl (by [abs-wl])

Consider next E = (E; es)!. Then e = E[r] = (E1[r] e2)!, and we have

Tt (Eqfr] e2)! wl= I'F Ei[r] WIAT Feaywl  (by [app-wl])
= I'F Ey[s] wl (by IH)
= I'F (B[] e2)! wl (by [app-wl])

In the final case, E = (e; E3)!, and the proof is similar to the previous case.

3 The Analysis

We derive our analysis from the constraint-based analysis of [9]. The analysis
of an expression is specified by a constraint system (see Defn. ET)) that is gen-
erated from the program text [2]. A solution to these constraints will give an
approximation to the possible results of evaluating each program point.

The constraint system consists of a collection of conditional inclusions be-
tween sets. In general, there will be one set for each program point and for each
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bound variable. Palsberg uses two sets of metavariables [A!] and [v!] as names
for these sets; Nielson and Nielson [§] formulate these as abstract caches C and
p. Other researchers, e.g. [3,[6], convert terms to A-normal form or the like, and
use variables as program points. We introduce labels for each program point and
for each bound variable (following [4]). Because denoted and expressed values in
our language coincide, we need only a single cache ®.

The labelling behavior of our semantics follows Palsberg’s: when one term
reduces to another, the label on the source term will disappear, and the result
term will keep its previous label. This means that a given label may appear
in many different places as its term is copied. Our notion of well-labelledness
ensures that the label on a variable instance matches the label on its binder.

We express flow information using a single map. This abstract cache maps
labels to abstract values, which are sets of abstraction labels.

& € Cache = Lab — Val
Val = P(Lab*)

An abstract value is a set of abstraction labels because abstractions are the only
values in our language. If our language had scalars, they would also be abstracted
into the set Val.

The analysis of an expression e is the following set of constraints [9]:

= U  Rlae) o) v | {({}Cel)} .
MogBeycpe MogBesege
(e1 ea)l €ge

where the set R((e; ez)!, (\0xP.eq)) consists of the following two constraints:

{lo} € @(lab(e1)) = @(lab(ez)) C @(/)
{lo} € @(lab(e1)) = @(lab(eo)) € @(I)

The first comprehension ensures that every abstraction term in the expression is
matched against every application term in the expression. Palsberg gives a nice
description of the two constraints in R:

— The first constraint. If the operator of [the application] evaluates to
an abstraction with label [, then the bound variable of that abstrac-
tion may be substituted with everything to which the operand of [the
application| can evaluate.

— The second constraint. If the operator of [the application] evaluates
to an abstraction with label [y, then everything to which the body
of the abstraction evaluates is also a possible result of evaluating the
whole application. [9, p. 280]

The second comprehension consists of a single constraint {lo} C ®(ly) for every
abstraction label appearing in the source expression. These constraints ensure
that each abstraction is predicted as a possible value for itself.
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4 Correctness

Our proof of correctness for the analysis is based on an entailment relation
between constraint systems, A F A’. This entailment expresses the property
that all of the constraints in A’ can be derived from those in A by the formal
system in Def. 21 below. We have formulated the proof in this way so as to most
closely follow the results in [9].

We begin by formalizing our constraint language.

Definition 4.1. Let V and U be sets. A constraint system A over V and U is
a finite set of Horn clauses, defined by the following grammar:

s eV Set Variables
celU Constants
I:={c}Cs | sCs Atomic Formulas
H:= I | I=H Horn Clauses

A € fin(H) Constraint Systems

A solution of a constraint system of V and U is a map & : V. — P(U) such that
O = A, where & = A is defined by:

d=A iff VHeEAdEH
& E{c} Cs iff {c} C®(s)

O =51 Cse iff ®(s1) C B(s2)
d=I=H iff d=I=>dH

For our constraint systems, V will be Lab and U will be Lab™.

Definition 4.2. If A is a constraint system, and H is a Horn clause, then the
Jjudgement A+ H (“A entails H”) holds if it is derivable using the following five
rules:

T ifHe A (Discharge)
AFPCP (Reflexivity)
ArPC ,ﬁ . CAI;P’ cp (Transitivity)
A X - I—A)}/_ X=Y (Modus Ponens)

AP CP’ AFPCP'=Q CcqQ” AFQCQ
AFPCP=QCqQ

(Weakening)

If A, A’ are constraint systems, then A+ A’ if and only if for every H € A’, we
have A+ H.
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Definition is verbatim from [9], except that we overload the “turnstyle”
operator, I, so that the right hand side can be either a single constraint or a
constraint system (set of clauses) with the conjunction of these clauses implied,
as it already is for =.

We have formulated our proof in terms of constraint systems and deductions
so as to most closely follow the results in [9]. Our results could easily be refor-
mulated in terms of preservation of solutions (for all @, if & = A then & | A').
Such a formulation would also expose the analogy with the Subject Reduction
Theorem.

Lemma 4.3. + is reflexive, transitive, and solution-preserving. If A D A’, then
AR A.

Proof. Trivial, relying on the definition of & = A above. See Lem. 4.2 in [9].

Since our analysis is a comprehension over applications and abstractions that
occur in the expression to be analyzed, it will be useful to have a characterization
of the applications and abstractions that occur in the result expression, in terms
of the applications and abstractions that occur in the source expression. The
following relation captures the possible differences between terms in the result
of a reduction and the terms in the source expression that gave rise to them.

Definition 4.4. If r is a B-redex and s is an expression such thatr — s, E is
a reduction context, and e, e’ are expressions such that e €g E[r] and €' €g E[s],
then define S(e,e’) iff either

1. lab(e) = lab(¢), or
2. e=r ande =s, or else
3. r=((NoxPe) e1)!, s = epler/x], e = 2 and & = e;.

The following lemma shows that every abstraction or application in the result
expression arises from an abstraction or application in the original term with the
same label and with immediate subterms that either have the same label as the
subterms in the original, or else whose subterms differ in the very specific ways
delineated by Definition 4l

Lemma 4.5. Assume r is a redex and s an expression such thatr — s, and E
is a reduction context such that + E[r] wl. Then

1. If (€} e4) €g Els], then there exists a (e1 es)! €g E[r] such that S(ey,€}) and
S(ea,€5).
2. If NlzP.el €g E[s], then there exists a NaP.ey €g E[r] such that $(eq,e}).

Proof. Since r is a redex, it must be of the form ((A°y%eq) e)! and thus s =
eole/y]. We must show that for each (¢} e4)! €g E[s], there exists an applica-
tion (e; e)’ € E[r], and for each Mox?'.e} g E[s], there exists an abstraction
MozP 3 eg E[r], such that for i =1...3, $(e;, €}).

Consider every abstraction or application node in E[s]. Each such node in e
and in the interiors of E/ and eg looks like the node labelled /3 in Fig. [l These
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Fig. 7. The tree representations of E[r] and E|[s]

nodes were unaffected by the reduction, and their children are covered by case
(1) of Defn. 4]

The remaining nodes in E[s] are like those labelled I4 and I5. Since there is
a unique hole in F, there is exactly one node like that labelled 4, which has the
hole in F as a child. This node is covered by case (2) of Defn. B4, since it has s
as a child after the reduction, and it had r as a child before the reduction.

This leaves nodes in E[s] like that labelled 5 in the figure. These nodes are
covered by case (3) of Defn. I, since they have a copy of e as a child after
the reduction, as a result of substituting for an occurrence of y in the redex.
However, Defn. L4 requires that the labels on these occurrences of y must all
have been (3, the label on the bound variable in the redex. This requirement
is satisfied easily using the well-labelledness of E[r]. Since F E[r] wl, choose a
labelling environment I" such that I' b E[r] wl. Thus, since r €g E[r], by part
(1) of Lem. 22 there exists a I extending I' such that I" = r wl. Then by
[app-wl] and [abs-wl], we have I'[y — ] | eg wl. Thus, since any instance of
y substituted for in the reduction must have been a free occurrence of y in eg,
by inspection of the rules for labelling judgements, we can see that the label on
each such occurrence must have been I''[y — S](y) = (.

A more formal, but considerably more lengthy, proof could be constructed
based on the concept of case analysis of tree addresses in the style of Brainerd
[B].
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The next lemma states that terms in the result of a reduction have smaller
flow information than the terms in the source expression to which they are
related by 5.

Lemma 4.6. If r is a redex and s an expression such that r — s, E is a re-
duction context such that F E[r] wl, and e and €' are expressions such that
e€g Er], ¢ €g E[s], and S(e,e’), then [E[r]] F &(lab(e’)) C ®(lab(e)).

Proof. We note that since r is a redex and 7 — s, we have r = ((AMozf.ep) e1)!

and s = egler/x]. We have
[ElF]F [r] = [(Xa"e0) en)'T

and thus,
[r] = {{lo} C @(lo) .
{lo} € ®(lo) = ®(lab(e1)) C ®(B) ,
{lo} € ®(lo) = ®(lab(eo)) € ®(1) } -

Therefore, by two applications of Modus Ponens, we have

[r] = @(lab(e1)) € (8) , (1)

and
[r] = ®(lab(eo)) € (1) - (2)
We proceed by cases on the definition of $(e, e’):

1. Trivial.

2. Since e = r and € = s, we have lab(e) = lab(r) = [ and lab(e’) = lab(s) =
lab(egp[e1/x]). By Lem. 1] unless eq = z, lab(eg[e1/x]) = lab(eg), and the
result follows trivially. Consider instead eq = z. Since + E[r] wl, choose a
labelling environment I" such that I - E[r] wl. Then by Lem.[Z2] there exists
a I extending I' such that I F r wl, and thus, we have I''[x — (] I eo wl
by [app-wl]| and [abs-wl]. Now, since I"'[z +— ] F eq wl, [z — [](x) = S,
and eg = x, we must have lab(eg) = 8 by [var-wl]. We also have egle;/z] =
2Ple;/x] = e1, and thus, lab(s) = lab(e;). By (@) and (2) then, we have
[r] F ®(lab(e1)) € ®(5) C &(I), and thus, since e = r and €’ = s, we have
[E[r]] F ®(lab(e)) C ®(lab(e)), by Transitivity of both - and C.

3. Since e = 2% and ¢ = ey, lab(e) = 3 and lab(e’) = lab(ey), by () and
Transitivity of -, we have [E[r]] - ®&(lab(e’)) C &(lab(e)).

Now we turn to the main theorem, which shows that constraints are preserved
under reduction. That is, the constraints of the result term are entailed by the
constraints of the source term. The correctness of the analysis is a consequence of
this entailment: the flow information of the result term is predicted by (contained
in) the flow information of the source term.

We replace the inductive structure of Palsberg’s proof of the equivalent the-
orem (]9, Thm. 4.10]) by a flat structure that matches the flat, non-inductive
structure of the definition of the analysis.
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Theorem 4.7. If ex — ey, and there exists a I'x such that I'x - ex wl, then
lex] t [ey] and [ex] F ®(lab(ey)) C ®(lab(ex)).

Proof. Since ex — ey, choose a reduction context F, redex r, and corresponding
reductum s such that ex = E[r] — E[s] = ey. Since r is a redex, it must be of
the form ((AoyP.ep) e)! and thus s = egle/y]. We need to show [E[r]] F [E[s]],
where

[Els]] = U R((e} e5)", Noa'e) U U {{rce@y
)\léxﬁl.e% €g E[s] Moz el eg Els]
(€} €5)" e B3]

Let (¢) €,)! e E[s] and Moa? e} e E[s]. Since ex = E[r] is well-labelled,
by Lem. 5] there exists an application (e; ez)! €g E[r], and there exists an
abstraction Noz?".e3 eg E[r], such that $(e;, ;) for i = 1...3. By Lem. {6] then,
we have [E[r]] F ®(lab(e})) C &(lab(e;)) for i =1...3.

Now, by the definition of [E[r]], since (e1 e2)! € E[r] and Noz?.e3 e E[r],
we have o

[E[F]] F R((e1 e2)", NoaP e3) .
Thus we have
L[] F {15} € d(lab(e1)) = d(lab(es)) C &(5)
and
[E[]F {lo} € @(lab(e1)) = @(lab(es)) € () -
Now, since we have [E[r]] F ®(lab(e})) C ®(lab(e;)) for each €] and its corre-
sponding e;, we have
[Elr]] F ®(lab(e})) € ®(lab(e1))
[E[]T - {lo} € @(lab(e1)) = @(lab(e2)) € ©(9)
[Elr]] - ®(lab(e3)) € @(lab(es))
[E[F] - {lo} < @(lab(e})) = @(lab(es)) € (')

and
[Elr]] F @(lab(é))) € @(lab(er))
LB - {15} € B(lab(er)) = B(lab(es)) € B(V)
[Elr]] F ®(lab(ez)) € ®(lab(es))
[E[r]] - {lo} € ®(lab(e])) = (lab(ez)) € @(I')
by Weakening in both cases. But these two constraints are exactly the constraints
in R((e} eh)", NoaP.ey), and so we have shown
[ElrF U R((e) ep)", Noael) .
NozP' el eg Els)
(¢) eh)" € Els]
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Now, since MozP'.eq g E[r], we have [E[r]] - { {I,} € ®(l}) }, and so we
have

[E[]]F U {{lo} celo) } -

MNozf' el eg Els]

Thus we have [E[r]] F [E[s]], which is [ex] F [ey].

Finally, we show [ex] F ®(lab(ey)) C ®(lab(ex)). Since ex = E[r] and
ey = EJ[s], obviously we have ex €g E[r] and ey €g E[s]. Now, if E = [ ], then
E[r] = r and E[s] = s, and we have $(E[r], E[s]). If instead E # [ ], then
lab(E[r]) = lab(E[s]), and again we have $(E[r], E[s]). Thus, since r — s, and
F Elr] wl, by Lem. [£8] we have [ex] F ®(lab(E[r])) C &(lab(E][s])).

The following corollary states that if an expression converges to a value, then
the label on the value is among those predicted by the analysis of the expression.

Corollary 4.8. If e wl and e converges to a value v, then [e] F {lab(v)} C

o(lab(e)).

Note that much information is lost by this corollary: while it shows that the
label of a result value is predicted, it does not tell us anything about the internal
structure of this value, which may be arbitrarily complex, but is guaranteed to
obey the constraints of [e].

We can now characterize the difficulty in Palsberg’s theorem [9] Thm. 4.10]
corresponding to our Thm. [£.7] Palsberg’s proof proceeds by induction on the
structure of ex. While considering the case in which ex = (e; 62)Z and e; — €]
(that is, the reduction occurs in the operator subterm), he invokes the induc-
tion hypothesis to get [e;] F [¢}]. He then shows that for every Aoz.e’ in
(e} e2)t, [(e1 e2)'] F R((€} e2)!, Nloz.e’). However, he needs to show [(e; e2)!] F
R((e} ef)t, Noz.e') for every (e e4)! in (e} e2)t.

Any repair of this error would require an induction hypothesis that accounted
for the context in which the reduction appeared. This approach is complicated
by the mismatch between any inductive approach and the non-inductive formu-
lation of the analysis used by Palsberg. We made several increasingly baroque
attempts to repair the proof, and were eventually led to abandon a formal in-
ductive structure in favor of the “flat” characterization of Lem. 43l

5 The Abadi-Cardelli Object Calculus

We presume the reader is familiar with the Abadi-Cardelli Object Calculus [1].
Our syntax is shown in Fig. Rl We have adopted a slightly non-standard syntax
to facilitate the presentation. Subterms are labelled with superscripts; bound
variables of comprehensions are presented as subscripts, e.g. (.. >i We elide the
range of the bound variable i, relying on the fact that this calculus neither adds
nor removes methods from an object. For any program, the set of method names
is finite.
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m Method Names
T Identifiers
pioa=m="(be Methods
bo=2P Variables

ex=0b | () | (em) | (e< (u))' Expressions

Fig. 8. Syntax of the Object Calculus

The reduction rules of the object calculus are shown in Fig. @1 Reductions
may be carried out in arbitrary contexts, and well-labelledness works in the usual
manner.

((mi =" (a))es)tmy)'2
= e;[(ms =" (@f)en)it /s (Red Sel)

(ms =" (2)e0)y < (m; =" (27)e))"
— (my =" (mﬁ)ﬁ m; = ($?1)€z ls, i;éj)l?’ (Red Upd)

Fig. 9. Reduction Rules of the Object Calculus

We think of objects as sets of abstractions, indexed by method name. As
with the lambda-calculus, we label each object by the expression in which it was
created, either by an object expression or by an update expression. Methods are
similarly identified by labels.

For this analysis, the cache will have two arguments: a label and a method
name, and will return a set of method labels. The intention is that &(I,m) will
contain all the labels of methods that might be the m-method of an object
labelled .

We define &(1) C ®(I') as the conjunction of the formulas ®(I,m) C &(I',m)
for all method names m.

For dealing with the analysis, ordinary comprehensions are cumbersome. We
introduce reverse comprehensions:

(ForEachz € X > f(x))

in place of the more usual {f(z) | € X} or |,y f(z), depending on whether
f(z) is a formula or a set of formulas.

We may now define the analysis [e] of a term e as the set of Horn clauses
defined by:
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[e] = (ForEach (m; =% (7)e)) ege > {I;} C (1, m,))
U (ForEach (el.m) cee,m =" (2F)ey e
> {I'} C ®(lab(er), m) = ®(lab(eq))
{I'} C ®(lab(e1), m) = ®(lab(ez))
U (ForEach (e; <= (m =" (29)e})) €ge
> (Vn # m)(®(lab(e1),n) € ®(l,n)),
{h} € o(l,m))

As in Sect. Bl each comprehension in the analysis has an intuitive relation to
the semantics:

(B),
M)

Co
Co

— Every m-method that appears in an object is a possible m-method of that
object.

— If an m-method of an object is selected, then the object is among the possible
values of the method’s bound variable, and the value of the method’s body
is among the possible values of the selection expression.

— If an object is created by updating the m-method of some object, then every
n-method of the old object is a possible n-method of the new object (for
n # m), and the new method is a possible m-method of the new object.

We now proceed as in Sect. Al

Definition 5.1. If r is a redex and s is an expression such that r — s, E is
a reduction context, and e, e’ are expressions such that e €g E[r] and €' €g E[s],
then define S(e,e’) iff either

lab(e) = Iab(e’)
2. e=r and e =s, or else
3 r=m; =l (x Zﬂ Je Z> m;)2 and s = e;[(m; = (x Bi)el>ll/x]] and e = xf
and e = (m; =4 (x ﬁl)@)
Lemma 5.2. Assume r is a redex and s an expression such that r — s, E is
a reduction context, and + Er] wl. Then

1. If (m =' (2P)e}) €g E[s], then there exists a (m =' (z7)e1) €g E[r] such that
S(er,eh).

2. If (¢).m)! €g E[s], then there exists a (e1.m)! €g E[r] such that $(eq,e}).

3. If (¢} <= (m =2 (2°)e}))hr € E[s], then there exists a (e1 <= (m =2 (27)ey))
€e E[r] such that S(e1,e}) and $(eq, €h).

4. If (m; =4 (b;)el) €e E[s] then either
(a) There exists (m; =" (b;)e;)! € E[r] such that $(e;,€}) for all i, or
(b) r — s is an instance of (Red Upd) and s = (m; =% (b;)e})! and there

exists ((m; = (z ﬁl) O < (mj = (2P)e))! € E[r] such that for all i,
=1, by = 2 e,=e; fori#j

7 )

=1y, bj=2° e =e fori=j
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Proof. By an analysis like the one for Lem. EE5. The only additional case is that
of an object constructed by (Red Upd). But in this case we know exactly what
the redex must have looked like, and it is described in the last case of the lemma.

Lemma 5.3. If r is a redex and s an expression such that r — s, F is a re-
duction context, + E[r] wl, and e and €' are expressions such that e €g E[r],

e’ g E[s], and $(e,€'), then [E[r]] F ®(lab(e’)) E &(lab(e)).
Proof. By cases on the definition of $(e, €¢’), as in the proof of Lem. 0.

Theorem 5.4. If ex — ey, and + ex wl, then [ex] + [ey] and [ex] +
d(lab(ey)) C ®(lablex)).

Proof. From the constraints in [E[r]], we need to deduce each of the constraints
in [E[s]], given by

[E[s]] = (ForEach {m; =" («/*)e)! €e Els] > {11} € &(1,m;))
U (ForEach (e1.m)! €g E[s],m =!" (2°)es g E[s]
> {l'} C ®(lab(er), m) = ®(lab(e1)) C &(0),
{I'} € ®(lab(e1),m) = ®(lab(e2)) E ®(1))
U (ForEach (e; < (m =" (2%)e}))! € Es]
> (Vn # m)(®(lab(e1),n) C (I, n)),
{li} € ®(l,m))

First consider the case (ForEach (m; =l (x ﬁl) Dbee B[s] > {IL} C ®(1,m;)).
By Lem. B2, if (m; =% (b;)e})! eg E[s] then either

1. There exists (m; =" (b;)e;)} €g E[r] such that $(e;,e}) for all i, or
2. r — sisan instance of (Red Upd) and s = (m; =% (b;)e})! and there exists
r=((m; =b (27)e;)) < (m; =" (7)e))! € E[r] such that for all 4,

=1, bi:%@i, e;=e; fori#j

K3
U=l bj=aP, e, =e fori=j

/

In the first case, each of the formulas {I} C ®(I,m;) is already in [E[r]].
In the second case, since E[r] contains the update term r, [E[r]] contains the
formulas

(I, mi) S O(l,m;) i #j

{la} € @(1,m;)
which describe the possible methods in abstract object [. Since r contains an
object term, [E[r]] also contains the formulas {/;} C &(l1,m;) for each i.

We can now consider each of the formulas {I}} C &(l,m;). For i # j, [E[r]] F
{L:i} C ®(ly,m;) € ®(,my), and I} = 1;, so [E[r]] F {l;} C &(l,m;), as desired.
For i = j, [E[r]] F {l2} C ®&(I,m;), but I} = I3 and m; = m;, so [E[r]] F {l}} C
®(1,m;) as desired.

For the remaining cases, we rely on Lem. [£6], as in Thm. [£7]1 The second
half follows analogously to the second half of Thm. 1.
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6 Conclusion and Further Work

We have introduced a novel proof technique for the correctness of constraint-
based flow analyses, and used it to provide a complete proof for the central
theorem of [9]. By matching the structure of the proof to the flat structure
of the analysis, we have not only clarified the overall flow of the proof, but
we have also exposed the crucial effects of reduction on the subterms of the
expression under analysis. Furthermore, by structuring the case analysis of the
proof around reduction contexts and redices instead of around the reductions of
whole expressions, we have simplified the necessary steps of the proof. Finally,
we have demonstrated our technique’s extensibility by applying it to an analysis
for a larger language.

We intend to investigate how well our proof technique will scale up to analyses
of larger, more realistic languages. In particular, we would like to know how
well it handles analyses that do not take the whole program into account. A
related investigation is to consider coinductive analyses like [8], in which not all
expressions are analyzed.
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Abstract. Dependency has been identified as the main ingredient un-
derlying many program analyses, in particular flow analysis, secrecy and
integrity analysis, and binding-time analysis. Driven by that insight,
Abadi, Banerjee, Heintze, and Riecke [I] have defined a dependency core
calculus (DCC). DCC serves as a common target language for defining
the above analyses by translation to DCC.

The present work considers the opposite direction. We define a Prototype
Dependency Calculus (PDC) and define flow analysis, secrecy analysis,
and region analysis by translation from PDC.

1 Introduction

Dependency plays a major role in program analysis. There are two broad kinds
of dependency, value dependency and control dependency. A value dependency
from v to v’ states that value v’ is constructed from v, so that there is a direct
influence of v on v'. A typical value dependency arises from the use of a primitive
operation, v = p(v), or from just passing the value as a parameter. A control
dependency from v to v’ describes an indirect influence where v controls the con-
struction of v'. A typical example of a control dependency is “v’ = if v then ...”.
Although v does not contribute to v’, it still controls the computation of v'.

Many program analysis questions are derived from dependency information.
A flow analysis answers questions like: which program points may have con-
tributed to the construction of a value? Hence, a flow analysis is only interested
in value dependencies. A region analysis answers similar questions, but instead
of yielding answers in terms of program points, the analysis computes regions,
which we regard as abstractions of sets of program points. Other analyses, like
secrecy and binding-time analyses, also need to consider control dependencies.
Here, the typical question is: if a particular value changes, which other values
may also change?

The dependency core calculus DCC [I] is an attempt to unify a number of
calculi that rely on dependency information. DCC builds on Moggi’s computa-
tional metalanguage [10]. It formalizes the notion of dependency using a set of
monads Ty, indexed by the elements of a lattice. The idea is that each element
£ of the lattice stands for a certain level of dependency and that computations
up to that level must occur in monad 7T, (an ¢-computation). In particular, the
bind-operator of DCC guarantees that the outcome of an ¢-computation can be
constructed only from the results of #'-computations, where ¢/ C £ in the lattice.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 228-242] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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DCC has a denotational semantics and there are translations from various
calculi — a two-level lambda calculus (binding-time analysis), SLam (secrecy
analysis), a flow-type system (flow analysis) — into DCC. Each translation in-
stantiates L to a suitablelattice— { static, dynamic}, {low-security, high-security},
powerset of the set of program points — and uses a variant of the monadic trans-
lation.

This beautiful approach has a number of drawbacks:

— There is no direct link from DCC to the region calculus [20]. The DCC
authors [4] have made a separate effort to build a DCC-style denotational
model for it.

However, the region calculus is an important program analysis which relies
on dependecy information to reason about memory allocation and memory
reuse.

— DCC does not have a notion of polymorphism and it does not seem easy to
extend it in this way. In particular, while a fixed number of regions can be
tackled with a fixed lattice of dependency levels (viz. the flow-type system),
an extension to region polymorphism does not seem to be possible.

An extension to polymorphism is possible in the denotational model of the
region calculus due to Banerjee et al [4]. But, as the authors point out in the
conclusion, it is not clear how to unify this model with their work on DCC.

The present work approaches the problems from the other side. Instead of
giving a target calculus that can be used as a common meta-language, we start
from a prototypical calculus that collects all sensible dependency information.
Instantiating this calculus to a particular analysis means to chop away part of
the information that it provides. The appeal of this approach is that

— it can provide a common framework for a range of analyses: analyses can
be factored through PDC and exploit PDC’s minimal typing property for
implementing the analyses;

— it scales easily to polymorphism;

— it can be mapped to all the problems that have been translated to DCC;

— it can be mapped to region calculus;

— a non-interference result for the PDC would give rise to corresponding prop-
erties for all analyses that are images of PDC;

— it uncovers an interesting connection between region calculus, dependency
analysis, and flow analysis.

The main novelty of PDC is the modeling of dependency information as a
graphical effect. That is, the effect of evaluating an expression e is a relation
that approximates the data and control flow during the evaluation. The map-
pings from PDC to other calculi are abstraction mappings that cut away excess
information.

There are also drawbacks in this approach. In particular, the evaluation strat-
egy (call-by-value) is built into the calculus and some proofs need to be redone
when changing the strategy. DCC avoids this by being based on the computa-
tional metalanguage. However, for a call-by-value language, the DCC authors
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recommend a modified vDCC calculus that has a slightly different model for
non-interference. It is hard to argue for the completeness of PDC. It might be
that we missed an important kind of dependency in the construction. We cannot
be certain until we encounter an analysis, which is not an image of PDC.

Related Work The present work draws heavily on the large body of work on
type-based program analysis. We cannot aim for completeness here, for a good
overview see the recent survey paper by Palsberg in the PASTE’01 workshop.
Particularly influencing are the works on region calculus [20], on effect systems
[L7)[13L[14], on flow analysis [19], on secrecy and security analysis [8,[16]22,21],
on binding-time analysis [3]9]12]/5]6].

The only unifying efforts that we are aware of are the works of Abadi, Baner-
jee, Heintze, and Riecke [4[T] that we discussed above.

Abadi et al [2] have defined a labeled lambda calculus which enables tracking
of dependencies. From the labels present in a normalized expression they com-
pute a pattern that matches lambda expressions with the same normal form. A
cache maps these patterns to their respective normal forms. While their labeled
expressions only represent the final results, our graphical approach can provide
information about intermediate results, too.

Contributions We introduce the PDC and give its static and dynamic seman-
tics. Next, we prove standard properties about its type system, culminating in
a minimal typing result. We prove the soundness of the static semantics with
respect to an instrumented big-step operational semantics. We define type pre-
serving translations from PDC to the region calculus, to a particular flow anal-
ysis, and to SLam (a calculus of secrecy)l}. Our translations shed some light on
the relation between flow analysis and region analysis: a flow analysis is con-
cerned with program points while a region analysis is concerned with portions
of memory. In our setting, a region is an abstraction for a set of program points
(which shares a common pool of memory to store its results).

2 The Calculus PDC

In this section, we fix the syntax of PDC, define its static semantics, and give an
instrumented dynamic (big-step operational) semantics. Finally, we prove type
preservation with respect to the static semantics.

2.1 Syntax

An expression, Ezpr, is a variable, a recursive function, a function application,

a let-expression, a base-type constant, a primitive operation, or a conditional.
Similar to labeled expressions in flow analysis, all expressions carry a source

label, s € Source. Contrary to labels in flow analysis, these source labels need

! This is found in an extended version of the paper.
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Ezpr> e ==z°|rec’® f(z)e|e@’e|let’ x =€ ine|
¢’ |op°(e) |if* eee
s € Source
AType 3 ¢ == (1,3)
Type> T ::=a|B\q§;>q§
€ € Effect =P(Source x Source x Indicator)
¢ € Indicator ={V,W,C} where VCWandWrCC

TE € Variable fim, AType

Fig. 1. Syntax of PDC

not be unique. In fact, they should be looked upon as variables that may be
substituted later on.

We shall not define explicitly the underlying expressions of an applied lambda
calculus. Rather, we define them intuitively through an erasure mapping | - |,
where |e| is an expression with the same structure as e, but all source annotations
removed.

An annotated type, ¢, is a pair (7,s) where 7 is a type and s is a source
annotation. A type can be a type variable, a base type, or a function type. The
function arrow is decorated with a source annotation and an effect e. An effect
is a labeled graph where the edges are atomic dependencies.

An atomic dependency is either a value dependency (s,s’,V) (written as
(s,8')v), a control dependency (s,s’,C) (written as (s, s’)c), or a weak control
dependency (s, s’, W) (written as (s, s )w). A control dependency is weak, if it
does not lead to the construction or examination of a value. If we do not care
about the kind of dependency, we write (s, s’). Dependency indicators are totally
ordered by V C W and W C C. An effect always stands for the least reflexive
and transitive relation generated by its atomic dependencies, as formalized by
the judgement (s,s,t) € €:

(e-atom)M (e-refl) (s,s,t) €€

(s,s',1) €€

(513527L1) €€ (523537L2) ce
(s1,83,01 Uia) €€

(e-trans)

That is, if there is a single control dependency on the path from s to s’, then
there is a control dependency (s, s’)c. If all atomic steps on the path from s to
s" are value dependencies, then there is a value dependency (s, s')y .

For comparison with the simply-typed lambda calculus, we define:

BType > ¢ s=a|B|(—(
BTE € Variableﬂ BType
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\ TE(x) = (1,5")
var) TE - ST ’ / "o
, ST X .(7'75).{(8,3)‘/1/7(8 75)\/}

(

TE[f — (¢’ e ¢,8 ),z ¢, s'He:ple
TE, s - rec® fl@)e: (¢ e é,8') 1 {(s,8")c}

TE,SF61:(¢'—6>¢,S")!61 TE,skex:¢' e
TE,sFe1@%ex:¢pler UeaUeU{(s,s")c}

(app) ¢=(r,5)

TE,stei:¢1!er TE[z : ¢1],s b ea: pa!lea
TE, st 1let® x =e1 inez: g2 !e1 Ue

(let) ¢2 = (Tv 51)

t\
(ons) e o - (B.5) 1 {(5.5)e ]

TE,ske: (B,s") e
TE, st op® (e): (B,s") e U{(s",s")c}

(op)

TE,stkei:(B,s") el TE, s" Fea: ¢! e TE, s Fes:¢!es
TE,Sl—ifS el ez 63:¢!€1U62U€3

(if) ¢ =(,5")

Fig. 2. Static Semantics of PDC

The set BType is exactly the set of types for a simply-typed lambda calculus.
BTFE ranges over type environments for this calculus, wheras TFE ranges over
annotated type environments for PDC.

We extend the erasure function to types. Type erasure |- | : AType — BType
maps an annotated type to a bare type (BType) by |(«, s)| = «, |(B, s)| = B, and

|(¢ — ¢, s =1¢'| — |¢"|. Technically, we should be using two different

sets of type variables, one ranging over Type and the other ranging over BType,
but context will ensure that no ambiguities arise.

Despite the presence of type variables in the type language, there is no poly-
morphism. The sole purpose of the type variables is to provide a principal typing
property to the type system.

2.2 Static Semantics

The static semantics defines the typing judgement TE, s e : ¢ ! € in Fig. Blin
the style of a type and effect system. The type environment TFE binds variables
to annotated types. The source label s on the left side of the turnstile denotes the
source label of the program location that causes e to evaluate, in the sense of a
control dependency. For example, the condition expression in a conditional causes
one of the “then” or “else” expressions to evaluate. Hence (viz. rule (if)), its
source label drives the evaluation of the branches. The annotated type ¢ = (7, s)
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consists of the real type 7 and the source label of the last expression that either
created the value of e or passed it on. As mentioned before, the effect € is
just a labeled relation, which stands for its least reflexive, transitive closure.
It expresses the relation between the values in the environment, the sources
labels in e, and the value computed by e.

The rule (var) gives rise to one weak control dependency and one value
dependency. The value dependency arises due to “copying” the value from the
environment (with source s”) to the result area of the expression (with source
s'). The control dependency arises from the source s to the left of the turnstile.
No parts of the value are examined or constructed, so it is only a weak control
dependency.

The rule (rec) produces just one control dependency: the allocation of the
closure is caused by s. But it also provides the explanation for the pair s”, ¢
on the function arrow. When applying the function, s’ will be the cause for
applying the function, i.e., the source of the application context. The effect € is
the dependency relation that the function promises to construct. Otherwise, the
rule is just the usual rule for a recursive function.

In the function application rule (app), the source s is the cause for evaluating
e1, eg, and also the body of the closure that is computed by e;. The latter
control dependency is created by the atomic dependency (s, s”)c. There is an
additional control dependency from the creation of the closure s’/ and the result
of the whole expression s’. As usual, the application of a function causes the
release of its latent effect (the dependency relation €). The relations resulting
from the subexpressions are unioned together (and closed under reflexivity and
transitivity).

The let expression has no surprises (let). However, it is important to see that
the evaluation of e; can be independent of the evaluation of e5 if the variable x
does not appear in e;.

The allocation of a constant (const) is caused by the context s, so there is a
control dependency.

A primitive operation, shown in rule (op), is quite similar. The result of the
operation is not part of the argument, but still it depends on the input value.
Hence, it gives rise to a control dependency and collects the dependency relation
from the subexpression.

A conditional expression (if ) evaluates the condition in the outer context s.
The result lives at source s” and it causes the evaluation of either e; or es.

2.3 Subtyping

The most important bit to understand about this section is that the static seman-
tics is not meant to be prescriptive, in the sense that it limits the applicability of
a function. On the contrary, the idea is that every simply-typed program can be
completed to a PDC expression (by adding source annotations), which is type
correct. In order to obtain this descriptive property, we introduce a notion of
subtyping which only works at the level of annotations. This is a typical step in
program analysis [6].
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First, we define the notion of an effect subset, €; C €5 ! €. It means that in
the presence of €, €1 is a subeffect of €.

€, Ceyl € el Cey !l e
Coey! L="2 L =2
PEe!d (fUeY) Cex ! (€ UE)
(575/7L) € €2 (5,8/7L) ¢ €2

{(s,8,0)} Eex 1 {(s,8,0)} Eea 1 {(s,8,0)}

The subtyping judgement is - ¢ < ¢ ! ¢ with the usual typing rule for
subsumption, which includes subeffecting, too:

b\TE,s}—e:gzb!e Fo<g¢ !¢ eUe Cé
(sub) TE,ske: ¢ 1€

Subtyping is more complicated than usual because it adds to the dependency
effect. Subtyping only introduces value dependencies because it only “connects”
different source annotations.

(sub-base gy < B, 5) T {(s.5)v ]

Fgo<orle Fol <gh!ée e1Cele’
(sub-fun) Ly 2 | )
F(é1 1, 51) < (@2 @h,52) eU€e Ue" U{(s1,52)v}

The best reading of a subtyping judgement - ¢ < ¢ ! € is in terms of the
subsumption rule, i.e., as a conversion of a value of type ¢ to the expected type
¢'. The effect € of the subtyping judgement registers the dependencies established
by the conversion. In this reading, the rule (sub-base) is obvious. The rule (sub-
fun) has the usual contravariant behavior in the argument part and covariant
behavior in the result part and in all other components.

2.4 Basic Properties

The static semantics of PDC is closely tied to the simply-typed lambda calculus.
Each expression of the simply-typed lambda calculus can be completed to a
typable PDC expression and, vice versa, the erasure of a PDC expression yields
a simply-typed lambda expression.

Lemma 1 (Erasure). If TE, st e: ¢! € then |TE| by |e| : |@| in the system
of simple types.

Lemma 2 (Type Extension). If || = |¢/|, then there exists a smallest € so
that - ¢ < ¢/ e

Proof. Case B: In this case, ¢ = (B,s) and ¢/ = (B,s'). Clearly, - (B,s) <
(B,s") ! {(s,s')v}, by definition of <.
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Case —: In this case, ¢ = (d14 = b1r,s) and ¢ = (¢, —I— &,,.,5).

Furthermore, |¢14| = |¢),| as well as |¢1,.| = |¢),|- By induction, there exist ¢,
and €, so that F ¢}, < @14 ! €q and F ¢1, < @), ! €. Furthermore, define €' by
€r C ey 1 e Setting € = ¢, Ue, U€e' U {(s,s')v}, we obtain that - ¢ < ¢' l ¢, as
claimed.

Lemma 3 (Completion). If BTE b4 eq : ¢ then for all s and TE where
|TE| = BTE there exist e, ¢, and € such that |e| = eg, |¢| = (, and TE,s - e :
o !e.

Furthermore, for each ¢' and € so that TE, st e: ¢' 1 ¢ and |¢'| = ¢ it holds
that - ¢ < ¢' € and eU e’ C €.

Lemma 4 (Minimal Type). Suppose that BTE Fg e : ¢ is a principal typing
for e in the system of simple types. Then there exist TE, s, e, ¢, and € with
|TE| = BTE, |e| = eq, |¢| = ¢ and TE, st e: ¢ !¢, so that, for all TE, ¢/, €,
and € with |TE'| = BTE, |¢/| = eq, |¢'| = ¢ and TE ;s ¢’ : ¢' | €, it holds that
Fop< ¢! ande C € and ' C €.

Finally, a technical result that shows that the value of an expression depends
on its control dependency. For this result, we need an assumption about the
types in the environment, which is captured by the following definition:

An annotated type is well-formed if the judgement ¢ wft is derivable using
the rules

¢ wit owit (s,s)€ee ¢=(1,9)
(¢/ — o, s') wit

(a, 8) wit (B, s) wft

If TE={x1:¢1,...,2n : ¢} then TE wit holds if ¢; wit, for all 1 <i < n.

Lemma 5 (Output Types). Suppose that TE, st e: (1,5") ! € where TE wit.
Then (s,s') € €.

2.5 Dynamic Semantics

The dynamic semantics of PDC is defined using a big-step operational semantics.
The judgement VE, s e || r states that with variable bindings VF and current
“cause for the evaluation” s, the expression e evaluates to a return value r, where
r is either a value paired with a dependency graph or an error ERR. Values, v,
are either base-type constants or closures. Each value is tagged with a source
annotation, s, that describes where the value has been created or passed through.
The dependency graph tracks the actual dependencies that have occured during
computation. Here is the formal definition of return values:

v u=c| (VE, Az e)
w = v

r u=w,e| ERR
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"

VE(z) = v°
VE, s xS/ 4 ’US/, {(87 S/)W7 (S//7 S/)V}

(ev-var)

7

(ev-rec) VE, sk roc® f(z)el (VE| fv(recsl f(z)e),rec f(z)e)*,{(s,s)c}

’

VE,st e I} (VE rec f(z)e)* e
VE, st ez | wa, €2
(ev-app) VE[f — (VE rec f(z)e)* x> wa],s" Fel v e
VE, st e1@% ey | v* 61 Uea UeU{(s,s")c}

VE, stk e | wi, e VE[mel},sl—eQUvsm,ez

(ev-let) — —
VE,sF1let® x =e1 in ez J v° ;61 Uea

(

- t\ 7 7
ev-const) VE,stc* | c*,{(s,8)c}

VE,skel ¢ e
VE, s+ ops/ (e) (op(c))s/,e u{(s",s)c}

VE,stei e a1 c+#false VE,s" Fex v e
VE, s+ ifs el es es Ufus/,el U e

(ev-op)

(ev-if-true)

’

VE, st e1 |} false® e VE,s" Fes v° s
VE,s ifs/ e1 ez e3 || vsl,el Ues

(ev-if-false)
Fig. 3. Dynamic Semantics

Figure Bl defines the inference rules for the judgement VE, s e || r. Figure @l
shows an excerpt of the error transitions, namely those for the rule (ev-app).
There are two more for (ev-let), two for (ev-op), and three for (ev-if-true) as
well as for (ev-if-false). They are constructed in the usual way, so that evaluation
propagates errors strictly.

2.6 Type Preservation

To establish a connection between the static semantics and the dynamic seman-
tics, we define a typing relation for values F, w : ¢ and value environments as
follows:

ko VE:TE  TE[f: (¢ — ¢,5),2:¢],sFe:ole
Fo (VE,rec f(x)e)® : (¢ R ?,8)

Fo w; @
Fo {x;:wi}: {z;: ¢i}
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VE,skei e e
VE,st e1@% ey || ERR

(ev-app-errl)

(ev-app-err2) VE,s - elllL ERR
VE,st e1@° es | ERR

"

VE,stk e || (VE,s" rec f(z)e)® e
(ev-app-errs) VE,st ez | ERR
VE,st e1@° ex | ERR

"

VE,st e || (VE,s" rec f(z) e)s/ , €1
VE,S F e U’wg,EQ
(ev-app-erry) VE' [z — w2],s”" e | ERR
VE,st e1@Q° e2 | ERR

Fig. 4. Error Transitions (Excerpt)

This enables us to prove the following by induction on the derivation of the
evaluation judgement.

Lemma 6 (Type Preservation). If TE,ste: ¢! e and VE, st e | w,€ and
b, VE: TE thent, w: ¢ and € C e.

3 Translations

In this section, we demonstrate that the region calculus and a calculus for flow
analysis are both images of PDC.

3.1 Region Calculus

We consider a simply-typed variant of the region calculus without region poly-
morphism and without the letregion construct. Polymorphism is out of the scope
of the present work.

Figure[l summarizes syntax and static semantics of the region calculus, where
we take Region as a set of region variables. To simplify the translation, we have
made subeffecting into a separate rule, rather than including it in the rule for
functions (as in [200]).

Suppose now that we are given a derivation for the PDC judgement TE, s
e : ¢ ! e. From this we construct a derivation for a corresponding judgement in the
region calculus in two steps. In the first step, we extract an equivalence relation
on source annotations from the PDC derivation. The equivalence classes of this
relation serve as our region variables. In the second step, we translate a PDC
expressions to an expression of the region calculus and map the type derivation
accordingly. The main step here is the mapping from source annotations to their
equivalence classes.
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p € Region
er =z | rec f(z)e, at p|e,Qe, | let z =e, in e,
c at p|op(er) at p|if e, e, er

¢ == (0,p) .
0:=a|B|l¢p — ¢
e C Region

(r-var) RTE@) = ¢

RTEF, xz:0!0

RTE[f — (¢/ —— ¢.p)a—¢|Fre:dle
RTEF, rec f(x)eat p': (¢ — ¢,0)! {p}

(r-rec)

RTEr, e1:(¢) — ¢,p)ler  RTEF,es:¢ lea
RTEl, e1@Qez: ¢ lei Uea UeU{p}

(r-app)

RTEF, e1:¢1!er RTE[x : ¢p1]bFre2: g2 !le
RTEF, let x =e1 inez: g2l e1 Uee

(r-let)

; \
(r-const) RTEF, cat p' : (B,p) ! {p'}

(1-0p) RTEF, e: (B,p")!e
P RTEF, op(e) at p' : (B,p) e U{p”, o'}

(r if‘RTEhn e1: (B,p") ! er RTEF, ex: ¢ !les RTEVF,e3:¢!es
/ RTEFTifelegegt(ﬁ!&lU&QU&g

RTEF,e:¢ple eCé€
(r-subeff) RTEF, e:ple

Fig. 5. Syntax and Static Semantics of the Region Calculus

For the first step, the computation of the equivalence relation, the function
«a extracts a set of pairs from effects, annotated types, and type environments.
The most important part is that control dependencies are ignored by .

a(0) =0

aleU€) = a(e) Ua(e)
a((s,s')v) ={(s,s)}

o((s, s )w) =0

a((s,s")c) =0

a(B, s) =0

al@ — ¢.5) = al¢) Ua(9) Uale)
ofzr:¢1,..])  =ald)U
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The extract of a type derivation is the union of the results of applying « to each
occurrence of a type environment, an annotated type, and an effect in every step
of the derivation (we sidestep the formal definition, which should be obvious).
Then, we define the relation =C Source X Source as the smallest equivalence
relation containing the extract. We denote the equivalence classes of = by [s]=
or just [s].

In the second step, we translate the parts of an RC type derivation using the
function B=. For expressions it is defined as follows.

B= (-758) =

O=(rec® f(x)e) =rec f(z)pP=(e) at [s]=

f=(e1@%ey) B=(e1)Qp=(e2)

O=(let® z = €1 in eg) = let = f=(e1) in P=(e2)

B=(c*) =c at [s]=

B=(op*(e)) = op(e) at [s]=

B=(1f® e; ez e3) =1if f=(e1) f=(e2) P=(e3)
For types and effects, it is defined by

B=(B,s) = (B, [s]=)

B-(¢) — ) = (5=(¢) =L 5 (9), [5])

p=(0) =0

f=(eU€) = p=(e) U B=(€')

B=((s,s")v) =0

B=((s,5")w) =0

B=((s,5")c) ={ls=}

With these definition, we can show the following correspondence.

Lemma 7. Let TE,sFe: ¢! e and = be defined as described above.
Then B=(TE) -, B=(e) : f=(¢) ! B=(¢€).

Proof. By induction on the derivation of TE,s F e : ¢ ! e. Note that uses of
the subsumption rule can be mapped to the subeffecting rule (r-subeff) because
subtyping only gives rise to value dependencies, which are equated by =.

3.2 Flow Calculus

We consider a simply-typed flow calculus comparable to 0CFA [7} [15,18,[19].
Figure Al summarizes syntax and static semantics of the flow calculus. In this
calculus, each subexpression is labeled by a location £. The calculus uses sub-
typing in the usual way. The type judgement FTEF¢ ey : (6, L) means that the
value of ey is constructed and passed through (at most) the locations mentioned
in L.

The mapping to PDC is straightforward for the flow calculus. Firstly, it
ignores all control dependencies. Next, it maps source annotations to locations
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£ & Location
ef n=a' | rec’ f(x)es | ef@es | let’ z = e in ey |
¢ op'(es) | if’ e e ey

L C Location

¢ == (0,L)
0 :=a|B|d—¢
FTE() (6,L)

0 S TR, of - (0,{6 U L)

FTE[f — (¢ = ¢, L"),z — ¢'|Fre: ¢
FTEVF; rect f(z)e: (¢ — ¢, {€})
\FTE L er:(¢) — ¢, L) FTEF;es:¢/ el
(-app FTEV; e1@le3 : ¢ ¢

(f-rec)

= (97 Ll)

FTE"feli(ﬁl FTE[.’E:QZsl] |—f€2:¢2

1 04)
(f-let) FTEF; let’ # = €1 in €5 : o

(F-eonst) prm o (B, 1)

FTEVv;e: (B, L)
(f-op) FTE O}fl(e) (B, {£})

FTEvje :(B,L) FTEvjes:¢  FTEbjes:¢ (€L

(F4f) FTEl; it e1 ez e3: ¢ ¢=0,L)
FTEbje:¢ bpo<d¢
PP AN f f
(f-sub) FTEFe: ¢
Lcr Fr 1 < ¢n Froa<¢y LCL
Fr (B, L) < (B,L) Fg (f1 — ¢2, L) < (¢ — ¢, L)

Fig. 6. Syntax and Static Semantics of the Flow Calculus

(without lack of generality, we assume the identify mapping because there is
always a PDC derivation where all source annotations are distinct). Then, to
compute the set L for a type, we take its source annotation and close it under
the current dependency graph.

Hence, define

E(se) ={s"[ (s, 8)v € e}

F((B,s).¢) = (B, F(5,c)

F((¢ —— ¢'.5).6) = (F(p,€) = F(¢/,eU ), F(s,¢))
F([St',‘l : ¢1,...L€) [.’1,‘1 F(¢1,6>7...]

and then we can prove that
Lemma 8. If TE,stke: ¢! € then F(TE, Q) -y e: F(¢,¢).
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4 Conclusion

We have defined a prototype dependency calculus, PDC, which subsumes impor-
tant dependency-based program analyses. It is the first calculus that subsumes
both the region calculus and other calculi like flow analysis and the SLam cal-
culus for secrecy analysis. Other analyses, in particular binding-time analyses,
would also be easy to derive.

We are presenting a number of typed translations into the above calculi.
Taken together with the soundness proofs of these calculi, these results give
some confidence in the construction of PDC, but ultimately we aim at proving
a noninterference result directly for PDC.

On the positive side, the extension to a polymorphic base language and to
polymorphic properties seems straightforward. However, it must be expected
that such an extension loses the principal typing property enjoyed by PDC.

Another interesting extension would be to cover further effect-based analyses,
like side-effects or communication.
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Abstract. We consider the problem of automating the derivation of
tight asymptotic complexity bounds for solving Horn clauses. Clearly,
the solving time crucially depends on the “sparseness” of the computed
relations. Therefore, our asymptotic runtime analysis is accompanied by
an asymptotic sparsity calculus together with an asymptotic sparsity
analysis. The technical problem here is that least fixpoint iteration fails
on asymptotic complexity expressions: the intuitive reason is that O(1)+
O(1) = O(1) but O(1) + - -+ 4+ O(1) may return any value.

Keywords: Program analysis, Horn clauses, automatic complexity analysis,
sparseness.

1 Introduction

A program analyzer workbench should aid the analysis designer in the construc-
tion of efficient program analyses. In particular, the workbench has to provide
a specification language in which the program properties to be analyzed can be
conveniently formalized. Typically, the program analyzer generated from such
a specification consists of a frontend for compiling the input program together
with the specification into a constraint system which then is solved.

Here, we consider an approach where (some fragment of) predicate logic
serves as a specification language for the analysis. Thus, we use predicates to
represent program properties and Horn clause-like implications to formalize their
inter-dependencies. The notion of predicates denoting relations is stronger than
using just classical bit vectors or set constraints as provided by the BANE system
[T] and makes the construction of control-flow analyses very easy (see [TTJ12] for
recent examples). There are three further reasons for the interest in an analyzer
workbench based on this approach:

— The task of the frontend is reduced to the extraction of certain input relations
from the program which then together with the clause specifying the analysis
is supplied to the solver algorithm. Thus, it is possible to rapidly add new
frontends for further languages to be analyzed.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 243-261] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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— The task of computing the result is reduced to computing the desired model
of a formula. As minor syntactical variations of formulas can have major
impacts on the efficiency of solving, the task of tuning of the analysis boils
down to tuning of formulas. Transformations along these lines were reported
in [12] and are currently studied in the context of [13]. And finally,

— The generated program analyzers have predictable performance. This is the
topic of the present paper.

Clearly, any good algorithm should be predictable — although only few are suffi-
ciently well understood. Here, by predictability we mean two things. First, the
algorithm should return the expected answers — this has classically been called
correctness. But second, the algorithm also should return the answer in a reliable
amount of time — meaning that the algorithm either always should be fast or,
should allow an easy to understand classification of inputs into those which are
rapidly doable and others which potentially take longer.

Our goal in this paper is to obtain safe estimations for the asymptotic com-
plexities of the generated analyzers. For ease of presentation we explain our
approach for a very simple fragment of predicate logic only, namely, for Horn
clauses. For these, McAllester has presented a complexity meta-theorem [I1]
which reduces the complexity estimation for clause solving to counting of “pre-
fix firings”. These numbers, however, as well as practical clause solving times
crucially depend on the “sparseness” of involved relations. Therefore, we de-
velop an asymptotic sparsity calculus which formalizes this notion and allows to
automate the necessary calculations. We use this calculus both to derive an au-
tomatic complexity estimator and also to design a sparsity analysis which infers
asymptotic sparsity information for predicates for which no sparsity information
has been provided by the user. This is particularly important for auxiliary pred-
icates that are not part of the original formulation of the analysis but have been
introduced during clause tuning (see, e.g., [12J13] for an example).

The technical problem here stems from the observation that classical least
fixpoint iteration fails on asymptotic expressions: O(1)+O(1) = O(1) but O(1)+
-++ 4+ O(1) may return any value. We overcome this difficulty by relying on an
interesting theorem about uniform finite bounds on the number of iterations
needed for “nice” functions to reach their greatest fixpoints — even in presence
of decreasing chains of unbounded lengths.

The paper is organized as follows. We introduce basic notions about Horn
clauses in section Pl In section B we report on McAllester’s complexity meta-
theorem. In sections Bl and [ we present the technical ideas onto which our
analysis is based. In section bl we explain the asymptotic sparsity analysis. In
section [l we sketch our implementation and present results for various bench-
mark clauses.

2 Horn Clauses

In this section, we recall the classical notion of Horn clauses (without function
symbols) as our constraint formalism. A Horn clause is a conjunction of impli-
cations of the form:
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Js-vosGm = (X1, .., Xk)

where g1,...,gm is a (possibly empty) list of assumptions and r(X7y,..., Xj) is
the conclusion. W.l.o.g. we assume that the argument tuples of predicates in goals
or conclusions are always given by mutually distinct variables. Thus, the goals

gi occurring as assumptions either are queries s(Y7,...,Y,) to predicates or
equality constraints between variables or variables and constants:

g = s,....Y,) | X=Y | X=a
for variables X,Y,Y7,...,Y; and atoms a.

Horn clauses are interpreted over a universe U of atomic values (or atoms).
For simplicity (and by confusing syntax and semantics here), we assume that all
atoms occurring in the clause are contained in U. Then given interpretations p
and o for predicate symbols and (a superset of) occurring variables, respectively,
we define the satisfaction relation (p,o) =t (¢ a goal or clause) as follows.

(p7a-)):T(X17"'7Xk) iff (O’X17...7O'Xk)€p7"
(po) EX =Y iff cX=0Y

(po) EX =a iff oX=a
(P7U)):91,-.-,9m§7"(X1,-.-,Xk) iff (O—X17"'70-Xk)€pr

whenever Vi : (p,0) = ¢;
(po)Eci Ao Aey iff Vj: (p,o) E=c¢

In particular, we call an interpretation p of the predicate symbols in R a solution
of ¢ provided (p, o) | ¢ for all variable assignments o of the free variables in c.

The set of all interpretations of predicate symbols in R over U forms a com-
plete lattice (w.r.t. componentwise set inclusion on relations). It is well-known
that the set of all solutions of a clause is a Moore family within this lattice. We
conclude that for every clause ¢ and interpretation pg there is a least solution p of
c with py C p. An algorithm which, given ¢ and pgy, computes p is called a Horn
clause solver. In the practical application, e.g., of a program analyzer workbench,
the initial interpretation pg assigns to input predicates relations which have been
extracted from the program to be analyzed. Depending on the input predicates,
the clause ¢ (representing the analysis) defines certain output predicates which
return the desired information about the program to be analyzed.

3 Concrete Calculation of Runtimes

In [11], McAllester proposes an efficient Horn clause solver. In particular, he
determines the complexity of his algorithm by means of the number of prefix
firings of the clause. Let p be an interpretation of the predicate symbols. Let
P=gi,...,9m denote a sequence of goals and A = Vars(p) the set of variables
occurring in p. Then the set 7,[p| of firings of p (relative to p) is the set of all
variable assignments for which all goals g; succeed. Thus, this set is given by:

Tolpl ={o: A—=UIVi: (0,p) = 9i}
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In particular, if p is empty, then Vars(p) = ), and 7,[p] only consists of a single
element, namely, the empty assignment (which we denote by @) as well). The set
Folc] of prefix firings of a clause c is given by the set of all firings of prefixes of
sequences of assumptions occurring in c.

Let us now without loss of generality assume that each implication p =
r(args) is bottom-up bound, i.e., each variable occurring in args also occurs in
the list p of assumptionsﬂ. McAllester’s result then can be stated as follows:

Theorem 1 (McAllester). Let ¢ be a Horn clause of size O(1) and po an ini-
tial interpretation of the predicate symbols occurring in c. Then the least solution
p of ¢ with po T p can be computed in time O(|p| + |F,[c]|), i-e., asymptotically
equals the cardinality of p plus the number of prefix firings relative to p. a

Thus, computing the complexity of Horn clause solving reduces to asymp-
totically counting the number of prefix firings. In simple applications, this can
be done manually by looking at the clause and exploiting background knowl-
edge about the occurring relations. In more complicated applications, however,
this task quickly becomes tedious — making a mechanization of the asymptotic
counting desirable. This is what we are going to do now.

We observe that computing sets of firings can be reduced to the application
of a small set of operations on relations and sets of variable assignments: For sets
of variables A C V', we define an extension operator ext4 y which maps subsets
& C A — U to subsets of V — U by “padding” the variable assignments in all
possible ways, i.e.:

extavE = {o:V —>U]|(o|la) €&}

In particular for A =0 and & = {0}, extav E=V — U.

For sets of variable assignments & C A — U and & C B — U, we define an
extended intersection operation N4 p by extending the variable assignments in
both sets &; to the union V' = AU B first and computing the intersection then:

&1 Na,B &y = (extAy 51) N (extBy gQ)

For simplicity, we omit these extra indices at “N” if no confusion can arise. Using
this generalized intersection operation, we can compute the set of firings of a list
p of assumptions inductively by:

7,0 = {0} Zplp: 91 = Tplp] N T 9]

— given that we are provided with the sets of firings for individual goals. Accord-
ingly, the number C,[t] of prefix firings associated to a list of goals or conjunction
of implications ¢ inductively can be computed by:

Cll =1 Colp=r(-.)] =Cplpl
Colp: 9] = Cplp] + T, [p, 9]l Coler Ao Aen] =370, Coley]

1 Assume that the implication is not bottom-up bound, and X occurs in the conclusion
but not in p. Then we simply add the goal X = X to the list of assumptions.
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We conclude that, in order to determine the asymptotic behavior of the number
of prefix firings, we must find a description for possible asymptotic behaviors of
sets of variable assignments which allows us:

1. to get a (hopefully tight) description for the intersection of sets;
2. to extract a safe cardinality estimate for the sets from their descriptions.

We will now proceed in two steps. First, we abstract relations and sets of variable
assignments to a description of their quantitative behavior. The latter then is
used to obtain the asymptotic description.

4 Abstract Calculation of Runtimes

Our key idea is to use (k x k)-matrices to describe the quantitative dependencies
between the components of k-ary relations.

4.1 Sparsity Matrices

For a k-tuple t = (a1,...,ar) and j in the range 1,...,k, let [t]; = a; denote
the j-th component of t. Let r denote a relation of arity k over some universe
U of cardinality N € N. To r, we assign the (k X k)-sparsity matriz B[r] whose
coefficients G[r];; € N are given by:

Blrlij = V{|S;G,a)| |acU} where
Si(i,a) = {ltlj[tent]i=a}

Here, \/ denotes mazimum on integers. Please note that the value 3[r];;, i.e.,
the maximal cardinality of one of the sets S;(i,a), depends on j in a rather
subtle way: for each j we first collect the j-th components from the tuples in
the relation r in which a appears on the i-th place (call each such an element
an j-witness) and then compute the cardinality, i.e., how many different such
j-witnesses at most exist. So, for different j’s these values can be quite different.

As an example, consider the edge relation e of a directed graph. Then S[e]12
equals the maximal out-degree of nodes of the graph, §[e]21 equals the maximal
in-degree. The values f[e];; count the maximal number of i-witnesses given a
fixed i-th component: thus, they trivially equal 1 (for all non-empty relations).
In particular for a binary tree, we obtain the matrix:

(1)

Every sparsity matrix m for a non-empty relation satisfies the following three
metric properties:

my; = 1 for all 4
m” S N fOI' all Z,]
my; < Mg - My for all 7, 5,1 (triangular inequality)

Let M(N); denote the set of all (k x k) sparsity matrices which satisfy the
three metric properties above. We have:
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Proposition 1. M(N)y is a complete lattice with the following properties:

1. The least upper bound operation is computed componentwise, i.e.,
(aUb)ij = ai; Vby fora,be M(N), and alli,j=1,...,k.
2. The function B is monotonic, i.e.,
Ry C Ry CU* implies B[R1] T B[Rs] in M(N);. 0

The mapping ( induces a Galois connection between (sets of) k-ary relations
and sparsity matrices. Instead of giving a concretization function v (returning
downward closed sets of relations), we here prefer to introduce a description
relation AN) between relations and matrices where for r C U* and m € M(N)y,

r AN m iff Blr] Em

Our next step consists in giving abstract versions of necessary operations on
relations. First we define for a,b € M(N)y, the (k x k)-matrix a ® b by:

1 ifi=j
(a@b)ij{(aij—f—bij)/\Nifi?éj

where “A” denotes minimum. We have:

Proposition 2. 1. The operation & is monotonic;

2. Ifr; AN) a; fori=1,2, then also (r1 Urg) AN (a1 ® as). O
Next, we consider the greatest lower-bound operation which is going to abstract
the intersection operation on relations. Opposed to the least upper bound, the
greatest lower bound cannot be computed componentwise. As a counterexample
consider the two matrices (for N = 100):

1 2100 1100 100
a= | 100 1100 b=1100 1 3
100100 1 100100 1

The componentwise greatest lower bound is given by:

1 2100
aANb=|(100 1 3
100100 1

In particular, (aAb)13=100>6=2-3=(aAb)12-(aAb)as.

In order to obtain the greatest lower bound of two matrices we additionally have
to perform a (reflexive and) transitive closure (rt closure for short).

Let m denote a (k x k)-matrix with entries in {1, ..., N'}. Then the rt closure
vm is defined by (v m);; = 1 and:

(I/m)ij = /\{mijl . mj1j2 et mjgfljg . mjgj ‘ g Z O,j»y S {1, .. 7]43}}
for i # j. In our example, the rt closure of a A b is given by:
1 26

viaAb)y=[100 13
100 100 1
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It is well-known that the rt closure of a matrix can be computed efficiently. For
the greatest lower bound we find:

Proposition 3. 1. The greatest lower bound of a,b € M(N)y, is given by

alb =v(aAbd) where
(a/\b)ij:aij/\bij fori,j=1,...k

2. Whenever r; AN) a;, i =1,2, then also (r1Nrg) AW (a1 Mag). ]

Our domain M(N)y, is related to the domain of difference bound matrices as
used, e.g., for the verification of finite state systems with clock variables [5] and
for analyzing simple forms of linear dependencies between program variables [14].
In contrast to these applications, we here use positive integers from a bounded
range only and also treat this coefficient domain both additively (namely, for
abstracting union) and multiplicatively (namely, for abstracting intersection).
The key property of our abstraction of relations is that sparsity matrices allow
to estimate cardinalities. For m € M(N); we define:

cardm =N - H{mxy | (z,y) €T}

where ({1,...,k},T) is a minimal cost spanning tree of the complete directed
graph over {1, ..., k} with edge weights (¢, j) — m;;. Consider, e.g., the matrix:

1 26
c=|(100 13
100 100 1

The weighted graph for ¢ is depicted in fig. [ (self loops and edges with weight
100 are omitted). A minimal spanning tree of this graph is given by the edges

2 3

Q00

6

Fig. 1. The weighted graph for the matrix c.

(1,2) and (2, 3). Therefore, we obtain: carde = 100-2 -3 = 600. We have:
Proposition 4. Assume r C U* and m € M(N)y such that r AN) m. Then
also  |r| < cardm. O
4.2 Computing with Sparsities

In a similar way as to relations, we can assign sparsity matrices to sets & of
variable assignments o : A — U for some set A of variables. Here, we deliberately
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allow to index the entries of sparsity matrices by the Cartesian product A x A.
The sparsity matrix of the non-empty set £ of variable assignments then is given
by:

BEley = \{Hoylo €& ox=a}| [acU}
Let M(N)a denote the complete lattice which consists of all matrices with
entries from {1,..., N} which are indexed with A x A and satisfy the three
metric properties. We introduce an abstract version of the operator ext4 y by

padding the corresponding matrix with the maximally possible value for the so
far missing entries. For A C V', we define ext%’v tM(N)a — M(N)y by:

1 ifz=y
(ext%yv M)y = My if 2,y €A x#y
N otherwise

Accordingly, we define for a € M(N)a, b€ M(N)p and V = AU B:
alapb= (ext%’v a)n (extﬁB’V b)
For convenience, we subsequently drop the subscripts “A, B” at “I'”. We have:

Proposition 5. 1. If r AN a then also (extay r) AN) (ext?4 va).
2. Iffor i=1,2, r; AN a; then also (ri1Nrg) AN) (a1 Mag). O
The greatest matrix T 4 € M(N) 4 maps the pair (X,Y) to 1if X =Y and to
N otherwise. In order to shorten the presentation, we feel free to specify matrices

just by enumerating those entries which deviate from the greatest matrix. Thus
for A={X,Y}and N =100, we write {(X,Y) — 5}4 to denote the matrix:

{(X,X)—1, (X,Y)—5,
(Y, X) 100, (Y, Y)—1 }

Every abstract interpretation p? mapping predicate symbols to corresponding
sparsity matrices, gives rise to an abstract description of sets of firings by:

40 = {3 Thlp, g) = T 1p) N T4 [g]

where for individual goals,

ThIr(X1, - Xe)] = {(X0 X5) = (0 1)i |1 # XX

TAX = V] = {(X,Y) = L, (Y. X) = T} (xy)
T5[X =d] ={hx

The treatment of goals X = a as outlined above would record no information
about X at all! In order to obtain a better precision here, we consider equalities
with constants always together with the preceding goals. We define:

Thlp, X =a] = Thp| N {(Y,X) = 1|Y € A}auxy
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where A equals the set of variables occurring in the list p. By taking the subse-
quent extension to the set AU {X} into account we record that for each value
of another variable Y there always can be at most one value of X (namely, a).

Right along the lines of the complexity estimation based on concrete relations
and concrete sets of firings, we use abstract descriptions of sets of firings to
translate the concrete cost calculation into an abstract one:

cil =1 Chlp=r(..)] =Cp
Cgu [p.g] = Cgu [p] + card (%uu [p. g]) Cf,u [t AN en] = Z?:1 Ciu [¢;]

Using the estimation of cardinalities of relations according to proposition [, we
can thus calculate an abstract number Ci” [c] of prefix firings of a clause ¢ given

an assignment pf of predicate symbols to abstract sparsity matrices:

Theorem 2. Assume c is a Horn clause and p an interpretation of the predicate
symbols occurring in c. Then we have:

1. The number of prefix firings of ¢ (relative to p) can be estimated by:

Cold < Cin [c]

whenever the universe has cardinality at most N and
(pr) AN (pFr)

for all predicate symbols r occurring in c.
2. The value Ci“ [c] can be computed in time polynomial in the size of c. a

In other words, our abstraction allows to obtain a safe approximation to the
number of prefix firings of clauses — given that the solution complies with the
assumed sparsity assignment.

5 Asymptotic Calculation of Runtimes

Estimating the runtime of the solver on inputs adhering to a single pre-specified
sparsity information, gives us no information on how the runtime scales up when
the clause is run on larger relations. The crucial step therefore consists in replac-
ing the abstract calculation from the last section by an asymptotic one. For this,
we first introduce the domain of our asymptotic complexity measures. Then we
derive the asymptotic runtime calculation and prove its correctness.

5.1 Asymptotic Values

For measuring asymptotic sparsity and complexity we use the abstract value
n to refer to the size of the universe. In the application of a program ana-
lyzer workbench, the universe typically comprises the set of program points, the
names of variables etc. Thus, its cardinality roughly corresponds to the size of
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the program to be analyzed. Expressing complexities in terms of powers of the
cardinality of the universe, however, often is too coarse. Therefore, we introduce
a second value s < n which is accounted for in the analysis. The parameter s
could, e.g., measure the maximal number of successors/predecessors of a node
in a graph. Accordingly, we are aiming at complexity expressions of the form
O(n - s?). In order to be able to compare such expressions, we must fix (an esti-
mation of) the asymptotic functional relationship between s and n. In particular,
we may assume that s7 ~ n for some 7 € N or even s ~ log(n) implying that
s" < n for all n (at least asymptotically). Let us call n the dependency exponent
of our analysis. For the following, let ' denote the set of non-negative integers
extended by a greatest element oo. Thus for every exponent n € N/, we obtain a
linearly ordered lattice I),, of asymptotic complexity measures:

D, ={n" s |0<i,0<j<n}

The least element of I, is given by n%.s® = 1. On I,, we have the binary
operations “-” (multiplication), “LJ” (least upper bound) and “I” (greatest lower
bound) which are defined in the obvious way. Note that ID,, has infinite ascending
chains. Also, the lengths of descending chains, though finite, cannot be uniformly
bounded.

The set Py (n) of all asymptotic (kX k)-matrices consists of all (k x k)-matrices
a with entries a;; € D, such that the following holds:

a;; =1 for all 4
a;; En for all 4, 5
A4 E Q4 - Al for all i,j,l

Similar to M(N)g, Pr(n) forms a complete lattice where the binary least upper
bound “U” and greatest lower bound “M” are defined analogously as for M(N ).
In particular, we can use a completely analogous definition for the card function.
The elements in D, should be considered as functions. Thus, given a concrete
argument N € N, an element p can be evaluated to a natural [p], N by:

o Ni.log(N) ifn=o0
[m'S]]WN:{Ni.Nj/n if 1) < oo
Evaluation at a certain point commutes with the operations “”, “LU” and “I”.
Asymptotic statements do not speak about individual elements. Instead, they

speak about sequences of elements. Let z = (x(N))NeN denote a sequence of
integers ™) € N and p € D, . Then we write:

zA,p iff FdeN:YNeN:zW™ <d-(jp], N)

This formalization captures what we mean when we say that z is of order O(p).

5.2 Computing with Asymptotic Values

In order to analyze the asymptotic runtime complexity of the solver, we not only
have to consider sequences of numbers. Besides these, we consider sequences of
other objects (all marked by underlining). We introduce:



Automatic Complexity Analysis 253

— sequences of relations r = (r"))yey where »(N) C (UIN))E for universes
UWN) of cardinalities at most N;

— sequences of matrices m = (m™)) yeny where m®Y) € M(N)y;

— sequences of interpretations p = (,o(N )) ~NeN and abstract interpretations p_ji =

(,oﬁ(N))NeN of predicate symbols.

Also, we establish a description relation between sequences of matrices m and
asymptotic matrices:

m A, aiff (mz(';V))NeN Ay ai; foralli,j
In particular, we have:

Proposition 6. 1. Assume a,b are sequences of sparsity matrices which are
asymptotically described by a* and b*. Then the following holds:

(CL(N) (] b(N))NeN AU a* LUb*
(CL(N) &) b(N))NeN AU a* Ub*
(@M bMyeny A, a1

2. If a is a sequence of sparsity matrices and a A, a* then also
(card (a"™))) nen A4, card (a*)

g

Similarly to section @] we now can use the operations on asymptotic spar-
sity matrices to obtain asymptotic complexity expressions for the runtime of
the solver — given an asymptotic description of the sparsities of the computed
relations. Thus, for an assignment p* of predicate symbols to asymptotic spar-
sity matrices, we first infer asymptotic sparsity matrices 7% [p] for sequences of
sets of firings of pre-conditions and then calculate the corresponding asymptotic
cost functions C;.[t] for the pre-conditions and clauses ¢. We proceed along the
lines for sparsity matrices. The main difference is that we now compute over I,
(instead of N) and that we replace the matrix operation “®” with “U”.
Ezample. In [12], we considered a control-flow analysis My for the ambient
calculus [3] and showed how to derive an optimized clause M; which can be
solved in cubic time. For convenience, we described these analyses by using Horn
clauses extended with explicit quantification and sharing of conclusions — the
same analyses, however, can also be described by pure Horn clauses only. In order
to illustrate our complexity estimation technique, we take the optimized clause
M and pick the abstract description of the In action for ambients. Translating
the Flow Logic specification from [IZ] into plain Horn clauses, we obtain:

in(X, A), father(X,Y), sibling(Y, Z), name(Z, A) = father(Y, 2)

Here, the binary relation in records all pairs (X, A) where A is the label of an
In capability of ambients with name A. The binary relation father describes all
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pairs (X,Y) of labels where Y is a potential enclosing environment of X. The
binary relation sibling collects all pairs (Y, Z) which potentially have the same
father. Finally, the binary relation name records all pairs (Z, A) where Z is the
label of an ambient with name A. Thus, the universe I/ consists of the labels
given to ambient expressions and capabilities occurring in the program together
with all occurring names. Therefore, the size n of the universe asymptotically
equals the size of the ambient program. By definition, capabilities and ambients
are uniquely related to names. Therefore, the relations in and name are asymp-

totically described by:
*in = p* name = L1

The binary relation father represents the result of the analysis, i.e., describes
all places where an ambient may move to. Let us assume that this relation is
“sparse”, meaning that each label has only few sons and few fathers. Bounding
the numbers of fathers and sons, implies upper bounds for the number of siblings
as well. Therefore, we set:

* 1 s w1 52
p* father = (S 1) p* sibling = (52 1 )

Let us assume that the exponent n equals co. By varying the exponent 7 from
oo (very sparse) down to 1 (dense), we instead could track the impact also of
other grades of sparseness onto the complexity of the clause. For the complexity
estimation, we first compute the asymptotic descriptions 7 . [p;] for the sets of fir-
ings for the prefixes p1, ..., ps of the pre-condition. The corresponding weighted
graphs are shown in fig. 2 (self loops and edges with weight n are omitted). Then
we calculate their cardinalities. Starting with p; = in(X, A), we find:

Tyl ={(X, 4) = 1}axy

(see the leftmost graph in fig. ). A minimal cost spanning tree is given by the
edge (X, A). Therefore, card (7). [p1]) =n-1=n.
Next, consider the prefix ps = in(X, A), hasFather(X,Y). Here, we have:

7;7** [pQ] = {(X7 A) = 1}{A,X} M {(X7 Y) =S, (YvX) = s}{X,Y}
= V{(X’ A) =1, (X’ Y) =S, (KX) = 5}{A,X,Y}
= {(X’ A) =1, (X’ Y) =S, (K A) =S, (Y7X) = 5}{A,X,Y}

(see the second graph in fig. B). A minimal spanning tree of this graph con-
sists of the edges (X, A) and (X,Y) which results in the cardinality estimation:
card (7. [p2]) =n-1-s=mn"s.

Accordingly, we obtain for ps:

Tp**[pg} ={(X,A)—1, (X,)Y)—s, (X,2)— s>
(Y,A) —s, (V,X)—s, (YV,Z)— s?
(Z7 A) = 837 (Z7X> = 837 (Z7Y> = 82 }{A,X,Y,Z}

where a minimal spanning tree is given by the edges (X, 4), (X,Y) and (Y, 2)
(see the third graph in fig. ). Therefore, card (T.[ps]) =n-1-5-5>=n-s°
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Fig. 2. The weighted graphs for T )% [p1], T,%[p2], T« [p3] and T [pa].

The asymptotic sparsity matrix for py dlﬂers from T [ps] only in the entry
for (Z, A) where it has value 1 (instead of s3) (see fig. d to the right), and the
asymptotic cardinality stays the same. Summarlzmg7 the contribution of the
example clause to the overall complexity is determined as:

* 4 *
Cp* [pa] = |_|i:1 card (Tp*[ i])
=nlUn-sUn-s>Un-s® = n-s°

O
For an asymptotic sparsity assignment p*, let card p* equal the least upper
bound of all values card (p* r), r € R. We obtain our main theorem:

Theorem 3. For a Horn clause ¢ of size O(1), let p* denote an asymptotic
sparsity assignment for the predicates occurring in c. Then the following holds:

1. The solutions p of ¢ can be computed in time
O(card p* + C3.[c])
provided that the sequence of interpretations p is asymptotically described by
p* (via B and A, ), i.e., for every occurring predicate r,
Blp™ 1) wven Ay (p7 1)
2. Asymptotic runtime estimates can be computed in time polynomial in the
size of clauses. a

In other words, the runtime analysis predicts correctly the complexity of Horn
clause solving for solutions whose sparsity matrices are asymptotically described
by p*. Moreover, the estimate itself can be computed efficiently.

6 Asymptotic Sparsity Analysis

Horn clauses will update certain relations by means of assertions. In a general
application, we might have knowledge of the (asymptotic) sparsities of some re-
lations whereas others are unknown beforehand or introduced a posteriori during
clause tuning. In the control-flow analysis M; for Mobile Ambients, this is the
case, e.g., for the relation sibling which is defined by the clause:

father(Y,T'), father(Z,T) = sibling(Y, Z)
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Clearly, it is both annoying and error-prone if the user has to provide information
also for such auxiliary relations — in particular, if these are introduced by some
fully automatic clause optimizer.

Therefore, we design a sparsity analysis which takes the partial information
provided by the user and tries to infer safe and reasonably precise (asymptotic)
sparsity information also for the remaining predicates. We proceed in two steps.
First, we infer sparsity matrices and then explain how to do that asymptotically.

6.1 Inferring Sparsity Matrices

For a set £ C A — U of variable assignments and a sequence args = Xq,..., Xk
of pairwise distinct variables X; € A, we define
assert (€, args) = {(0Xy,...,0Xy)|0€f}

Each implication p = r(args) gives rise to the following constraint on p:
assert (7,[p], args) < pr

Thus, the function assert extracts from the firings of the list of assumptions the
tuples for the predicate on the right-hand side.

Abstracting this constraint system for solutions of ¢, we obtain an equation
system for the sparsity matrices (,0ti r),r € R as follows. For each predicate r
in R of arity k, we accumulate the contributions of assertions onto the sparsity
matrix of r where the impact of every implication with matching right-hand side
is obtained by abstracting the corresponding concrete constraint. Accordingly,
we define an abstract function assert’ which for m € M(N)4 and a list args =
Xq,..., X} of pairwise distinct variables X; from A, collects the entries from m
according to the variable list args to build a (k X k)-matrix from M (N)g:

assert! (m, args) = {ij— mx, x; |4,j=1,...,k}
For r € R, let Z[r] denote the set of implications in ¢ where  occurs on the right-
hand side. Let us furthermore fix an initial interpretation pg and a (possibly

trivial) upper bound p’i to the sparsity matrices of occurring predicate symbols.
Then we obtain an equation system S* for the values pf 7,7 € R, by:

Arnire P easet(Tiklags) = pir
p=r(args) € I[r]

Computing the least model of the clause ¢ is abstractly simulated by the least
fixpoint iteration for S*. This was the easy part. It remains to proceed to asymp-
totic sparsities.

6.2 Inferring Asymptotic Sparsity Matrices

We define a function assert® which, given an asymptotic sparsity matrix m and
a list args = X1,..., Xy of pairwise distinct variables X;, returns

assert” (m, args) = {ij—mx,x,|,j=1,...,k}
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Thus, the call assert* (m, args) collects the entries from m according to the vari-
able list args to build a (k x k)-matrix from Py (n). For a given initial asymptotic
assignment p§ and an upper bound p], we obtain an equation system S* for the
values p* r,r € R, by:

pir M (pyr U |_| assert (7,.[p, args)) = p'r
p=r(args) € I[r]

The contributions to p* r from different implications are now combined by the
least-upper-bound operator. Since the left-hand sides of S* are monotonic in the
asymptotic sparsity assignment, the least as well as the greatest solution of S* are
well defined. Choosing the least solution, though, is no longer safe. Intuitively,
this is due to the fact that although O(1) + O(1) = O(1), an arbitrary sum

O1) +...+0(1)

may return any value. This is reflected in proposition[@.1 (line 2) which speaks
about asymptotic descriptions of sequences of binary “@®”-applications only. The
incorrectness of the least solution becomes apparent when looking at the Horn
clause defining the transitive closure ¢t of an input edge relation e:

e(X,Y)=tX,)Y) A eX,Y), t(Y,Z2) = t(X, Z)

If we break down the corresponding system S* for the value (p*t) to equations
for the components t;; = (p* t);;, we obtain the following equation for ¢12:

bialM(e12Uerz-tia) = ti2
Here, b1a = (pjt)12 is the upper bound for t12 specified by the user, and
e12 = (p*e)12 is the asymptotic maximal out-degree of the input graph. Let
us assume that e;s = 1, i.e., the input graph has asymptotically constant out-
degree. Then the equation for ¢15 can be simplified to:

bi2Mt12 = ti2

The least solution of this equation is 12 = 1 — implying that the transitive clo-
sure of e necessarily has constant out-degree as well: which is wrong. In contrast,
the greatest solution gives us t15 = b1 — which is reasonable, as it is the upper
bound provided by the user.  Sparsity inference, however, through the greatest
solution of S* will not always infer such trivial results.
Ezample (continued). Consider the definition of the auxiliary predicate sibling
and assume that the matrix:

N 1 s
plfather:(s 1>

has been provided as the asymptotic sparsity matrix of the predicate father.
Then we calculate for p = father(Y,T),father(Z,T) (see fig. B):

7;7** [p] = {(Y7 T) =S, (T7 Y) = s}{Y,T} r {(Z7 T) =S, (T7 Z) = s}{Z,T}
= { (YaT) =S, (T7Y) =S, (YaZ) = 527
(Z’ T) =S, (T7 Z) =S, (Z7Y) 57 }{Y,Z,T}
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: S : S :
\/

52

Fig. 3. The weighted graph for 7, [p].

This gives us the value for left-hand side of the equation of S* for p* sibling :
N 1 s?
ssser” (T30 00 2) = (o 7 )
Since this matrix is constant, it provides us with the final value of the greatest
solution of &* for sibling. Indeed, this was precisely the matrix which we had to
assert manually in the complexity computation of section bl a
In summary, we prove:

Theorem 4. Let c denote a Horn clause of size O(1) and p* the greatest solution
of the equation system S*. Let Py denote a sequence of initial interpretations
which is asymptotically described by pg (via B and A, ) and p the sequence of
least solutions of ¢ exceeding Py Then the following holds:

1. Whenever the sequence p is asymptotically described by pi (via B and A, ),
then it is also asymptotically described by p*. This means that, whenever

Bl ) ven Ay (p57)

for every predicate r, then also

Blp™ rl)ven Ay (p* 1)
for every predicate r.
2. Greatest asymptotic sparsity assignments can be computed in time polynomial
in the size of the respective clauses.

In other words, given a safe assertion about the asymptotic sparsities of
(some) predicates, our asymptotic sparsity analysis will provide a possibly better
but still safe assertion about the asymptotic sparsities. Thus, it can be seen as
a narrowing procedure to improve on a given safe information. Theorem @ holds
since, opposed to the least fixpoint, the greatest fixpoint of the system S* is
reached after a uniformly bounded number of iterations.

Proof. The equation system S* can be written as  F p* = p* where F is the

joint function of left-hand sides in &*. Then we argue as follows.

(1) We safely may apply one single fixpoint iteration, i.e., given that p* is a
correct asymptotic sparsity assignment, F' p* is still correct.

(2) We safely may apply any constant number of fixpoint iterations, i.e., given
that p* is a correct asymptotic sparsity assignment, F'* p* is still a correct
asymptotic sparsity assignment for any h which may depend on the con-
straint system — but is independent of the universe and the predicates.

(3) The greatest fixpoint is reached after a finite number of iterations. More
precisely, the greatest fixpoint of F is given by F"p%, with h < |R| - a®
where a is the maximal arity of a predicate from R.
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Assertion (1) follows by induction on the structure of pre-conditions. Assertion
(2) follows accordingly. Therefore, it remains to prove assertion (3). First, we
observe that each component of F' defining an entry (4,j) of the asymptotic
sparsity matrix for some predicate r is composed of a bounded number of basic
operations on I),,. Then we rely on the following observation:

Let D denote a complete lattice. A function f : D™ — D is called nice iff f
is monotonic and for all pairs of m-tuples (x1,...,2Zm), (Y1,...,ym) € D™, with
x; C y; for all 4, the following holds:

I f@1 @) f@neeeym) then [ i @i # yi} C flar,...,2m):

Niceness of functions is a semantical property which generalizes the (partly syn-
tactically defined) property considered by Knuth in [9]. In contrast to Knuth’s
property, niceness is preserved under composition, and least upper bounds:

Proposition 7. 1. Constant functions \z1,...,Tm.c, c € D, the identity Ax.x
as well as the binary operation LI are nice.
2. In case of linear orderings D, also M s nice.
3. Nice functions are closed under composition, greatest and least fixpoints. 0O

A proof of the following theorem is included in the full version of the paper:

Theorem 5. Consider a system of equations fi(x1,...,Tm) =i, i =1,...,m,
where all left-hand sides f; : D™ — D are nice. Let F' : D™ — D™ denote the
function F' = (f1,..., fm). If D is a linear ordering, then the greatest fixpoint
vF of F is reached after m iterations, i.e., vF =F™(T,...,T). O

Let S denote the constraint system over D, which is obtained from S* by
writing the equations componentwise. Thus, the set of variables of & are given
by all (p*7)i;, r € R, where each left-hand side is an expression built up from
constants and these variables by means of applications of the operators “LI”,
“M”, and “-”. Since our operation “” is also nice, we conclude from proposition
[[that all left-hand side expressions in S represent nice functions. Thus, theorem
is applicable. As S has at most |R| - a? many variables (a the maximal arity
of a predicate in R), our assertion (3) follows. This completes the proof. O

7 Practical Implementation and Experimental Results

The key idea of McAllester’s Horn clause solver is to bring clauses into a spe-
cific canonical form which then is easy to solve. In order to do so, he introduces
auxiliary predicates for prefixes of pre-conditions and employs constructor ap-
plications for collecting instantiated variables.

In our applications, we found it rather restrictive to deal with Horn clauses
only. Therefore, we extended the Horn clause framework by explicit quantifica-
tion, conditional clauses and stratified negation. The Horn clause for transitive
closure, e.g., could be written in our logic as:

VXY :e(X,Y) = (HX,Y) A(VZ :t(Y, Z) = t(X, Z)))



260 Flemming Nielson, Hanne Riis Nielson, and Helmut Seidl

The logic which we have implemented is known to Logicians as alternation-free
least fizpoint logic in clausal form [8]. It is more expressive than “Horn clauses
with sharing” [12] or Datalog — even with stratified negation [4]10].

For this richer logic, McAllester’s solving method does not suffice any longer.
Therefore, we developed and implemented an alternative solving algorithm. In
contrast to McAllester’s method, our solving procedure does not rely on pre-
processing. It also abandons special worklist-like data-structures as are typical
for most classical fixpoint algorithms [6]. Still, it meets the same complexity esti-
mation for Horn clauses as McAllester’s. For details about this solver algorithm,
see [13]. Accordingly, we extended and implemented the complexity estimator
described in the preceding sections to this stronger logic and our solver.

Applying the automatic complexity analyzer to the two formulations M, and
M of control-flow analysis for the Ambient calculus, we succeed in refining the
rough complexity estimations from [I2] — provided that further assumptions
about the resulting control-flow are met.

Besides these refinements for the ambient analyses, we report here also on
the results of the complexity estimator on the following benchmarks:

TC: transitive closure of some edge relation;
FL: control-flow analysis of a functional language;
P:  control-flow analysis for the pi calculus from [12].

For transitive closure, the results are reported depending on the asymptotic
sparsity of the edge relation e. In the sparse case, we use the asymptotic sparsity
matrix:

For all control-flow analyses, we investigate the impact of different assumptions
on the asymptotic sparsity of the result relation. The clause M is obtained from
the clause M by introduction of various auxiliary predicates [12]. No information
has been provided to the complexity analyzer for these — meaning that their
asymptotic sparsities are inferred by the system. The following table collects the
estimations computed by our analysis:

dense|sparse
TC n n?.s
FL nd n-s?
P n3 n?-s
My ntl n-s
My nd n-s

The simplest clause is the one for transitive closure where the tool returns
the expected complexities. On CFA for functional languages, it nicely assures
that the complexity is low if only few values are found for each expression into
which it may develop. The same holds true for the mobile ambients. Interestingly,
here both the unoptimized and the optimized analysis give the same asymptotic
complexity — provided that the computed relation is sparse.
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8 Conclusion

The complexity analysis has benefitted from the pioneering ideas of McAllester
[I1] and Basin and Ganzinger [2] on the complexity of solving Horn clauses.
The contribution of our paper is to fully automate the necessary calculations. In
particular, the idea of asymptotic sparsity matrices for describing the asymptotic
sparseness of relations as well as our narrowing algorithm for inferring asymptotic
sparsity matrices for predicates seems to be new.

McAllester himself [I1] and together with Ganzinger [7] have provided fur-
ther complexity meta-theorems for interesting deductive systems which are also
candidates for integration into a program analyzer workbench. A challenging
open question is whether the necessary complexity calculations for these can be
automated as well.
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Abstract. Ensuring the reliability of multithreaded software systems is
difficult due to the interaction between threads. This paper describes the
design and implementation of a static checker for such systems. To avoid
considering all possible thread interleavings, the checker uses assume-
guarantee reasoning, and relies on the programmer to specify an en-
vironment assumption that constrains the interaction between threads.
Using this environment assumption, the checker reduces the verification
of the original multithreaded program to the verification of several se-
quential programs, one for each thread. These sequential programs are
subsequently analyzed using extended static checking techniques (based
on verification conditions and automatic theorem proving). Experience
indicates that the checker is capable of handling a range of synchroniza-
tion disciplines. In addition, the required environment assumptions are
simple and intuitive for common synchronization idioms.

1 Introduction

Ensuring the reliability of critical software systems is an important but extremely
difficult task. A number of useful tools and techniques have been developed
for reasoning about sequential systems. Unfortunately, these sequential analysis
tools are not applicable to many critical software systems because such systems
are often multithreaded. The presence of multiple threads significantly compli-
cates the analysis because of the potential for interference between threads; each
atomic step of a thread can influence the subsequent behavior of other threads.

For multithreaded programs, more complex analysis techniques are neces-
sary. The classical assertional approach [Ash75/0GT76/Lam77Lam88| requires
control predicates at each program point to specify the reachable program states,
but the annotation burden for using this approach is high. Some promising
tools [DHJT01/Yah01] use model checking and abstract interpretation to in-
fer the reachable state set automatically, but the need to consider all possible
thread interleavings may hinder scaling to large programs.

A more modular and scalable approach is assume-guarantee reasoning, in
which each component is verified separately using a specification of the other
components [MC81/Jon83al. Several researchers have presented assume-guarantee
proof rules (see Section [2), and some verification tools that support assume-
guarantee reasoning on hardware have recently appeared

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 262-277] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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However, tools for assume-guarantee reasoning on realistic software systems do
not exist.

In this paper, we describe the design and implementation of a static checker
for multithreaded programs, based on an assume-guarantee decomposition. This
checker is targeted to the verification of actual implementations of software sys-
tems, as opposed to logical models or abstractions of these systems. The checker
relies on the programmer to specify, for each thread, an environment assump-
tion that models the interference caused by other threads. This environment
assumption is an action, or two-store relation, that constrains the updates to
the shared store by interleaved atomic steps of other threads. The atomic steps
of each thread are also required to satisfy a corresponding guarantee condition
that implies the assumption of every other thread.

Using these assumptions and guarantees, our checker translates each thread
into a sequential program that models the behavior of that thread precisely and
uses the environment assumption to model the behavior of other threads. Thus,
our assume-guarantee decomposition reduces the verification of a program with n
threads to the verification of n sequential programs. This thread-modular decom-
position allows our tool to leverage extended static checking techniques [DLNS9S]
(based on verification conditions and automatic theorem proving) to check the
resulting sequential programs.

We have implemented our checker for multithreaded programs written in
the Java programming language [AG96], and we have successfully applied this
checker to a number of programs. These programs use a variety of synchroniza-
tion mechanisms, ranging from simple mutual exclusion locks to more complex
idioms found in systems code, including a subtle synchronization idiom used in
the distributed file system Frangipani [TML97].

Experience with this implementation indicates that our analysis has the fol-
lowing useful features:

1. It naturally scales to programs with many threads since each thread is ana-
lyzed separately.

2. For programs using common synchronization idioms, such as mutexes or
reader-writer locks, the necessary annotations are simple and intuitive.

3. Control predicates can be expressed in our analysis by explicating the pro-
gram counter of each thread as an auxiliary variable. Therefore, theoretically
our method is as expressive as the Owicki-Gries method. However, for many
common cases, such as those appearing in Section ] our method requires
significantly fewer annotations.

The remainder of the paper proceeds as follows. The following section de-
scribes related work on assume-guarantee reasoning and other tools for detect-
ing synchronization errors. Section Bl introduces Plato, an idealized language for
parallel programs that we use as the basis for our development. Section [ pro-
vides a formal definition of thread-modular verification. Section[H applies thread-
modular reasoning to the problem of invariant verification. Section [6 describes
our implementation and its application to a number of example programs. We
conclude in Section [7.
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2 Background

One of the earliest assume-guarantee proof rules was developed by Misra and
Chandy [MC8I] for message-passing systems, and later refined by others (see,
for example, [Jon8IMMI3]). However, their message-passing formulation is not
directly applicable to shared-memory software.

Jones [Jon83alJon83b] gave a proof rule for multithreaded shared-memory
programs and used it to manually refine an assume-guarantee specification down
to a program. We extend his work to allow the proof obligations for each thread
to be checked mechanically by an automatic theorem prover. Stark also
presented a rule for shared-memory programs to deduce that a conjunction of
assume-guarantee specifications hold on a system provided each specification
holds individually, but his work did not allow the decomposition of the imple-
mentation.

Abadi and Lamport [AT95] view the composition of components as a con-
junction of temporal logic formulas [Lam94] describing them, and they present a
rule to decompose such systems. Since threads modifying shared variables cannot
be viewed as components in their framework, their work is not directly applica-
ble to our problem. Collette and Knapp [CK95] extended the rule of Abadi and
Lamport to the more operational setting of Unity [CMSS| specifications.

Alur and Henzinger [AH96] and McMillan [McM97] present assume-guarantee
proof rules for hardware components. A number of other compositional proof
rules not based on assume-guarantee reasoning have also been proposed, such
as [BKP84ICMSSIMPI5].

Yahav [YahO1] describes a method to model check multithreaded programs
using a 3-valued logic [SRW99ILASO0] to abstract the store. This technique can
verify interesting properties of small programs. Pasareanu et al. [PDH99] also
describe a model checking tool for compositional checking of finite-state mes-
sage passing systems. Abraham-Mumm and deBoer [AMdBO00] sketch a logic for
verifying multi-threaded Java programs indirectly via a translation to commu-
nicating sequential programs.

A number of tools have been developed for identifying specific synchroniza-
tion errors in multithreaded programs. These approaches are less general than
thread-modular verification and use specific analysis techniques to locate spe-
cific errors, such as data races and deadlocks. For example, RCC/Java [FEQ0)] is
an annotation-based checker for Java that uses a type system to identify data
races [FAQ9]. While this tool is successful at finding errors in large programs,
the inability to specify subtle synchronization patterns results in many false

alarms [FE0I]. ESC/Java [LSS99], Warlock [Ste93], and the dynamic testing
tool Eraser [SBNT97| are other tools in this category, and are discussed in an

earlier paper [FE00).
3 The Parallel Language Plato

We present thread-modular verification in terms of the idealized language Plato
(parallel language of atomic operations). A Plato program P is a parallel com-
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position S7 | -+ | S, of several statements, or threads. The program executes
by interleaving atomic steps of its various threads. The threads interact through
a shared store o, which maps program variables to values. The sets of variables
and values are left intentionally unspecified, as they are mostly orthogonal to
our development.

Statements in the Plato language include the empty statement skip, sequen-
tial composition Sp; Se, the nondeterministic choice construct 51055, which ex-
ecutes either S7 or S5, and the iteration statement S*, which executes S some
arbitrary number of times.

Plato syntax
1

1
S € Stmt := skip no operation P € Program == S1| --- | Sn

| X | Y atomic operation o€ Store = Var — Value
| SOS nondeterministic choice  X,Y € Action C Store x Store
| S;S composition

| S* nondeterministic iteration

Perhaps the most notable aspect of Plato is that it does not contain constructs
for conventional primitive operations such as assignment and lock acquire and
release operations. Instead, such primitive operations are combined into a general
mechanism called an atomic operation X | Y, where X and Y are actions, or
two-store predicates. The action X is a constraint on the transition from the
pre-store o to the post-store ¢’, and Y is an assertion about this transition.

To execute the atomic operation X | Y, an arbitrary post-store ¢’ is chosen
that satisfies the constraint X (o, c’). There are two possible outcomes:

1. If the assertion Y (o,0’) holds, then the atomic operation terminates nor-
mally, and the execution of the program continues with the new store o’.
2. If the assertion Y (o, ¢’) does not hold, then the execution goes wrong.

If no post-store o’ satisfies the constraint X (o,0’), then the thread is blocked,
and the execution can proceed only on the other threads.

In an atomic operation, we write each action as a formula in which primed
variables refer to their value in the post-store ¢/, and unprimed variables refer to
their value in the pre-store . In addition, for any action X and set of variables
V C Var, we use the notation (X)y to mean the action that satisfies X and only
allows changes to variables in V' between the pre-store and the post-store. We
abbreviate the common case (X)y to (X) and also abbreviate (X){q) to (X)a.

Atomic operations can express many conventional primitives, such as assign-
ment, assert, and assume statements (see below). Atomic operations can also
express other primitives, in particular lock acquire and release operations. We
assume that each lock is represented by a variable and that each thread has a
unique nonzero thread identifier. If a thread holds a lock, then the lock variable
contains the corresponding thread identifier; if the lock is not held, then the vari-
able contains zero. Under this representation, acquire and release operations for
lock mx and thread ¢ are shown below. Finally, Plato can also express traditional
control constructs, such as if and while statements.
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Expressing conventional constructs in Plato
1

xi=e & (x' = e)x | true acq (mx) def (mx = 0 Amx’ = i)px | true
assert ¢ = (true) | e rel(mx) < (mx’ = O)mx | (mx = 1)
assume e (e) | true if (e) { S} def (assume e; S)0O(assume —e)
while (e) { S } ef (assume €;.5)"; (assume —e)

3.1 Formal Semantics

The execution of a program is defined as an interleaving of the executions of
its individual, sequential threads. A sequential state & is either a pair of a store
and a statement, or the special state wrong (indicating that the execution went
wrong by failing an assertion). The semantics of individual threads is defined via
the transition relation @ —, @, defined in the figure below.

A parallel state © is either a pair of a store and a program (representing
the threads being executed), or the special state wrong. The transition relation
© —, O on parallel states executes a single sequential step of an arbitrarily cho-
sen thread. If that sequential step terminates normally, then execution continues
with the resulting post-state. If the sequential step goes wrong, then so does the
entire execution.

Formal semantics of Plato

I
d € SeqState ::= (0, S) | wrong O € ParState ::= (o, P) | wrong
[ACTION OK] [ACTION WRONG] [CHOICE]
X(o,0") Y(o,0") X(o,0") -Y(0,0’) ie{1,2}

(O7X ! Y) s (Ul7Skip) (O7X ! Y) —s Wrong (Ua SlDS?) s (07 Sl)

[LOOP DONE] [LOOP UNROLL] [AssoC]

(Uv S*) s (O',Skip) (07 S*) s (07‘9;5*) (07 (51;52);53) s (07 Sl; (SQ;S?)))

[SEQ STEP] [SEQ SKIP] [SEQ WRONG]
(0,81) —s (¢, 81) (0,51) —< wrong
(0,51382) =« (07,51582)  (0,skip; §) —: (0,5)  (0,51582) —. wrong

[PARALLEL] [PARALLEL WRONG]
(0,8:) = (', Si) (0,5i) —s wrong
(@50 ] - [ Si| --- | Sn) (0:51 [ ==+ | Si| -+ | Sn) —p wrong

—p (@S] - [ Si] e | Sn)
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4 Thread-Modular Verification

We reason about a parallel program P = Sy | --- | S, by reasoning about
each thread in P separately. For each thread ¢, we specify two actions — an
environment assumption A; and a guarantee GG;. The assumption of a thread
is a specification of what transitions may be performed by other threads in
the program. The guarantee of a thread is required to hold on every action
performed by the thread itself. To ensure the correctness of the assumptions,
we require that the guarantee of each thread be stronger than the assumption
of every other thread. In addition, to accommodate effect-free transitions, we
require each assumption and guarantee to be reflexive. The precise statement of
these requirements is as follows:

1. A; and G; are reflexive for all i € 1..n.
2. G; C Aj for all 4,7 € 1..n such that ¢ # j.

If these requirements are satisfied, then (Aq,G1),...,(4,,G,) is an assume-
guarantee decomposition for P.

We next define the translation [S]3 of a statement S with respect to an
assumption A and a guarantee G. This translation verifies that each atomic
operation of S satisfies the guarantee G. In addition, the translation inserts the
iterated environment assumption A* as appropriate to model atomic steps of

other threads.
[e]e : Stmt x Action x Action — Stmt

[skip]{ = A"
[X | Yﬂé =A% X | (Y AG); A*
[S108:]8 = A*; ([S1]a0[S218)
[[51; Sz]]é = [[Slﬂé; [[S2ﬂé‘
[5*]G = A% (([S]&; A*)*; A¥)

We use this translation and the assume-guarantee decomposition to abstract
each thread 7 of the parallel program P into the sequential program [[Si]]éi_7 called
the i-abstraction of P. For any thread i, if A; models the environment of thread
1 and the sequential i-abstraction of P does not go wrong, then we conclude
that the corresponding thread S; in P does not go wrong and also satisfies the
guarantee G;. Thus, if none of the i-abstractions go wrong, then none of the
threads in P go wrong. This property is formalized by the following theorem;
its correctness proof avoids circular reasoning by using induction over time. (An
extended report containing the proof of theorems in this paper is in available at
http://www.research.compaq.com/SRC/personal/freund/tmv-draft.ps.)

Theorem 1 (Thread-Modular Verification). Let P = Sy | --- | S, be a
parallel program with assume-guarantee decomposition (A1, G1), ..., (An, Gy).
For all o € Store, if Vi € 1..n. (o, [[Sl]]é‘z) 7+s wrong, then (o, P) /+, wrong.

This theorem allows us to decompose the analysis of a parallel program
Sy | -+ | Sy into analyses of individual threads by providing an assume-guarantee
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decomposition (41, G1), ..., (A4,, Gy). In practice, we only require the program-
mer to specify reflexive assumptions Ay, ..., A,, and we derive the corresponding
reflexive guarantees by

Gi=(Vjelm j#i= A

For all examples we have considered, the natural assumptions are transitive in
addition to being reflexive. This allows us to optimize the iterations A} in each i-
abstraction to simply the action A;. In addition, the n environment assumptions
Ay, ..., A, for a program with n threads can typically be conveniently expressed
as a single action parameterized by thread identifier, as shown below.

4.1 Example

To illustrate Theorem [ consider the following program SimpleLock. The pro-
gram manipulates two shared variables, an integer x and a lock mx. To synchro-
nize accesses to x, each thread acquires the lock mx before manipulating x. The
correctness condition we would like to verify is that Thread; never goes wrong
by failing the assertion x > 1.

SimpleLock program, desugared Thread;, and [Thread,]a"
I

Thread; : Threads: |Desugared Thread; : [Threadlﬂéi

acq(mx); acqmx); | (mx =0AmMX = L)nx; | A1;(mx=0Amx = Dnx | G1;

X = X % X3 x := 0; (x' =x * %)x; Ar;(x' = x * x)x | G1;

x :=x + 2; rel(mx); | (x' =x + 2)x; Ar;(x' = x + 2)x | G1;

assert x > 1; (true) | (x > 1); Aq;(true) | (x > 1AG1);

rel (mx); (mx’ = Oz | (mx =1);| Ay;{mx’ = O)px | (mx = 1AG1);
Aq

The synchronization discipline in this program is that if a thread holds the
lock mx, then the other thread cannot modify either the variable x or the lock
variable mx. This discipline is formalized by the following environment assump-
tion for thread identifier ¢ € 1..2:

A = (mx=i=mx'=iAx =x)

The corresponding guarantees are G; = As and Go = Aj. Since A; is reflexive
and transitive, we can optimize both A} and Aj; A} to A; in the l-abstraction
of SimpleLock, shown above.

Verifying the two i-abstractions of SimpleLock is straightforward, using ex-
isting analysis techniques for sequential programs. In particular, our checker uses
extended static checking to verify that the two sequential i-abstractions of Sim-
pleLock do not go wrong. Thus, the hypotheses of Theorem [ are satisfied, and
we conclude that the parallel program SimpleLock does not fail its assertion.
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5 Invariant Verification

In the previous section, we showed that the SimpleLock program does not fail
its assertion. In many cases, we would also like to show that a program preserves
certain data invariants. This section extends thread-modular verification to check
data invariants on a parallel program P = S; | ... | S,,. We use Init C Store
to describe the possible initial states of P, and we say that a set of states I is
an dnvariant of P with respect to Init if for each o € Init, if (o, P) — (o', P'),
then o’ € I.

To show that I is an invariant of P, it suffices to show that I holds initially
(i.e., Init C I), and that I is preserved by each transition of P. We prove the
latter property using thread-modular verification, where the guarantee G; of
each thread satisfies the property

G, = (I:>I/>

In this formula, the predicate I denotes the action where I holds in the pre-state,
and the post-state is unconstrained; similarly, I’ denotes the action where the
pre-state is unconstrained, and I holds in the post-state. Thus, I = I’ is the
action stating that I is preserved.

The following theorem formalizes the application of thread-modular reason-
ing to invariant verification.

Theorem 2 (Invariant Verification). Let P = S | -+ | S, be a parallel
program with assume-guarantee decomposition (A1, G1),...,(An, Gy), and let
Init and I be sets of stores. Suppose:

1. Init C 1
2.VielnGi={I=1)
3. Vi€ l.n. Yo € Init. (o, [[SZ]]é’) /% wrong

Then I is an invariant of P with respect to Init.

In practice, we apply this theorem by requiring the programmer to supply
the invariant [ and the parameterized environment assumption A;. We derive
the corresponding parameterized guarantee:

Gi=NVjelnj#i=A)NI=1T)

The guarantee states that each atomic step of a thread satisfies the assumptions
of the other threads and also preserves the invariant. Since each step preserves
the invariant, we can strengthen the environment assumption to:

The resulting assume-guarantee decomposition (B, G1),...,(By,Gy) is then
used in the application of Theorem 2] The first condition of that theorem, that
Init C I, can be checked using a theorem prover [Nel81]. The second condition,
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that Vi € 1.n. G; = (I = I'), follows directly from the definition of G;. The
final condition (similar to the condition of Theorem [I), that each sequential
i-abstraction [[Sl]]g’ does not go wrong from any initial store in Init, can be
checked using extended static checking. The following section describes our im-
plementation of an automatic checking tool for parallel programs that supports
thread modular and invariant verification.

6 Implementation and Applications

We have implemented an automatic checking tool for parallel, shared-memory
programs. This checker takes as input a Java program, together with annota-
tions describing appropriate environment assumptions, invariants, and asserted
correctness properties. The input program is first translated into an intermediate
representation language similar to Plato, and then the techniques of this paper
are applied to generate an i-abstraction, which is parameterized by the thread
identifier 1.

This i-abstraction is then converted into a verification condition [Dij75/FS01].
When generating this verification condition, procedure calls are handled by inlin-
ing, and loops are translated either using a programmer-supplied loop invariant,
or in an unsound but useful manner by unrolling loops some finite number of
times [LSS99]. The automatic theorem prover Simplify [Nel81] is then invoked
to check the validity of this verification condition.

If the verification condition is valid, then the parameterized i-abstraction does
not go wrong, and hence the original Java program preserves the stated invariants
and assertions. Alternatively, if the verification condition is invalid, then the
theorem prover generates a counterexample, which is then post-processed into
an appropriate error message in terms of the original Java program. Typically,
the error message either identifies an atomic step that may violate one of the
stated invariants or environment assumptions, or identifies an assertion that may
go wrong. This assertion may either be explicit, as in the example programs, or
may be an implicit assertion, for example, that a dereferenced pointer is never
null.

The implementation of our checker leverages extensively off the Extended
Static Checker for Java, which is a powerful checking tool for sequential Java
programs. For more information regarding ESC/Java, we refer the interested
reader to related documents [DLNSIRJLSS99)

In the next three subsections, we describe the application of our checker to
parallel programs using various kinds of synchronization. Due to space restric-
tions, these examples are necessarily small, but our checker has also been applied
to significantly larger programs. In each of the presented examples, we state the
necessary annotations: the assumptions A; for each thread i and the invariant
I to be proved. Given these annotations, our tool can automatically verify each
of the example programs. For consistency with our earlier development, these
programs are presented using Plato syntax.
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6.1 Dekker’s Mutual Exclusion Algorithm

Our first example is Dekker’s algorithm, a classic algorithm for mutual exclusion
that uses subtle synchronization.

Dekker’s mutual exclusion algorithm

I
Variables: Thread; : Threads:

boolean aj; while (true) { while (true) {
boolean as; a; := true; as := true;
boolean csi; cs1 = —az; cs2 = —ap;
boolean css; if (cs1) { if (cs2) {
// critical section // critical section
Initially: csy := false; csy := false;

—cs; A —csa } }

a; := false; as := false;

} }

The algorithm uses two boolean variables a; and as. We introduce two vari-
ables cs; and css, where cs; is true if thread 7 is in its critical section. Each
Thread; expects that the other thread will not modify a; and cs;. We formalize
this expectation as the assumption:

A; = (a;=a;Acs; =cs))

We would like to verify that the algorithm achieves mutual exclusion, which is
expressed as the invariant —(csy A cs2). Unfortunately, this invariant cannot be
verified directly. The final step is to strengthen the invariant to

I = —(cs;Acsz)A(csy = ag)A(cse = ag).

Using the assumptions A; and A, and the strengthened invariant I, our checker
verifies that Dekker’s algorithm achieves mutual exclusion.

In this example, the environment assumptions are quite simple. The subtlety
of the algorithm is reflected in the invariant which had to be strengthened by
two conjuncts. In general, the complexity of the assertions needed by our checker
reflects the complexity of the synchronization patterns used in program being
checked.

6.2 Reader-Writer Locks

The next example applies thread-modular reasoning to a reader-writer lock,
which can be held in two different modes, read mode and write mode. Read
mode is non-exclusive, and multiple threads may hold the lock in that mode.
On the other hand, holding the lock in write mode means that no other threads
hold the lock in either mode. Acquire operations block when these guarantees
cannot be satisfied.

We implement a reader-writer lock using two variables: an integer w, which
identifies the thread holding the lock in write mode (or 0 if no such thread
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exists), and an integer set r, which contains the identifiers of all threads holding
the lock in read mode. The following atomic operations express acquire and
release in read and write mode for thread :

acqurite(w,r) def w=0AT=0AW =i
acqread(w,r) = (w=0AT =1 U {i}):
relwrite(w,r) = (@ = 0)y | (w=1)

( det

rel read(w,r) =

' =r\{i}): | (i €T)

For a thread to acquire the lock in write mode, there must be no writer and
no readers. Similarly, to acquire the lock in read mode, there must be no writer,
but there may be other readers, and the result of the acquire operation is to put
the thread identifier into the set r. The release operations are straightforward.
All of these lock operations respect the following data invariant RWI and the
environment assumption RWA;:

RWI
RWA;

(r=0Vvw=0)
w=iews=i AN (lersier)

We illustrate the analysis of reader-writer locks by verifying the following
program, in which the variable x is guarded by the reader-writer lock. Threads
asserts that the value of x is stable while the lock is held in read mode, even
though Thread; mutates x while the lock is held in write mode.

Reader-writer lock example
I 1

Variables: Thread; : Threads :
int w, x, y; acq-write(w, r); acq-read(w, r);
int_set r; X := 3; y 1= X;
rel write(w, r); assert y = x;
Initially: rel read(w, r);

w=0AT-=0;

The appropriate environment assumption for this program
A = RWAAN(icr=x=x)A(i=2=y=Y)

states that (1) each thread i can assume the reader-writer assumption RWA;,
(2) if thread 7 holds the lock in read mode, then x cannot be changed by another
thread, and (3) the variable y is modified only by Threads. This environment
assumption, together with the data invariant RWI, is sufficient to verify this
program using our checker.

Although the reader-writer lock is more complex than the mutual-exclusion
lock described earlier, the additional complexity of the reader-writer lock is lo-
calized to the annotations RWA; and RWT that specify the lock implementation.
Given these annotations, it is encouraging to note that the additional annota-
tions required to verify reader-writer lock clients are still straightforward.
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6.3 Time-Varying Mutex Synchronization

We now present a more complex example to show the power of our checker. The
example is derived from a synchronization idiom found in the Frangipani file
system [TML9I7].

For each file, Frangipani keeps a data structure called an inode that contains
pointers to disk blocks that hold the file data. Each block has a busy bit indi-
cating whether the block has been allocated to an inode. Since the file system
is multithreaded, these data structures are guarded by mutexes. In particular,
distinct mutexes protect each inode and each busy bit. However, the mutex
protecting a disk block depends on the block’s allocation status. If a block is
unallocated (its busy bit is false), the mutex for its busy bit protects it. If the
block is allocated (its busy bit is true), the mutex for the owning inode protects
it. The following figure shows a highly simplified version of this situation.

Time-varying mutex program
I

Variables: Thread; : Threads:
int block; acq(m_inode) ; acq(m_busy) ;
boolean busy; if (—inode) { if (—busy) {
boolean inode; acq(m_busy) ; block := 0;
int m_inode; busy := true; assert block = 0;
int m_busy; rel (m_busy) ; }
inode := true; rel(m_busy) ;
Initially: }
inode = busy block := 1;

assert block = 1;

rel(m_inode);
L

The program contains a single disk block, represented by the integer variable
block, and uses a single bit busy to store the block’s allocation status. There is
a single inode whose contents have been abstracted to a bit indicating whether
the inode has allocated the block. The two mutexes m_inode and m_busy protect
the variables inode and busy, respectively.

The program contains two threads. Thread; acquires the mutex m_inode,
allocates the block if it is not allocated already, and sets block to 1. Since
Thread; is holding the lock on the inode that has allocated the block, the thread
has exclusive access to the block contents. Thus, the subsequent assertion that
the block value remains 1 should never fail.

Threads acquires the mutex m_busy. If busy is false, the thread sets block
to 0 and asserts that the value of block is 0. Since Threads holds the lock on
busy when the block is unallocated, the thread should have exclusive access to
block, and the assertion should never fail.

We now describe annotations necessary to prove that the assertions always
hold. First, the lock m_inode protects inode, and the lock m_busy protects busy:

Ji = (m_inode = i = (m_inode’ =i A inode’ = inode)) A
(m_busy = i = (m_busy’ =i A busy’ = busy))
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In addition, if busy is true, then block is protected by m_inode; otherwise, block
is protected by m_busy:

K; = (busy Am_inode = i = block = block’) A
(—busy A m_busy = i = block = block’)

Finally, the busy bit must be set when the inode has allocated the block.
Moreover, the busy bit can be reset only by the thread that holds the lock on
the inode. We formalize these requirements as the invariant I and the assumption
L; respectively.

0 A inode) = busy
i A busy) = busy’

I = (m_inode
L; = (m_inode

With these definitions, the complete environment assumption for each thread 4
is:

A= NK; N L;
Given A; and I, our checker is able to verify that the assertions in this program
never fail.

This example illustrates the expressiveness of our checker. By comparison,
previous tools for detecting synchronization errors mm have
been mostly limited to finding races in programs that only use simple mutexes
(and, in some cases, reader-writer locks). However, operating systems and other
large-scale systems tend to use a variety of additional synchronization mecha-
nisms, some of which we have described in the last few sections. Other synchro-
nization idioms include binary and counting semaphores, producer-consumer
synchronization, fork-join parallelism, and wait-free non-blocking algorithms.
Our experience to date indicates that our checker has the potential to han-
dle many of these synchronization disciplines. Of course, the more subtle syn-
chronization disciplines may require more complex annotations, and it may be
difficult to check the verification conditions resulting from particularly complex
programs or synchronization disciplines.

7 Conclusions

The ability to reason about the correctness of large, multithreaded programs is
essential to ensure the reliability of such systems. One natural strategy for de-
composing such verification problems is procedure-modular verification, which
has enjoyed widespread use in a variety of program analysis techniques for many
years. Instead of reasoning about a call-site by inlining the corresponding pro-
cedure body, procedure-modular verification uses some specification of that pro-
cedure, for example, a type signature or a precondition/postcondition pair.

A second, complementary decomposition strategy is assume-guarantee de-
composition [Jon83a], which avoids the need to consider all possible interleav-
ings of the various threads explicitly. Instead, each thread is analyzed separately,
with an environment assumption providing a specification of the behavior of the
other program threads.
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This paper presents an automatic checker for multithreaded programs, based
on an assume-guarantee decomposition. The checker relies on the programmer
to provide annotations describing the environment assumption of each thread. A
potential concern with any annotation-based analysis technique is the overhead
of providing such annotations. Our experience applying our checker to a number
of example programs indicates that this annotation overhead is moderate. In
particular, for many common synchronization idioms, the necessary environment
assumptions are simple and intuitive. The environment assumption may also
function as useful documentation for multithreaded programs, providing benefits
similar to (formal or informal) procedure specifications.

We believe that verification of large, multithreaded programs requires the
combination of both thread-modular and procedure-modular reasoning. How-
ever, specifying a procedure in a multithreaded program is not straightforward.
In particular, because other threads can observe intermediate states of the pro-
cedure’s computation, a procedure cannot be considered to execute atomically
and cannot be specified as a simple precondition/postcondition pair. Combining
thread-modular and procedure-modular reasoning appropriately is an important
area for future work. Some preliminary steps in this direction are described in a

related technical report [FQS02].
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Abstract. This paper studies the semantics of failure in distributed
programming. We present a semantic model for distributed programs
that use the standard sockets interface; it covers message loss, host failure
and temporary disconnection, and supports reasoning about distributed
infrastructure. We consider interaction via the UDP and ICMP protocols.
To do this, it has been necessary to: e construct an experimentally-
validated post-hoc specification of the UDP/ICMP sockets interface;
e develop a timed operational semantics with threads, as such programs
are typically multithreaded and depend on timeouts; e model the be-
haviour of partial systems, making explicit the interactions that the in-
frastructure offers to applications; e integrate the above with semantics
for an executable fragment of a programming language (OCaml) with OS
library primitives; and e use tool support to manage complexity, mecha-
nizing the model with the HOL theorem prover. We illustrate the whole
with a module providing naive heartbeat failure detection.

1 Introduction

Distributed systems are — almost by definition — concurrent and subject to partial
failure; many are also subject to malicious attack. This complexity makes it
hard to achieve a clear understanding of their behaviour based only on informal
descriptions, in turn making it hard to build robust systems. This paper reports
on work towards a rigorous treatment of distributed programming. We have
constructed a operational semantics which makes it possible to reason about
distributed programs, written in general-purpose programming languages, using
standard communication primitives, and in the presence of failure. Developing a
model that covers enough of the distributed phenomena (sufficiently accurately)
to do this has required a number of problems to be addressed; we introduce them
below, sketching our contribution to each.

As a preliminary, we must select the communication abstractions to consider.
Interactions between machines can be viewed at many levels. We are primarily
interested in the abstractions provided by the standard TCP, UDP and ICMP
protocols above IP, for two reasons. Firstly, they are ubiquitous: almost all dis-
tributed interaction is ultimately mediated by them. More particularly, we want
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a model that accurately reflects the information about failure that is available
to the application programmer — at the level of these protocols, the failure be-
haviour can be seen clearly. This should provide a solid basis for the design, ver-
ification and implementation of higher-level distributed abstractions. To inves-
tigate feasibility and techniques, we consider unicast UDP (providing unreliable
asynchronous messages) and the associated ICMP messages (providing various
error reporting); we do not touch on the more complex TCP (providing reliable
streams). The protocols themselves are defined in RFCs [Pos80,Pos81,Bra89].

1.1 Sockets and Ezperimental Semantics An application programmer must un-
derstand not only the protocols, which for UDP and ICMP are relatively simple,
but also the sockets interface [CSR83,IEE00,Sted8] to the operating system code
that implements them. The behaviour of this interface is complex and not well
documented (to the best of our knowledge there exist only informal natural-
language documents, covering common behaviour but not precise, complete or
correct). It is not feasible to analyse the sockets code and hence derive a seman-
tics, nor is it feasible to alter the widely-deployed implementations. We must
therefore produce a post-hoc specification with an ezperimental semantics ap-
proach: experimentally determining the behaviour of particular implementations.

1.2  Failure and Time Addressing failure requires two things. Firstly, we must
model the actual failures — in this paper, we consider message loss and dupli-
cation, crash failure of hosts, and connection/disconnection of hosts from the
network. More interestingly, we must be able to reason about the behaviour
of programs that cope with failure. UDP communication is asynchronous, so
these programs typically use timeouts, e.g. in calls to select. To model these
accurately we use a timed operational semantics, involving time bounds for cer-
tain operations. Some operations have both a lower and upper bound (message
propagation); some must happen immediately (recvfrom must return as soon
as a message arrives); and some have an upper bound but may occur arbitrar-
ily quickly (an OS return). For some of these requirements time is essential,
and for others time conditions are simpler and more tractable than the corre-
sponding fairness conditions [LV96, §2.2.2]. We draw on earlier work on timed
automata [SGSAL9S8] and process calculi here, but have kept the semantics as
lightweight as possible — in part, by building in a local receptiveness property.

1.8 Infrastructure Properties: Partial Systems and Threads We are particu-
larly interested in implementations of distributed infrastructure (or middleware),
rather than complete distributed systems, as a rigorous approach should be more
fruitful in the former. This means that the semantics must be able to describe
the behaviour of partial systems, consisting of a module that provides some
abstraction to higher-level application code (e.g. a library for ‘reliable’ commu-
nication), instantiated on many machines. Interesting infrastructure usually also
requires intra-machine concurrency in the form of threads (at minimum, one for
the infrastructure and one for the application). Our model includes threads and
simple modules, making explicit the possible interactions offered to a distributed
application by per-machine instances of an infrastructure module.
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1.4 FErecutable Code: Language Independence and MiniCaml We aim to reason
about executable code, written in general-purpose programming languages. This
contrasts with work on distributed algorithm verification, in which algorithms are
usually described in pseudocode or in automata or calculi tuned for verification;
it should reduce the ‘semantic gap’ between verified algorithm and actual system.
Most of what we model, however, is language-independent. We therefore factor
the semantics, regarding infrastructure modules as labelled transition systems
(LTSs) of a certain form. The standard operational semantics of a variety of
languages can be extended to give such L'TSs. We do so for MiniCaml, a fragment
of OCaml [LT01]. MiniCaml’s ¢ypes include the standard built-in bool, int, string,
tuples, lists, references, exceptions, and functions, together with types required
for networking (e.g., fd, ip, port, etc.) The constructors, values, expressions and
patterns are as one might expect, as are the typing rules. The dynamic semantics
extends a standard operational semantics with labelled transitions for system
calls, and by specifying the behaviour of modules. We have implemented an
OCaml module that provides exactly the system calls of the model, so MiniCaml
programs can be compiled with the standard ocamlopt compiler.

1.5 Semantic Complerity and HOL Mechanization As one can imagine, the
need to deal simultaneously with sockets, failure, time, modules and threads has
led to large definitions. The most complex part, for sockets, has been validated
experimentally. To keep the whole internally consistent, we resort to automated
tools. The entire definition (except for the MiniCaml semantics) has been ex-
pressed in the HOL theorem proving system [GM93], which we are using to check
various sanity properties. The HOL and MiniCaml code in this paper has been
automatically typeset from the sources using special-purpose tools. Mechaniza-
tion identified a number of errors in earlier drafts of the semantics. The process
has also been a useful stress-test of the HOL implementation.

1.6 Owerview The remainder of this paper contains a brief introduction to
UDP sockets, outlines the static and dynamic structure of the model, discusses
its experimental validation and HOL mechanization, and analyses a simple heart-
beat example in MiniCaml. Most details are perforce omitted; they will be in
a forthcoming technical report. The HOL definitions are available electronically
[WNSS01]. This work is a continuation of that reported in [SSW01a,SSWO01b],
which did not address time, threads, modules or mechanization.

2 Background

2.1 The Protocols At the level of abstraction of our model, a network consists
of a number of machines connected by a combination of LANs (e.g. ethernets)
and routers. Each machine has one or more IP addresses i, which are 32-bit
values such as 192.168.0.11. The Internet Protocol (IP) allows one machine to
send messages (IP datagrams) to another, specifying the destination by one of
its IP addresses. IP datagrams have the form 1P (41, %, body), where 4; and iy are
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the source and destination addresses. The implementation of IP is responsible
for delivering the datagram to the correct machine; it abstracts from routing and
network topology. Delivery is asynchronous and unreliable — IP does not pro-
vide acknowledgments that datagrams are received, or retransmit lost messages.
Messages may be duplicated.

The User Datagram Protocol (UDP) is a thin layer above IP that provides
multiplexing. It associates a set {1, ..,65535} of ports with each machine; a UDP
datagram is an 1P datagram with body UDP(ps, ps,, data), containing a source
and destination port and a short sequence of bytes of data.

The Internet Control Message Protocol (ICMP) is another thin layer above 1P
dealing with some control and error messages. Here we are concerned only with
two, relating to UDP, with bodies: ICMP_PORT_UNREACH (iss, pss, 454, ps,)
and ICMP_HOST_UNREACH((is3, pss, is4, ps4). The first may be generated
by a machine receiving a UDP datagram for an unexpected port; the second is
sometimes generated by routers on receiving unroutable datagrams. They con-
tain the IP addresses and ports of the original datagram.

2.2  Sockets The OS protocol endpoint code in each host maintains a collection
of sockets: data structures that we write

SOCK(fd7 2'51717517 2'52717527 657f7 mQ)

which mediate between application threads and the asynchronous message de-
livery activities. The file descriptor fd uniquely identifies this socket within the
host. The IP addresses and ports ¢s1, ps; and 4sa, ps, are a pair of ‘local’ and
‘remote’ pairs, some elements of which may be wildcards; the 4-tuple is used for
addressing outgoing datagrams and matching incoming datagrams. The flag es
stores any pending error condition, while the flags f hold an assortment of socket
options. Finally, the message queue mq holds incoming messages that have been
delivered by the OS to this socket but not yet received by the application.

The standard sockets interface [CSR83,1IEE00,Ste98] is the library interface
made available to applications. It includes calls socket and close for creating and
closing sockets; bind and connect, for manipulating the local and remote pairs of
IP addresses and ports; sendto and recvfrom, for sending and receiving messages;
and select, allowing an application to block until either a timeout occurs or a file
descriptor is ready for reading or writing. To avoid dealing with the uninteresting
complexities of the standard C sockets interface, we introduce a thin abstraction
layer that provides a clean strongly-typed view of the C sockets interface without
sacrificing useful functionality. The model is expressed in terms of this interface,
which we call LIB and present in Appendix A. To allow MiniCaml programs to
be executed, we also implement the interface as a thin layer above the OCaml
socket and thread libraries.

There are many behavioural subtleties which the model covers but which we
cannot describe here, including: wildcard and loopback IP addresses; wildcard,
privileged and ephemeral ports; blocking and non-blocking sendto, recvirom
and select; local errors; and multiple interfaces. These are discussed in detail in
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val start_heartbeat_k : () — ()
val start_heartbeat_a : () —int ref
val get_status : int ref —int
(* code for player Kurt *) (* code for player Alan *)
let start_heartbeat_k() = let start_heartbeat_a() =
let sender_thread() = let status_ref = ref 0 in
let p = portof_int (7658) in let receiver_thread() =
let 4_a = ip_of_string (" 192.168.0.14 ") in let p = port_of_int (7658) in
let fd = socket() in let 4_k = ip_of_string (" 192.168.0.11") in
let _ = bind(fd, *, *) in let fd = socket() in
let _ = connect(fd, i_a, Tp) in let _ = bind(fd, x, Tp) in
while TRUE do let _ = connect(fd, i_k,*) in
try while TRUE do
sendto(fd, x, " ping ", FALSE); let (fds, ) = select(|fd],[], 12500000) in
delay1000000; if fds =[] then
with status_ref := 0
UDP(ECONNREFUSED) — () else
done in let (_, _,_) = recvfrom(fd, FALSE) in
let t = create sender_thread() in () status_ref :=1
done in
let t = create recetver_thread() in
status_ref
let get_status status_ref =
Istatus_ref

Fig. 1. rhbeat2.mli and rhbeat2.ml. The * and T are constructors of option types
T1; unit is typeset as ().

[SSWO0la]. Here, we shall highlight only the existence of asynchronous errors:
a machine receiving a UDP datagram addressed to a port that does not have
an associated socket may send back an ICMP_PORT_UNREACH message
to the sender. This error message is received asynchronously—the sendto that
nominally caused the error has (in general) long since returned to the application,
and so some means of notification must be found. The sockets interface solves this
problem by storing the last such error in the socket, returning it to the application
whenever a subsequent communication operation (which may be quite unrelated)
is attempted on that socket. The operation will fail but the error will be cleared,
allowing subsequent operations to succeed.

2.8 FEzxample Figure 1 gives a simple example of the kind of program which
our model allows us to reason about. It is a MiniCaml module that provides
a failure-detection service for two machines, using a naive heartbeat algorithm.
The start_heartbeat_k function should be called by an application running on
machine KURT. It spawns a thread that creates a socket, sets its remote address
to that of the other machine (192.168.0.14) and its remote port to an agreed
value (7658), and then repeatedly sends “ping” messages, with a 1-second delay
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between each. The start_heartbeat_a function, to be called by an application on
machine ALAN, creates a reference cell status_ref to hold its current guess of the
status of KURT. It then spawns a receiver_thread and returns the reference cell.
The thread creates a socket, sets its local port to the agreed 7658, and repeatedly
waits for up to 2.5 seconds for a “ping” message. If it receives one, it sets the
status to 1 to indicate that KURT is believed to be up (running and connected
to the network), otherwise it sets it to 0. The application on machine ALAN can
check the status of KURT by calling get_status, passing it status_ref. We are
using OCaml’s safe shared-memory communication between the ALAN threads.

3 The Model

This section outlines the main design choices and the static structure of the
model. Discussion of the host semantics, which captures the behaviour of the
library calls and UDP-related part of the operating system, is deferred to §4.

3.1  Owerall Structure A network N is a parallel composition of UDP and ICMP
messages in transit (on the wire, or buffered in routers) and of machines. Each
machine comprises several host components he — the OS state, a module, the
states of threads, the store, etc. To simplify reasoning we bring all these compo-
nents into the top-level parallel composition, maintaining the association between
the components of a particular machine by tagging them with host names n (not
to be confused with IP addresses or DNS names). Networks terms are therefore:

N =0 empty network
N | N parallel composition
msgy [P datagram in transit
n-he  component of machine n

while host components, to be explained below, are of the forms:

he :=HosT(conn, h) OS state
MoDULE(t) module code
THREAD(tid, org, 1), running thread snippet
THREADCREATE(tid, org, t, t'), pending create
STORE(st) shared store
STORERET(tid, tity, v), pending return

Networks are subject to a well-formedness condition, network_ok N, which re-
quires that no two machines share a host name n or non-loopback IP address,
that each machine has exactly one store, and that each host component satisfies
its own well-formedness condition, written host_ok 4 ete. We omit the details.
The semantics of a network is defined as a labelled transition system of a
certain form. It uses three kinds of labels: labels that engage in binary CCS-
style synchronisations, e.g. for a call of a host LIB routine by a thread; labels
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that do not synchronise, e.g. for 7 actions resulting from binary synchronisa-
tions; and labels on which all terms must synchronise, used for time passing,
hosts crashing and programs terminating. Parallel composition is defined using
a single synchronisation algebra to deal with all of these, and we also use a
non-standard restriction on the visible traces of the entire system, to force cer-
tain synchronisations to occur. The model is in some respects a nondeterministic
loose specification, abstracting from some details, such as the relative precedence
of competing errors, that should not be depended upon.

In contrast to standard process calculi we have a local receptiveness property:
in any reachable state, if one component can do an output on a binary-sync label
then there will be a unique possible counterpart, which is guaranteed to offer
an input on that label. This means the model has no local deadlocks (though
obviously threads can block waiting for a slow system call to return).

3.2  Threads and Modules In order to express and reason about the semantics of
infrastructure code, such as the rhbeat2 module, we must define the semantics
of a partial system, exposing the interactions that an application program could
have with such a module (and with the OS and store). Threads complicate the
problem, as we must deal with external thread snippets, executing some module
routine that has been called by an application thread, and with internal thread
snippets, spawned by a module routine calling create directly. External snippets
may return a value or exception to the application, whereas internal snippets do
not return.

Thread snippets are written THREAD(tid, org, t),, with a thread id tid, org
either EXTERN or INTERN, state ¢, and timer d (see §3.4). During thread creation
there is a transient state THREADCREATE(tid, ory, t, ') ;.

To keep as much as possible of the model language-independent, the be-
haviours of modules MODULE(¢), and the resulting states ¢ of thread snippets,
are taken to be arbitrary labelled transition systems satisfying various sanity
conditions, e.g. that a thread cannot simultaneously call two OS routines. This
permits automata-theoretic descriptions of infrastructure algorithms, when con-
venient. To allow reasoning about executable code, though, we can use our Mini-
Caml semantics to derive such an LTS from any MiniCaml source program.

3.8 Interactions In more detail, the interactions between network terms are
as follows. The external application can call a routine provided by the module.
A thread snippet will then be spawned off; ultimately this may return a value
or an exception. Thread snippets (and the external application) can call host
LIB routines, which may later return. A special case is a call to create, which
will both create a new thread ID and spawn off a thread snippet with that ID.
Another special case is a call to exit, which will terminate all the threads of the
host and close any sockets they have opened. Thread snippets (and the external
application) can call the store operations new, set and get, which will quickly
return. Hosts can send and receive IP datagrams. Hosts and thread snippets can
perform internal computation. Hosts can crash, whereupon all their components
are removed, can be disconnected from the network, and can be reconnected.
Hosts can output strings on their console. Time can pass.
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3.4 Time Time passage is modelled by transitions labelled d € R+ interleaved
with other transitions. These labels uses multiway synchronisation, modelling
global time which passes uniformly for all participants (although it cannot be
accurately observed by them).

Our semantics is built using tzmers, variables containing elements of Rxq U
{00} that decrement uniformly as time passes (until zero); the state becomes
urgent as soon as any timer in it reaches zero. Speaking loosely, only binary-
synchronising output actions are constrained by timers. Urgent states are those in
which there is a discrete action which should occur immediately. This is modelled
by prohibiting time passage steps d from (or through) an urgent state. We have
carefully arranged the model to avoid pathological timestops by ensuring the
local receptiveness property holds.

Our model has a number of timing parameters: the minimum message prop-
agation delay dpropmin and the maximum scheduling delay dsch, outqueue
scheduling delay doq, store access delay dstore, thread evaluation step duration
dthread, and message propagation delay dpropmaz.

Many timed process algebras enforce a mazimal progress property [Yi91],
requiring that any action must be performed immediately it becomes enabled. We
choose instead to ensure timeliness properties by means of timers and urgency.
Our reasoning using the model so far involves only finite trace properties, so we
do not need to impose Zeno conditions.

3.5  Messages/Networks Message propagation through the network is defined
by the rules below.

n-msg

0 — msgy d € [dpropmin, dpropmaz] net_accept_single
MSY 41 <, msg, d'>0 net_msg_time
Tmsg )
msgy —— 0 net_emsit
0 1™, 0 net_accept_drop

A message sent by a host is accepted by the network with one of three rules.
The normal case is net_accept_single, which places the message on the network
with a timer d attached. The timer is initialised with the propagation delay,
chosen nondeterministically. Message propagation is modelled simply by time
passage: the rule net_msg_time decrements the timer until it reaches zero, mak-
ing the state urgent. The delivery rule net_emit is thus forced to fire at exactly
the instant the message arrives. Once the message arrives, it may be emitted
by the network to a listening host by net_emit. This rule is only enabled at the
instant the timer reaches zero, modelling the fact that the host has no choice
over when it receives the message. Note that the network rules do not examine
the message in any way — it is the host LTS that checks whether the IP ad-
dress is one of its own. Time aside, this treatment of asynchrony is similar to
Honda and Tokoro’s asynchronous m-calculus [HT91]. Messages in the network
may be reordered, and this is modelled simply by the nondeterministic propa-
gation times. They may also be finitely duplicated, or lost. Rule net_accept_dup
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(not shown) is similar to nei_accept_single above except that it yields k > 2
copies of the message, each with an independently-chosen propagation delay;
rule net_accept_drop simply absorbs the message.

3.6 Stores A store STORE(st) has a state st which is simply a finite map from
(typed) locations to values. It can receive new, set and get labels, spawning
off a STORERET(tid, tity, v) ;;,,. Which will return the value v (of type tity) to
thread tid within time dstore. For simplicity, as the MiniCaml types are not all
embedded into the HOL model, the store is restricted to first-order values.

3.7 Hosts A host HosT(conn, h) has a boolean conn, indicating whether it
is currently connected to the network, and a host state A, a record modelling
the relevant aspects of the OS state. The h.ifds field is a set of interfaces, each
with a set of IP addresses and other data. We assume all hosts have at least a
loopback interface and one other. We sometimes write ¢ € h.ifds for Jifd.i €
ifd.ipset nifd € h.ifds. The operating system’s view of the state of each thread is
stored in a finite map h.ts from thread identifiers tid to host thread states. Each
thread may be running (RUN), exiting (EXIT), or waiting for the OS to return
from a call. In the last case, the OS may be about to return a value (RETv) or the
thread may be blocked waiting for a slow system call to complete (SENDTO2v,
RECVFROM2v, SELECT2v, DELAY2, PRINT2v, ZOMBIE). The host’s current list
of sockets is stored in h.s. The outqueue, a queue of outbound IP messages, is
given by h.oq and h.ogf, where h.oq is the list of messages (with a timer) and
h.ogf is set when the queue is full. In HOL syntax, the record (h with {ts := ts))
is the record A with the ts field replaced by the value ¢s.

4 The Model Continued: Host Dynamics

The host semantics is defined by 78 host transition axioms, encoding the precise
behaviour of each of the library calls in Figure 2 and of the UDP subsystem of
the operating system. To give a flavour, we examine some of the behaviour of the
heartbeat example program of §2.3, explaining the main points of a few rules.
We first consider KURT’s execution of sender_thread(). Once the thread has
converted the port and IP address, it calls socket() to allocate a new socket. The

id- socke
thread performs the call by making an output transition - ud-socket(), -, Where

tid is the thread ID of the sender thread, and the host synchronises by making
the corresponding input transition according to rule socket_1:

socket_1 succeed

hwith ts:=ts & (tid — RUNy)
tid- (socket())
_

h with (ts:=ts @ (tid — RET(OKfd) 4,1, );
s :=(SOCK(fd, x, , %, ¥, %, FLAGS(F, F), []) i h.s))

fd & sockfds h.s




Timing UDP: Mechanized Semantics for Sockets, Threads, and Failures 287

Each rule is of the form “h <> b/ where cond”, where h, h' are host states and
[ is a host transition label. The rules have been automatically typeset from the
HOL source (see §6). In sockel_1 the initial host state (above the arrow) requires
only that the host thread state for the thread is Run, for some d; RUN means
the host is waiting for a call from the thread (in reachable states, the timer on
a RUN will always be c0). The side condition (given below the transition itself)
states that fd is some file descriptor not in the set of file descriptors already
used in h.s. The final host state (below the arrow) updates h.s by adding a
freshly initialised socket with the chosen fd to the list, and sets the host thread
state for the thread to RET(OK/fd) . This will cause the host to return the
value OKfd to the thread within delay dsch, by rule ret_1 (not shown). Unlike
net_emit above, this may occur at any time from 0 up until dsch; this models
a nondeterministic scheduler. The rules are partitioned into several classes; the
succeed indicates which class socket_1 belongs to.

We omit the bind and connect calls, and proceed to the top of the while
loop, where the application invokes sendto(fd, x, “ping”, F'). Assuming there is
room on the outqueue for the message, rule sendto_1 fires:

sendto_1 succeed autobinding

hwith (ts:=ts ® (tid — RUNg);
s:=8C(s with es :=x))

tid-sendto(s.fd,ips,data,nb)

hwith (ts :=ts @ (tid — RET(OK()) 4,0 );
s:=S8C(swith {es:=x;ps; :=1Tp1));
0q = oq'; oqf 1= oqf")

socklist_context SC' A
py € autobind(s.psy, SC) A
(og’, oqf’, T) € dosend(h.ifds, (ips, data),
(s.481, Tpl, s.is9, $.psy),
h.oq, h.ogf ) A
string_size data < UDPpayloadMax

((ips # x) v (s.189 # %))

The auxiliary function dosend builds the message 1P (i_k, i_a, UDP(]p1, ] po,“ping”))
and places it on the output queue, ready to be delivered to the network; the flag
T indicates that it succeeded. The remaining side conditions check that the pay-
load is not too large for a UDP message, check that a destination IP address is
specified either explicitly or implicitly, and automatically provide a local port if
none is specified (autobind).

Once the message is on the outqueue, it will eventually be emitted onto the
network by rule delivery_out_1:
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delivery_out_1 misc put UDP or ICMP to the network from og

h

IP(i17i2,bOdy)

—

hwith (oq := oq’; ogf := oqf’)

(IP (41, %, body), oq’, ogf ") € dequeue(h.oq, h.ogf ) A
iy ¢ LOOPBACK UMARTIAN A
i & MARTIAN

The auxiliary function dequeue takes the top message (if present) from the out-
queue and resets the outqueue timer to doq if og’ is nonempty, or oo otherwise.
We also check that the source and destination addresses are valid for the network;
martian [Bak95, §5.3.7] and loopback addresses are handled by other rules.

Once the message is placed on the network (and if it is not lost) it will
eventually be delivered to the remote host, where it will either be delivered to a
waiting socket, rejected with an ICMP_PORT_UNREACH, or dropped.

In the meantime, ALAN is running receiver_thread(). ALAN begins listening for
a heartbeat by invoking select([fd], [], 12500000), giving a timeout of 2.5 seconds.
Rule select_1 fires:

select_1 enter2 entering Select2 state

hwith ts:=ts ® (tid — RUNy)

tid-select(readseq,writeseq,tms)

h with ts :=ts & (tid — SELECT2(readseq, writeseq) ;)

list_to_set(readseq @ writeseq) C sockfds h.s A
(Vi.(tms =1i) = 0<i)A
(d’ = case tms of

* — 00 ||

14 — time(real_of_int ¢/1000000))

select is a slow call [Ste98, p124], meaning that it may block rather than return-
ing immediately to the caller. Here the host transitions into a special blocked
SELECT2(|[fd], []), ; state, recording the lists of file descriptors on which it is
waiting. The timer on this state is set to the timeout specified; this forces us to
leave the state at or before the end of the timeout. The other side conditions
state that all the file descriptors must be valid, and that the timeout must be
nonnegative.

If the heartbeat fails to arrive within 2.5 seconds, the blocked state becomes
urgent and rule select_4 will fire, returning OK([], []) and leading ALAN to sus-
pect that KURT is down. If the message does arrive, however, it is accepted
asynchronously into the listening socket’s message queue by delivery_in_udp_1,
which matches the addressing fields of an incoming message to the address
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quadruples of the host sockets. (Of course, if there were no matching socket, rule
delivery_in_udp_2 might send an ICMP_PORT_UNREACH message back to
the sender.) With a message in the queue, the blocked SELECT2 state becomes
urgent, forcing rule select_3 to fire, informing receiver_thread of the waiting
message by returning OK([fd],[]). The thread then invokes recvfrom to read
the message.

5 Experimental Validation

Our model is based on the existing natural-language documentation [Ste98,Ste94]
and [IEE00], inspection of the sources of the Linux implementation (kernel ver-
sion 2.2.16-22), and a combination of ad hoc and automated testing. Our test
network comprised a non-routed subnet with three Linux (RedHat 7.0) and two
Windows 2000 machines (in a few cases we ran tests further afield). Tests were
written in C, using the glibc 2.1.92 sockets library on Linux. Our ad hoc tests
used C programs to display the results of short sequences of socket calls, using
tcpdump to observe the network traffic. Later, we wrote an automatic tool, ud-
pautotest, that simulates the model (hand-translated into C) in parallel with
the real socket calls. This tests representatives of most cases of the host tran-
sition semantics, giving us a high level of confidence in our model. It helped
us greatly in correctly stating the more subtle corners of the semantics. We also
tested some aspects of OCaml thread handling. The limitations of our closed-box
testing are discussed in [SSWO1b].

Having based the semantics on the Linux implementation, we are now using
a combination of udpautotest and ad-hoc testing to compare it against the
Win2K implementation (v. 5.0, build 2195, no service packs, Winsock2, WS2_
32.DLL). The most substantial difference observed so far is that sendto calls are
unaffected by earlier ICMP_PORT_UNREACH messages — they successfully
send, and do not return the pending error. In contrast, the behaviour of recvfrom
and select appears to be as in Linux.

6 HOL Mechanization

We were driven to use mechanized tool support by experience with the model of
our earlier work, expressed in conventional non-mechanized mathematics. It was
substantially simpler than the model presented here, but its size and complexity
already made it hard to keep internally consistent. By expressing the current
semantics in HOL we know that its auxiliary functions and semantic rules are
all well-typed. We are also using HOL to prove some “sanity” theorems about
the model, showing that various invariants on host and network states are main-
tained, and that the semantic rules cover all possible cases (and overlap only
where intended). These results are not especially deep, but proving them has
brought up further important points. At the time of writing our most significant
result is the following:
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Theorem 1 (host_ok preservation). If host_ok hg and hg 4 h, then host_ok h.
The proof (some 2800 lines of script) proceeds by rule category (e.g., fail
succeed, slowsucceed). For each category we prove additional statements that
embody type correctness. The host_ok predicate is quite complicated, embodying
constraints such as: if a thread is blocking on a recvfrom call on a file-descriptor
fd, then there must be a socket with that descriptor, and it must have a non-
null ps; field. (This requirement is maintained in the face of the possibility that
some other thread may call close on the fd-socket.) Higher order logic seems
well-suited to our task. It is quite an expressive logic, and Hindley-Milner type-
inference ensures that terms can be written concisely, without excessive type
annotation. The mechanization has not required any treatment of binders, sim-
plifying matters.

The HOL system has been used to define operational semantics for various
programming languages in the past, including SML and C [Van96,Nor98], so we
were confident that the various tools needed for our own definitions and proofs
would be present. The implementation of HOL continues to develop (see [NS02]),
and our experience has been a substantial prompt to further development.

To make the semantics readable (for ourselves as well as others) we depend on
automatic typesetting tools — special-purpose tools we have written to take HOL
source and render it into IATEX, applying the various notational conventions seen
in the remainder of the paper.

7 Example: Repeated Heartbeat

At this point, we have (finally) set up enough semantic technology to analyse the
example of §2.3. Casual examination of the code may convince the reader that
it ‘works’; we are now in a position to state this more precisely, and to prove
it. We have been able to state a key property of the heartbeat failure detector
in HOL, and have carried out a hand proof. The interest is not so much in the
specific property, but in the fact that we can express it formally, and the various
preconditions which it requires.

Obviously we must assume reasonably fast message delivery, and not too
many messages dropped by the network; less obviously, we assume that the
threads on ALAN and KURT run fast enough to clear backlogs. For an example
case of the proof, suppose KURT is started first, and the receiver on ALAN is not
yet listening. The first “ping” may be duplicated by the network, with each arriv-
ing message potentially generating an ICMP. In turn, the ICMPs may be dupli-
cated and each duplicate arrive immediately before each call to sendto, causing
it to return immediately with an error (sendto_5) and forcing sender_thread to
retry. (This is why the try .. with must enclose the delay as well as the sendto.)
A similar situation applies to the receiving end, and there are many other pos-
sibilities to be considered. We also prove that no uncaught exceptions arise.

The precise statement of the theorem is in HOL, and is quite elaborate; we
here translate it into English.

Consider traces of a network N consisting of ALAN and KURT, quiescent, each
with a store and an identical copy of the module in Figure 1. For brevity, we
first make some simplifying assumptions, restricting the traces of N which we
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consider: no incoming messages from outside; rule net_accept_dup never creates
more than 3 duplicates; rule net_accept_drop never drops more than one succes-
sive message from each host; the application calls the rhbeat2 module, but does
not call the host or store directly; neither ALAN nor KURT crash; ALAN does not
become disconnected, while KURT may become disconnected and reconnected at
any point; and the kernel does not run out of memory, nor does any slow system
call get interrupted. These assumptions are severe, but are appropriate for the
algorithm we consider. A less naive algorithm would allow them to be relaxed.

Further (trace) assumptions state that the application uses the module cor-
rectly: ALAN and KURT each make a single call to the associated start function;
and calls to get_status occur only on ALAN, after stari_heartbeat_a(), with the
reference returned by it.

Finally, some model timing parameter assumptions. We impose some crude
bounds, supposing that dthread, dsch, doq, and dstore are all less than say 1ms,
and dpropmax is at most 200ms, to obtain a theorem with a simple statement.
These ensure: 2dpropmazr + 3doq < 1.0, and hence receipt of an ICMP gener-
ated from one “ping” cannot be delayed beyond the sending of the next; and
(2.0+120dthread +22dsch+ 2 doq +dpropmaz — dpropmin) < 2.5, hence a single
message being lost cannot cause a timeout leading to a false failure report.

Given all this, we can identify certain intervals during which a reply to
get_status is guaranteed to be correct:

Theorem 2 (Correct within reasonable time). For any trace of N under
the above assumptions, if get_status is called at time t and returns a value v,
then v is the correct result if t is at least 2.6 seconds after the latest of KURT ’s
last status change and ALAN’s call to start_heartbeal_a().

Of course, this is only one desirable property amongst many [ACT99]. It also
does not state that get_status returns quickly (or at all). Further, we would like to
be able to relax some of the conditions (possibly with a more general algorithm),
e.g., to allow the applications to perform other communication operations, and
inhabit a larger network. This would require a more elaborate proof, but no
changes to the semantics.

8 Conclusion

8.1 Contribution We have given a mathematically precise and experimentally
validated model of an interesting class of distributed systems, covering UDP
sockets programming, threads, message loss and duplication, host failure and
disconnection, timeouts, and rudimentary modules. It is expressed in the HOL
theorem prover, and illustrated with a simple heartbeat example. This demon-
strates that it is feasible to address the combination of features above, though the
experimental approach and tool support (for mechanization, testing and typeset-
ting) have been essential. Our work is a step towards a rigorous understanding of
distributed systems — such models can: (1) improve our informal understanding
and system-building, (2) underpin proofs of robustness and security properties
of particular programs, and (3) support the design, proof and implementation
of higher-level distributed abstractions.
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8.2 Related work The literature contains a great deal of work on the verifica-
tion of protocols and distributed algorithms. This includes models of TCP using
1O automata and LOTOS [Smi96,Sch96], and work on monitoring TCP imple-
mentations from outside the hosts [BCMGO1]. To the best of our knowledge,
however, there is no other work that accurately models the detailed behaviour
of the sockets interface, an understanding of which is critical for actually pro-
gramming with these protocols. At a higher level of abstraction, Arts and Dam
[AD99] have a similar goal to ours — they prove properties of executable concur-
rent programs, written in Erlang — and the IOA language [GLV00] allows certain
forms of IO automata to be executed.

Turning to failure detection, the literature contains sophisticated algorithms
and their applications, e.g. to consensus problems [ACT99]. Such algorithms
satisfy more useful (and more subtle) properties than our naive Theorem 2, but
are expressed in informal psuedocode. We have begun to consider how they might
be expressed in an extended MiniCaml.

8.8 Future Directions To date, our work on the semantics has been mostly de-
scriptive, focussing on developing an accurate model. This addresses (1) above,
but for (2) and (3) we must consider more substantial examples, which will re-
quire proof techniques to be adapted from the theories of process calculi and
distributed algorithm verification. Extending the coverage of the model would
also be valuable, in many directions: UDP multicast, PPP connections, TCP, net-
work partition, other OS socket implementations (especially Win2K and BSD),
a larger fragment of OCaml, or other language bindings. Finally, we would like
to automatically generate tests from the HOL model.

The work also raises some more general problems. Perhaps surprisingly, even
the non-distributed part of the semantics is not routine — to reason about prop-
erties of infrastructure implementations we need a semantics for modules with
multiple threads that is truly compositional, not dependent on substituting out
the module expressions. Our model embodies an ad hoc solution to the special
case of a single infrastructure module that provides only first-order functions;
a more general solution is required, perhaps using game-theoretic techniques.
Dealing with module initialisation and separate compilation is also important.
From the process-calculus point of view, our parallel composition and restriction
are non-standard, both in combining binary and multi-way synchronisation, and
in having the local receptiveness property. While timed finite trace equivalence is
relatively straightforward in this setting, one might expect interesting differences
in the theory of finer observational congruences.

Wansbrough and Serjantov are funded by EPSRC research grant GRN2/872 Wide-
area programming. Norrish is funded by a St Catharine’s College Heller Research Fel-
lowship. Sewell ts funded by a Royal Society University Research Fellowship.
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A The LIB interface

The sockets interface

socket : () —fd

bind : fd * ipT * port] —()

connect : fd * ip * port] —()

disconnect : fd —()
getsockname : fd —ip] * port]
getpeername : fd —ip7 * port?
sendto : fd * (ip * port) ] * string * bool — ()
recvfrom : fd * bool — ip * port] * string
geterr : fd — error]
getsockopt : fd x sockopt — bool
setsockopt  : fd x sockopt * bool — ()

close : fd —()

select . fd list » fd list * int]— fd list * fd list
port_of int : int — port
ip_of_string : string —ip

getifaddrs  : () — (ifid * ip * ip list * netmask) list
Thread operations

create (T—T)Y—T — tid

delay sint —()

Basic operating system operations

print_endline_flush : string —()
exit : () — void
Exceptions

UbPpP : error — exn

Here error is a type of UDP-related Unix errors.

Fig. 2. The LIB interface, with MiniCaml types
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Abstract. We define a finite-control fragment of the ambient calculus, a formal-
ism for describing distributed and mobile computations. A series of examples
demonstrates the expressiveness of our fragment. In particular, we encode the
choice-free, finite-control, synchronouscalculus. We present an algorithm for
model checking this fragment agairtbe ambient logic (without composition
adjunct). This is the first proposal of a model checking algorithm for ambients
to deal with recursively-defined, possibly nonterminating, processes. Moreover,
we show that the problem is PSPACE-complete, like other fragments considered
in the literature. Finite-control versions of other process calculi are obtained via
various syntactic restrictions. Instead, we rely on a novel type system that bounds
the number of active ambients and outputs in a process; any typable process has
only a finite number of derivatives.

1 Introduction

The ambient calculus [6] is a formalism for describing distributed and mobile compu-
tation in terms ofambients, named collections of running processes and nested sub-
ambients. A state of computation has a tree structure induced by ambient nesting. Mo-
bility is represented by re-arrangement of this tree (an ambient may move inside or
outside other ambients) or by deletion of a part of this tree (a process may dissolve the
boundary of some ambient, revealing its content).

There are proposals for analysing systems expressed in the ambient calculus and
its variants [[2,14] via several techniques, such as equational reasbhing [3], type sys-
tems [8], control flow analysi$ [16], and abstract interpretation [13]. Still, the ambient
calculus is Turing-complete, and little attention has been paid to finding expressive
finite-state fragments that admit automatic verification via state-space exploration. The
goal of this work is to identity such a fragment, and to develop a model checking al-
gorithm for verifying properties expressible in the ambient loglcl[5,7]. The long term
intention is that automatic verification tools for a finite-state ambient calculus will be
useful either by themselves or in conjunction with methods for obtaining finite-state
abstractions of infinite-state systems. Similar abstractidns [9] are being developed for
ther-calculus|[15], the formalism from kich the ambient calculus derives.

A finite-state version ofr exists [12]. It is describe@s a finite-control calcu-
lus because its control structuis finite. Starting in any state, the number of states
reachable via internal reduction steps is finite. However, if we allow inputs of exter-
nal data, the number of reachable statemy be infinite. We define in this paper a
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finite-control ambient calculus. It is a substantial extension of the replication-free frag-
ment [5,10,11] (sometimes referred to as the “finite-state ambient calculus”). In partic-
ular, in the replication-free fragment every process can make only a finite number of
computation steps—no recursion or iteration is possible.

We begin, in Sectiofill2, by presenting aiaat of the ambient calculus in which
recursion is defined by means of an explicit recursive definition instead of replication.
We specify standard spatial rearrangemergs\structural congruence relation on pro-
cesses, and specify the operational semaiisca reduction relation on processes. This
variant is easily seen to simulate the original one. Then, in Seldtion 3, we design a type
system for ambient processes and show that typability of a process guarantees finitary
behaviour. The basic idea of the type system is to count the number of active outputs and
ambients in a process. TheorEm 1 asserts that the number of processes, up to structural
congruence, reachable from any typablegess is finite. We define the finite-control
fragment as those processes that are typableontrast, finite-control fragments of
the w-calculus are defined via simple syntactic restrictions. In Se€lion 4, we explore
the expressivity of our calculus by presenting and developing some standard examples,
including an encoding of a finite-contretcalculus.

Turning to the verification problem, Stian [5 reviews the syntax and semantics of
the ambient logic we use to specify process properties. We prove that the verification
problem—model checking against the denti logic without canposition adjunct—is
decidable for the finite-control fragment. To achieve this, we adapt the model checking
algorithm from [11]. Theorerl2 states that the algorithm is correct with respect to the
semantics of the logic. Moreover, our final result is Theofém 3, that the verification
problem remains PSPACE-complete, which is the same complexity as verifying the
replication-free fragment against the same logic.

A difficulty in designing a finite-control fragment of a process calculus is striking a
balance between the expressivity of the fragment and the complexity of the verification
problem. The general goal is to make the calculus as expressive as possible while keep-
ing the verification problem decidable. The methods we use differ substantially from the
methods used to define finite-contretalculi. Therefore, for the sake of a simple expo-
sition we omit several possible features from our finite-control ambient calculus while
including enough to model interesting iterative computations. Section 6 discusses some
of these additional features. Sectidn 7 concludes the paper.

2 An Ambient Calculuswith Recursion

We present in this section an ambient célisuwith recursive definitions instead of
replication. We give examples of the caliesiin Sectiof ¥; se¢ [6] for more elementary
examples.

The following table defines the syntax cdpabilities and processes of our calcu-
lus. We assume countably mangmes ranging over bya, m, a, b, ¢, . . . and countably
manyidentifiersranging over by4, B, C, .. .. For the sake of a simple presentation we
allow only names to be communicated wher#aes original calculus allows also the
transmission of sequences of capabilities.



Finite-Control Mobile Ambients 297

Processes and Capabilities:
I

o= capabilities
inn can entem outn can exitn
openn can opem

P,Q,R:= processes
0 inactivity P|lQ composition
n[P] ambient a.P action prefix
(n).P input (n) output
(vn)P name restriction A identifier
(fix A=P) recursion

We consider inpufr), name restrictiotfvn) to be binders for the nameandfix A
to be a binder for the identifie4. A namen or an identifierA occurring in the scope of
respectively(n),(vn) andfix A is bound. Otherwise it isfree. We write fn(P) for the
set of free names . We say that a processdbosed if it contains no free identifier.
We identify processes up-to capture-avoidimgenaming of both bound names and
bound identifiers. For instancéfix A=(vn)open n.A) and (fix B=(vm)open m.B)
are identical processes. Slightly abusing the notation, we \ritd®) for the bound
names in an implicitly given syntactic representatioiPofVe write P{m«<n} for the
outcome of substituting for each free occurrence of in P. Similarly, P{A—Q}
is the outcome of substitutin@ for each free occurrence of in P. We will assume
without loss of generality that two distintiound identifiers are different as well as
being distinct from any free identifier.

The semantics of our calculus is given by two relations. Téuiction relation
P — (@ describes the evolution of ambient processes over time. We wxitéor the
reflexive and transitive closure ef. Thestructural congruencerelationP = Q relates
different syntactic representations of the same process; it is used to define the reduction
relation.

Structural Congruence P = Q:
I
P=P (Str Refl)

P=Q=wn)P=(wn)Q (Str Res)
P=Q=Q=P (Str Symm) P=Q=P|R=Q|R (Str Par)
P=Q,Q=R=P=R (StrTrans) P =Q = n[P] =n|[Q] (Str Amb)
Plo=P (StrParZero) P=Q = a.P =a.QQ (Str Action)
PlQ=Q|P (StrPar Comm) P = Q = (n).P = (n).Q (Str Input)
(P|Q)|R=P|(Q|R) (StrParAssoc) P = Q = (fix A=P) = (fix A=Q) (Str Fix)
vn)0 =0 (StrRes Zero) (fix A=A)=0 (Str Fix Id)
vn)(vm)P = (vm)(vn)P (StrRes Res) (fix A=P) = P{A—(fix A=P)} (Str Fix Rec)

(
(P|Q)=P| (wn)Qifn ¢ fn(P) (Str Res Par)
vn)(m[P]) = m[(vn)P]if n #m (Str Res Amb)

Reduction: P — Q
I

nlinm.P | Q] | m[R] — m[n[P | Q] | R] (Red In)
m[njout m.P | Q] | R] — n[P | Q] | m[R] (Red Out)
openn.P | n[Q] — P|Q (Red Open)

(m) | (n).P — P{n<m} (Red 1/0)
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P—-Q=P|R—Q|R (Red Par)
P — Q = n[P] — n[Q)] (Red Amb)
P— Q= (vn)P — (vn)Q (Red Res)
P=PP—-Q,Q=Q =P —Q (Red=)

As in other process calculi with recursion, it is convenient to regard certain
unwanted recursive processes as ill-formed, and to disregard them. An example is
(fix A=A | A). We define a well-formed process as follows.

Definition 1. A process P is said to be well-formed if every recursive subprocess
(fix A=Q) of P satisfies the following two requirements: (i) A is the only free iden-
tifier in @, and (ii) A occursat most oncein Q.

From now on, we only consider well-formed processes. These processes are stable
with respect to structural congruence and reductior? its well-formed and either
P = P’ or P — P'thenP’ is well-formed.

As in ther-calculus[15], we can easily simulate replication with recursion. To sim-
ulate! P, which behaves like an unbounded number of replica® nfnning in parallel,
we introduce a new identifiedp and replacéP by (fix Ap=P | Ap). The result-
ing process is well-formed. This encoding of replication fulfils the axioms of structural
congruence for replicatiol? = P | !P and!0 = 0 given in [€]. It does not obey the
two additional axiom$P = !!P and!(P | Q) = !P | !Q from [5], but these axioms are
unnecessary for computing reduction steps.

Sangiorgi [17] also considers an ambient calculus with recursion. A difference
is that our formulation allows recursivelyefined ambient structures. In a recursion
(fix A=P), the identifierA can appear irP within an ambient construct; for example,
the processefix A=m/[A]) and(fix A=open n.m[A]) are well-formed. The latter but
not the former belongs to the finite-control fragment defined next.

3 A Finite-Control Ambient Calculus

The finite-control (synchronousy-calculus [12] is obtained by disallowing parallel
composition through recursion. So, a finite-contradalculus process is a finite parallel
composition of threads each of which isexursive process without parallel composi-
tion. This ensures that there is only finitehany pairwise non-congent configurations
reachable from such a process. In the amlgatdulus this restriction is both too strong

and too weak. It is too strong because ititisrthe admissible computation too much.

In particular, due to the asynchronous communication mechanism in the ambient cal-
culus, it completely excludes communication in recursive programs. On the other hand,
it is too weak, as exemplified below, besauit does not ensure finitary behaviour of
processes. The example shows that in the ambient calculus a bound on the number of
parallel threads gives neither a bound on the size of reachable processes nor a bound
on the number of possible interactions between threads. This is in contrast to the situa-
tion in therr-calculus, and seems to arise from thatigl characteristics of the ambient
calculus.
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Example 1. Consider the two ambient procesges and Pp defined respectively by

(fix A=n[open m.A]) and (fix B=m/]in n.B]). Neither process contains parallel com-

position. However, the proce$3, | Pg reduces ir2k steps ton[---n[ P4 | Pg]---],
N——

k

denoted P4 | Pg). Since fork # k', (Pa | P)r # (Pa | Pg), there are infinitely
many non-congruent processes reachable fRom Pg.

Now, if we place another process|(fix C=inn.C) | (fix D=out n.D)] in parallel
with P4 | Ppg, this process can traverse the structuré®f | Pg); in an arbitrary
way. Thus, although there are only four recursively defined processes and none of them
contains parallel composition, they may create an arbitrary number of locations and
interact in any of these locations.

This example shows that directly adopting the syntactic restriction from the finite-
control synchronous-calculus is problematic, but it does not show undecidability of
the verification problem. However, if welapt a more liberal condition from the finite-
control asynchronous-calculus([1] (which ensures that there is only a bounded number
of active threads and seems more appropriate here due to the asynchronous communi-
cation used in ambient calculus), we obtain undecidability even for the reachability
problem. One can adapt the encoding of the Post correspondence problem from [11], in
which only finitely many active threads are used.

Thus, one may consider a more severe syntactic restriction, to forbid both parallel
composition and ambient construction within recursion. We will see later on that this
restriction indeed ensures finite-control. Still, we can see at once that it is too drastic. In
such a restricted process only sequences of action prefixes, each invoking a capability,
could be defined recursively. Moreover, those sequences would operate on a process
whose spatial structure has a bounded size. Inspecting the individual effect of such
sequences, one sees thatdpen capability is somehow the more powerful as it changes
the spatial structure of the process by deleting part of it whereas both capaliltied
out only re-arrange this structure. As a consequence, only finitely many occurrences of
the powerful capabilitppen can be executed by such a restricted process.

Instead of defining finite-control by means of syntactic restrictions over processes,
we adopt a semantic point of view based on a type system. Intuitively, a type of a
processP is a natural number that bounds the number of active outputs and ambients in
any process reachable frafh We present the type system in Secfion 3.1. In SeLfign 3.2
we show that typability ensures finitary computation.

3.1 TheType System FC

A type environment I is a finite set of pair§ (A, 1), ..., (An, )} such that each;
is an identifier;; is a natural number and for any two pa(es;, ;) and(A,, 7;), i # j
implies A; # A;. We say that an environmeftis defined forA if I" contains a pair
(A, 7). Whenevel is defined for no identifier, we simply write.

Definition 2. Given a type environment I, a type judgment I" + @ : 7 holds for
a process () and a natural number 7 if there exists a finite proof tree built with the
inference rules from the table below such that itsroot is labelled by I" - @ : 7 and
none of its leaves contains a type judgment.



300 Witold Charatonik, Andrew D. Gordon, and Jean-Marc Talbot

ProcessTyping: I'=P : T
I

(Identifier) (Zero) (Par) (Res)
Ais identifier,(A,7) € I’ I'-P:7,IT'FQ : 0 Ir'+-P: 1
I'HA: T I'-0:0 I'-P|Q:7+86 I'-@wn)P : 71
(Output) (Input) (In/Out)
Ir'+-P: 1 I'tP :7,cap € {in,out}
I't(n):1 I'+ (n).P : max(t —1,1) I'tcapn.P : max(r,1)
(Amb) (Open) (Fix)
I'tP: 71 I'tP: 71 ru{(A,n)}FP:0, 07
I'tn[P] : 741 I'Fopenn.P : max(t—1,1) 't (fix A=P) : 7
L

The basic idea of the type system is to bound the number of active outputs and
ambients in all processes reachable fromwaegione. In the rules (Input) and (Open)
the process’ is guarded and thus not active. These rules express?tmady become
active only after dissolving some active output or ambient. The functiag(-, 1) is
used to avoid negative types. Without it some processes of unbounded (or even infinite)
size like (fix A=open n.0 | m[] | A) could be still typable. We take maximum with
1 and not0 to obtain a property—used in some proofs—tfas the only process of
typeO.

Example 2. The proof tree stating that the type judgment- (fix A=open n.m[A4]) |
n[0] : 2 holds is given below. In a similar way we can build a proof tree ot
(fix A=open n.m[A]) | n[0] : 3.

A1) ef{an}

{(A,1)}FA 1
{(A, 1)} Fm[A] : 2
{(A,1)} Fopenn.m[4] : 1, 1<1 gF0:0
@+ (fix A=open n.m[A]) : 1 FFnl0] ;1

@ F (fix A=open n.m[A]) | n[0] : 2

Recall Exampl&]1l. The procegix A=n[open m.A]) | (fix B=mlin n.B]) is not
typable becausgix B=m/[in n.B]) is not typable.

Definition 3. A type environment I” well-typesa process P if there exists some natural
number 7p such that the type judgment I" = P : 7p holds. A process P is typableif
there exists a type environment " that well-types P.

If P istypable and does not contain free identifiers, thenell-typesP.

We say that a proceds is balanced if the number of occurrences of ambients and
outputs inP is equal to the number of occurrencesopkn capabilities and inputs
in P. We say that a recursive procg$isc A=P) has a balanced type if for every type
environmenf"U{(A : 7)} such thal"U{(A4,7)} - P : 6 andd < rwe have) = 7. In
most natural examples, like {fix A=n[openn.A]), if P is balanced the(fix A=P) is
typable. But there are exceptions likéx A=A | openn.n[0]) which is balanced but not
typable. If P is not balanced because it containsrsmoutputs and aménts than inputs
and opens (like itfix A=n[A])) then(fix A=P) is not typable. Finally, note that not all
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typable processes have balanced types. For exa(fiplé=open n.A) is typable but it
does not have a balanced type (the environnféat 2)} being a counter-example).

In most examples of typable recursive processes that are considered in this paper
we will want the types to be balanced. This is because if such a process does not have
a balanced type then in each execution it corssisome (strictly more than it creates)
messages or ambients in tgbal context in which it is placed, and thus it can be
executed only finitely many times.

For a given type environmetit and a given procesB there may be many natural
numbers- such that the type judgmentt P : 7 holds. For exampley I (fix A=A) :

7 holds for any naturat. However, since every set of natural numbers has a least
element, we may define a least type.

Definition 4 (Least Type). For any process P and any type environment [ that well-
types P, the leasttype of P with respect to I, denoted £F¢(P, I'), is the least natural
number 7 suchthat I" - P : 7 holds.

Proposition 1 (Type Stability). Let P and P’ betypable processesand let I" be a type
environment that well-types P and P’. Then P = P’ implies £LF¢(P, I") = £F¢(P', I).

Proof. The proof goes by induction over the proof tree for= P’. The only difficult
case is for the axiorffix A=Q) = Q{A—(fix A=Q)} (Str Fix Rec) which requires an
induction over the structure @j. O

Proposition 2 (Type Checking - Type Inference). Type checking (that is, deciding,

given I', P and 7, whether the type judgment I" = P : 7 holds) is decidable. For any
process P and type environment I”, we can decide whether I" well-types P and compute
LFC(P ).

Proof. Both type checking and type inference amount to solving easy systems of in-
equalities with addition, subtraction of a constant, and as the only arithmetic op-
erations. 0

Proposition 3 (Subject Reduction). Let P be a process and I" an environment that
well-types P. Then for all processes P’ such that P — P’, I well-types P’ and
L, ry < ke ).
Sketch of proof. The reductions (Red In) and (Red Out) do not change the type of a
process at all. The reductions (Red Open) and (Red I/O) reducing processes of the form
open n.Q or (n).Q, respectively, do not change the type£ifc(Q, I') > 1. Otherwise,
they strictly decrease the type by removing the ambiemtconsuming a message. For
the other reductions (Red Par), (Red Amb), (Red Res), and fged follows from
induction overP, using Propositiohl1 in case of (Red). O

Due to Propositiohll, the least type of any process congrughist6. Conversely,
we have:

Proposition 4. For all closed and typable processes P, if LF<(P, @) = 0 then P = 0.

Proof. Itis easy to see that if a closed procéssontains either an ambient construct, a
capability, an input or an output, then its leagie is greater or equal to one. Therefore,
it is enough to show that closed and well-formed processes built up with identifiers,
parallel composition, name restriction, afixlare congruent t®. The proof goes by
induction on the structure d?. O
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Additionally, we can prove some other properties. All recursion-free processes are
typable. The encoding of replicatidi® given earlier is not typable for an¥ non-
congruent td. Processes built without parallel composition and ambient construct are
typable. This last property implies that processes are typable if they satisfy the syntactic
restriction—to forbid both composition and ambients within recursion—considered in
Sectior B. As we see in the next section, it follows that processes obeying this syntactic
restriction are finite-state.

3.2 Typability and Finite-Control

The goal of this section is to prove that for a typable and closed process, there exist
finitely many =-congruence classés;, ..., K,, such that for all processe®’ with

P —* P’, there exists for which P’ € K;. Instead of proving this directly, we show
that for any typable and closed procd3snd any proces®’ reachable fronP, there

exists arepresentative P of P’ (thatis,P’ = P") such that:

— the size ofP” is bounded and depends only &1
— the set of free names @’ is a subset of the free names®f

Here, by the sizéP| of a process® we mean the number of nodes in the tree repre-
sentation ofP. The two statements above imply that there exist only finitely many pair-
wise non-congruent processes reachable fflansimply showing the size is bounded
is insufficient as there are infinitely manyfférent names. For example, processes from
the sef{n[0] | n being a namgehave a bounded size, but being non-congruentwith each
other, they represent infinitely masy-congruence classes.

The second requirement about free namestraightforward and actually does not
rely on typability.

Proposition 5. For all processes P, P, if P = P’ or P — P’ then fn(P’) C fn(P).

The first requirement is much more involved for various reasons. We need to char-
acterize representatives of structurahgruence classes of reachable processes; this
requires to consider a process split into several parts.

First, we define pre-normalized processes. Let a proPdsspre-normalized if it
takes the form(vni) ... (vng)Q and, (i) everyn,; occurs free inQ, (ii) ni,...,nk
are pairwise distinct, andi:) any other name restriction occurring@happears in the
scope of some input or of some action prefix. Intuitively, pre-normalization is rewriting
a process using the scope extrusion rules (Str Res Par) and (Str Res Amb) to a kind of
prenex normal form.

The second part of processes consistaibermost guarded subprocesses. A process
P is guarded if either P = 0, P = (M), P = «.P’ for someP’ and somey, P =
(z).P’ for someP’, or recursivelyP = (vn)Q for some guarded). This property is
clearly stable with respect to structural congruence, that i3jsfguarded and® = P’
then P’ is guarded as well. Let a subproceBsbe outermost guarded in a process
P if P’ is guarded and for any subproced$ of P enclosingP’, P” is not guarded.

For instanceput m.0 is outermost guarded injout m.0] and as a consequendeis
guarded but not outermost guardedulputm.0 | 0], outm.0 | 0 is outermost guarded
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(becauseout m.0 | 0 is congruent to a process of the foamP, namelyout m.0)
and thusput m.0 is not outermost guarded. This last example shows that outermost
guardedness is a pure syntactic condition and is not stable with respect to structural
congruence.

Finally, the remaining part of the process is captured by a contesantext C with
[ holes (or, for short, afrcontext) is a process where exadtigubprocesses have been
replaced by a hole; occurring exactly once iéi. We writeC[ Py, . .., P, for the process
obtained by filling each hole; in C with P;.

A context isactive if it consists only of holes, ambients, parallel compositions, and
void processeB and furthermore if each proce@®ccurs as a child node of an ambient
in the tree representation of the context.

A process isiormalized if this process is eithed or a pre-normalized process of the
form (vn1) ... (vng)Q, whereQ is of the formC[ Py, . . ., P] such that:

— C is an activd-context,
— Py, ..., P, are the outermost guarded subprocesses fpotimat are not congruent
to 0.

By the one-step unfolding of a processP” we mean the process obtained frdm
by replacing every subprocess of the foffix A=Q) by Q{A—(fix A=Q)}. If Q is
obtained by one-step unfolding fromthen|Q| < |P|2.

Lemma 1. Any typable and closed process P admits a congruent normalized process
Q suchthat |Q| < |P|2.

Sketch of proof. First, by structural induction we prove that in any recursive process
(fix A=Q) either A is guarded inQ or (fix A=Q) is congruent t@. We obtain a nor-
malized version of a pre-normalized procegséplacing all recuiige definitions con-
gruent to0 by 0, applying a one-step unfolding to the result, and then removingjsll
from the context that are not child nodes of an ambient. O

We say that a procesg is asubprocess up to renaming of a process’ if ) can be
obtained from some subprocessiby renaming its free names.

Proposition 6. Let P be a closed, typable, normalized and non-congruent to 0 process
and P’ be its one-step unfolding. Then for all processes  reachable from P (that is,
such that P —* @), there exists a normalized process (vny) ... (vng)C[Pi,. .., P]
structurally congruent to  and such that

— k isbounded by the size of C,
— thesize of C isbounded by 3 - LF¢(P, @),
— each (); isa subprocess up to renaming of some outermost guarded part from P’.

Sketch of proof. Since(vny) ... (vng)C[P, ..., P is pre-normalized, every restricted
name from the sefny, ..., ni} must occur freely ir€. Thusk is bounded by the size
of C.

Since the process is normalized, the subproceBses ., P, are not congruent to
0 and thus have strictly positive typ&sis an active context, so its tree representation
consists of four kinds of nodes:
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— leaves representing a hole, whose number is smaller fi&0P;, @) + ... +
LFC (Pl7 @),

— leaves representin@ whose number is smaller than the number of unary nodes,

— binary nodes representing parallel quositions whose number is smaller than the
number of leaves,

— unary nodes representing ambientise number of such nodes summed with
LFCY(P, o)+ ...+ LF(P, @) givesLFC(Q, 2).

This together with the subject reduction ¢éhem (Proposition]3) gives that the size of
C is bounded by - L7 (P, @).

Finally, the process&g; are either directly subprocesses up to renaming of the ini-
tial processP or of unfoldings of the recursive definitions, which are already unfolded
in P’. This is because the only possibility (apftom using the structural congruence)
to modify a process below a guard is to substitute some of its free names with other
names coming from communication. O

The following theorem is a direcorollary from Propositions]5 arid 6.

Theorem 1 (Finite-State). For any closed and typable process P, there exist only
finitely many pairwise non-congruent processes reachable from P.

4 Examples

The model checking algorithm from.l[5] is limited to replication-free processes. We
want to have at least some restricted version of recursion that would help us in mod-
elling mobile computations while keeping model checking decidable. This section gives
examples of programs that are typable and that therefore, by ThEbrem 1, are finite-state.

4.1 Simple Exampleswith Infinite Behaviour

Probably the simplest possible example with infinite behaviow(13,] | m[] where
P, is the processfix A=in m.out m.A). It is typable with the type o4 equal tol
and the type of the whole process bethdVe haven[P4] | m[] — m[n[outm.P4]] —
n[Pa] | m[], which creates an infinite loop.

Another simple example i®4 | P wherePy is (fix A=a[open b.A]) and Pg is
(fix B=open a.b[B]). Here the least type dP,4 is 2 and the least type dPg is 1. One
can see it as a simple synchronization me@rar—we will use such a mechanism later
in the encoding of the (synchronous) finite-contretalculus. We havé’y | Pg =
afopen b.P4] | open a.b[Pg] — openb.P4 | b[Pg] — P4 | Pg.

A similar behaviour can be obtained from a simpler prodéissA=open a.A) |
(fix B=a[B]), but we cannot use it since it is not typable.

Our last example in this section shows that we can obtain not only infinite computa-
tion paths, but also infinitely many syntactically different processes along these paths.
Consider the procesB, | Pg wherePy is (fix A=(va)open n.open m.({a) | a[A]))
andPg is (fix B=n|[m[(z).open z.B]]). The process is typable with the least types of
P4 and Pg being respectively and3. Here, in every iteration, the proceBg creates
a new fresh name and sends ititg.
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4.2 Objective Moves

The only iterative definition in the encoding of objective movesin [6i3ow n =

lopen n. This can be directly translated {éix A=open n.A), but such a translation
leads to a definition afiv in n.P where the type ofiv in n.P is one greater than the
type of P, and so does not allow the use of objective moves inside recursion. Therefore
we propose an alternative definition.

allown = (fix A=open n.n[A])
n![P] = n[P | allowin]
n![P] = n[P] | allow out
n!l[P] = n[P | allowin] | allow out
nv inn.P = (vk)k[in n.in[out k.open k.open in.P]|

A
A

mv out n.P = (vk)k[out n.out[out k.open k.open out.P]]

It is easy to see that all these processestgpable and are balanced; the least
type ofallow n is 1, the least type ofiv in n.P andmv out n.P is the maximum
of the type of P and2. One can check that! [Q] | mv in n.P —* n![P | Q] and
nl[mv out n.P | Q] —* n![Q] | P.

4.3 Firewalls
Consider the firewall fron{[6]. This is a replication-free process
firewall = (vw)k[in k.in w] | w[open k.P],

but it allows only one agent to enter the firewall. Let us first extend this example to
allow for more agents. To avoid some cosion we replace one of the two occurrences
of the namek with &’: firewall = (vw)'k[in k'.in w] | w[lopen k¥’ | P]. Then we have
k'[open k.Q)] | firewall —* (vw)'k[in k'.in w] | w[lopen k' | P | Q] and the firewall is

still ready to allow more agents that are aware of the passgord ).

We still have a little problem with modelling this firewall as a typable program. The
processk[in k'.in w] is at the beginning outside the ambient but at the end (after
the agent enters the firewall) it is inside In typable programs we need to always start
a recursion in the same place that we éndherefore we first modify the firewall:
firewall = (vw)w['k[out w.in k".in w] |lopen k' | P].

Now it is easy to see that this processhlves in the same way as the following
programfirewall where

firewall = (vw)wlhook | initiator | P]
hook = (fix A=k[out w.in k.in w.open b.A])
initiator = (fix B=open k.b[B])

We use the additional ambielto balance the bodies of the procedukesk and
mnitiator.
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4.4 Routable Packets

Following [6] we defingacket pkt as an empty packet nampkt that can be routed re-
peatedly to various destinations. Contrary fo [6], we do not model routing as communi-
cating the path to be followed (we restricted the calculus not to contain communication
of compound messages), but by sending it another ambient containing the path.

pkt[(fix R=open route.route[R])]
route[in pkt.open route.M | P]
route pkt with 0 to M

packet pkt
route pkt with P to M
forward pkt to M

e e e

Then there is an executiqrucket pkt | route pkt with P to M —* pkt[M | P |
Pr] where P, is the processfix R=open route.route[R)]). Similarly, pkt[P | Pg] |
forward pkt to M —* pkt[M | P | Pg].

45 A Finite-Control w-Calculus

Here we encode a version of the finite-contretalculus [12] without name passing in
recursive procedures (that is, with parameterless recursive definitions) and without non-
deterministic choice. An encoding of the full finite-contrekcalculus seems possible
using the extensions of our calculus discussed in Selction 6.

Processes of thefinite-control w-calculus

T_

= process
(vn)P name restriction
T .. | Tx parallel threads
T:= thread
0 inactivity (vn)T name restriction
a.T action A identifier
(fix A=T) recursion
o= action
n(x) input on channeh
n{x) output on channet

The encoding of the (asynchronouskalculus given in[[6] cannot be used here
for at least two reasons. First, the finite-contretalculus uses synchronous commu-
nication while the communication in the ambient calculus is asynchronous. In order to
simulate synchronous communication we have to run a synchronisation protocol. Sec-
ond, dynamic generation of new channels strictly increases the size of the encoding
and thus cannot be typable. Instead of this, we create new channels for every single
communication and we destroy this channel immediately after the communication is
finished.

To synchronize the communication, for every thrdadve introduce an ambient
sync;[] that avoids mixing the order of actions taken by this thread: every thread can
send or receive at most one message at a time. Additionally we introduce one ambient
lock[] that allows processing only one communication at a time. These ambients are
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present at the beginning, but they disappear (that is, they get opened) when the respec-
tive action starts and they reappear when the action is finished.

In the encoding given below we use an ambient nawnieds a place where com-
munication happens. The idea of this encoding is as follows. If two procesaés P
andn(z).Q in threadsT; andT; are willing to communicate, they start by opening
the respective ambientgnc; andsync; (if some of these ambients are not present, it
means that the thread is busy with some other action, and the process has to wait). Then
the output process leaves an ambiefh(this is the information that there is a message
sent over the channel) and moves inside the ambietit. There it sends the message
(M) within another ambient. The input process opens the ambiefjt(if there is no
such ambient, it means that there is no message sent over chaandlthe process
has to wait), then it openrlack[] (again, if there is ndock[] ambient, it means that there
is another communication just taking place and the process has to wait until it is fin-
ished) and goes insidé: and insiden where it reads the messagé. The rest of the
encoding is just to clean up afterwards: both processes go atit afid together with
the auxiliary processesync; and Sync; they synchronize the two threads and release
the lock on communication, and remove all auxiliary ambients used in the meantime
(more precisely, after theoommunication the ambiertt gets openeddone; goes out
of n andn goes insidedone; where it gets opened; thefvne; moves outsideh, ¢
gets opened, and the twlync processes opetione; and done;; at this moment the
ambientssync,[], sync;[] andlock[] appear again at the top level). The ambients c
are used to balance the process and to move ingide

Formally, the encoding is defined by the functiphfrom processes of the finite-
controlr-calculus to the finite-control ambieoélculus. Except from communication,
the encoding is quite straightforward: we hdyen)P] = (vn)[P],

[T3 | ... | T 2 [0 | Syney | .. | [Tl | Syney, | '] | tock]
[0]; 2 0, [(vn)TT; 2 ()T, [A]: 2 A, [(ix A=T)]; 2 (fix A=[T],),

[n(M).P]; = open sync,.(n[] | mv in ch.n[(M) | open a.PostOut;(P)]
[n(z).Q]; = open sync;.open n.open lock.mv in ch.a[in n.(z). PostIn;(Q)]

where

Sync; = sync,[] | (fix S;=open done;.(sync;[] | S;))
PostOut;(P) = open b.(in done;.lock[] | done;[out n.open n.out ch.open c.[P];])
PostIn;(Q) = blc[done; [[Q];]]

5 Ambient Logic and Model Checking

To reason about distributed and mobile computations programmed in the ambient calcu-
lus, Cardelli and Gordoin[5] introduce a modal logic that apart from standard temporal
modalities for describing the evolution of processes includes novel spatial modalities
for describing the tree structure of ambigorocesses. In a recent paper, Cardelli and
Gordon extend the logic with the constructs for describing private ndmes [7].

Themodel checking problem is to decide whether a given object (in our case, an am-
bient process) satisfies (that is, is a modgbogiven formula. Cardelli and Gordan [5]
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give a model checking algorithm for the fragment of the calculus in which the pro-
cesses contain no replications and no dynamic name generation against a fragment of
the logic in which formulas contain no composition adjunct. It was then provédiin [10]
that model checking this fragment of the calculus against this fragment of the logic is
PSPACE-complete. Recently, [n]11] it has been shown that on the one hand, extending
the calculus with name restriction and the logic with corresponding logical operators
is harmless for the complexity of model checking—it remains PSPACE—and on the
other hand that either considering replication in the calculus or composition adjunct in
the logic makes the model checking problem undecidable.

5.1 Ambient Logic

We recall in this section definitions concerning this logic (omitting the compaosition
adjunct).

In addition to the reduction relation andetktructural congruence, we introduce an
additional relation calletbcation and denoted to reason about the shape of ambients
(that is, space). The location relation is definedPas Q if there exist3)’, n such that
P =n[Q] | Q. We write | * for the reflexive and transitive closure pf

We describe the syntax of the ambient logic and its satisfaction relation in the fol-
lowing tables.

L ogical Formulas:
I

n a namen or a variabler
A B = formula n[A] location
T true AQn location adjunct
-A negation nO0A revelation
AV B disjunction Aon revelation adjunct
0 void OA sometime modality
A|B composition match OA somewhere modality

Jz. A existential quantification
L 1

We assume that names and variables belong to two disjoint vocabularies. We write
A{xz+—m} for the outcome of substituting each free occurrence of the variaisi¢ghe
formula.4 with the namen. We say a formulad is closed if and only if it has no free
variables (though it may contain free names).

The satisfaction relation P |= A provides the semantics of our logic. It is stable
with respect to structural congruence, that i?if= A andP = P’ thenP’ |= A.

Satisfaction P = A (for A closed):
I

PET PEn[A] 23P . P=n[PAP = A

PE-A Z2-(PEA) PE=Aan 2n[P]E A

PEAVBE2PEAVPEB PEnOA 23P.P=@wn)P' AP = A

PEO 2p=o P=Aon= (wn)PE A

PEA|B 23P,P".P=P |P'AN PEOGA =Z3P.P-"P AP EA
PPEAANP"EB PEOA 23PP|"P AP EA

PE3z.A 2 3m.P = A{z—m)}
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5.2 Maodd Checking Finite-Control Maobile Ambients

In this section we show how closed and typable processes can be model checked against
formulas of the ambient logic. We assume that in any process bound identifiers are
pairwise distinct and that bound names are pairwise distinct and different from free
names (not only free names from the process itself, but also free names occurring in
formulas).

We consider here normalized processes as introduced in Secfion 3.2. To single out
name restrictions, we write a normalized prooess, ) . .. (vng)C[ Py, ..., P)] as a pair
({n1,...,nx},C[P1, ..., P]), separating name restriction prefix from the rest of the
process and considering these name restrictions as a set of Hames.

In a normalized process, only the active-context part is addressed by spatial modal-
ities from the logic, that is, the modalitie$ | 3, n[A], 0.4 and0. This allows us to
control the size and the number of normalized processes considered for model checking
these spatial modalities.

The following propositions (Propositioi%f10) express that in polynomial space
we can test whether a process is congruertl,tave can decompose it in all possible
ways to a parallel composition of two other processes, we can remove the given lead-
ing ambient (if it exists), and we can compute all sublocations of the process. This is
possible because it requires exiaing only the actie context of the given process. The
proof of these propositions is based on the following lemma.

Lemma?2 (Inversion). Let P, Q, Q" be normalized processes.
1. (wvn)P =0ifandonlyif P = 0.
2. If n and m are different names, then (vn)P = m[Q)] if and only if there exists a
normalized process R suchthat P = m[R] and Q = (vn)R.
3. (wvn)P = @ | Q' if and only if there exist normalized processes R, R’ such that
P=R| R andeither @ = (vn)Rand Q' = R’ andn ¢ fn(Q') or @ = R and
Q' = (vn)R andn ¢ fn(Q).

Proof. The proof is the same as for the replication-free fragment of the ambient calculus
(Proposition 5.1 in[[11]), observing that viiave to examine only the active context of
a normalized process. O

Proposition 7. For any normalized process (N, P), (N, P) = 0 if and only if P = 0.
Furthermore, we can test whether P is congruent to 0 in polynomial-time.

Proposition 8. For any normalized process (N, P), we can compute in polynomial
space a finite set of pairs of normalized processes that we denote Decomp({N, P))
and defined aS{(<N1, Q1>a <N{a R1>)7 EEEE (<Npa Qp>a <Né7 RP>)} SatISfylng

— for all Q,R satisfying (N, P) = Q | R, there exists i such that (N;, Q;) = Q and
(N, R;) = R. N
—foralliinl...p, NqUN/ = Nand N; N N} = @, fn(Q;) N N/ = & and

fn(R)NN; = @ and |Qy, |R;| < |P|.

1 Whenever two different normalized processesand P’ have the same pair-representation,
thenP = P’ by the axiom (Str Res Res) from the structural congruence.
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Proposition 9. For any normalized process (N, P) and any name n, we can test in
polynomial time if there exists Q such that (N, P) = n[Q]. Moreover, if such a Q
exists, then n ¢ N and we can compute in polynomial time the normalized version
(N, Q) of Q suchthat |Q| < |P|.

Combining the two previous propositions, we obtain:

Proposition 10. For any normalized process (N, P), we can compute a finite set of
normalized processes Sublocations (N, P)) ={(N1,Q1), .., (N,, @)} suchthat ()
for all Q suchthat (N, P) |* Q, there exists 7 satisfying thatQ (N;,Q;) and (ii) for
aliinl...p, N; C Nand|Q;| <|P|.

Moreover, using results from Sectibn 8.2, we obtain:

Proposition 11. For any typable and normalized process (N, P), we can compute a fi-
nite set of normalized processes Reachable ((N, P)) ={(N1,Q1), ..., (Np, Qp)} such
that () for all Q such that (N, P) —* @, there exists i satisfying that Q = (N;, Q;)
and (ii) forall iin1...p, N; C N and |Q;| < |P|%.

The algorithm presented here is very close to the one givénin [11].

Model Checking Algorithm: Check((N, P), A) where N N fn(A) = @, by convention

Check(( P),T)=T
Check((N, P),—~A) = = Check((N, P), A)
Check((N, P), AV B) = Check((N, P), A) V Check((N, P), B)
~ A [TIfFP=0
Check((N, P),0) = {F otherwise
Check((N, P), A| B) =\ (p. py)e Decomp((N.PY) Check(P1, A) A Check (P2, B)
Py, P, being respectively N1, P1) and(Nz, P»)
Check((N, P),n[A]) 2 P = n[Q] A Check((N,Q), A)

N, P
Check((N, P), A@n) = Check({N,n[P]), A)
N, P),n0A) 2V, .y Check((N — {m}, P{m<n}), A)
V(n & fn(P) A Check((N, P), A))

<
I
]
.
—~
~
3

Check((N, P), A® n) = Check((N U {n}, P), A)

Check((N, P),0.A) 2V (v 57y e reachabte((v.5y) Check((N', P'), A)

CheCk(<N’ P>’ D‘A) = V(N P’)ESublocatwns(N P) CheCk(<N Pl> A)

Check({N, P),3x.A) = letng ¢ N U fn(P) U bn(P) U fn(A) be a fresh name in

\/nefn(N,P)ufn(A)u{nO} Check((N, P> A{zen})

Theorem 2 (Correctness). For all normalized and typable processes (I, P) and all
closed formulas A, we have (N, P) = A if and only if Check({N, P), A) = T.

Sketch of proof. The proof follows the lines of the proof of Theorem 5.1lin[[11] and goes
by induction on the formul&l. In the cases o', - A, AV B, AQn, A @ n the result
follows directly from the definition of the satisfaction relation. In the cas@ afidn[.A]

it follows from Proposition§]7 anld 9, and in the case4of B from Propogion[8. The
cases of].A and{.A follow from Proposition§ 10 and 11. The casef.A follows
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the lines of the proof of Proposition 4l in [4]. Finally, the case ofJ.A reflects the
two possibilities that either is one of the bounded names occurring in the process or
it does not occur there (in the latter case observe that for all proc€sses fn(Q)
implies(vn)Q = Q). a
Theorem 3 (PSPACE-complete). The model checking problem for finite-control pro-
cesses against the ambient logic is decidable. Moreover, it is PSPACE-complete.

Sketch of proof. Decidability follows from Theorerh]2. One obtains the PSPACE up-
per bound by implementing disjunction in polynomial space, as is dorie_in [10]. The
PSPACE lower bound is proved in |10]. O

6 Extensions of the System

In this section we discuss some extensions that are possible to the calculus without
affecting decidability or complexity of the model checking problem. We did not in-
troduce these extensions before because we want to keep our formal presentation of a
finite-control ambient calculus as simple as possible.

Parameters in recursive definitions. In the system we defined the identifiers used in
recursive definitions do not carry any namegraeters. It is however quite straightfor-
ward to allow definitions of the forrffix A(x)=P[A(y)]) — one has to clearly distin-
guish between definitions\{abstractions) and calls\{application) of such functions
and then respectively handle the renaming of parameters.

Nondeterministic choice. In the ambient calculus one may encode an internal nonde-
terministic choiceP + @ (see [6] for an encoding of an external choice) as the process
(vn)(n[0] | open n.P | open n.Q).

Then reducing? + @ leads to eithe® | (vn)open n.Q orto @ | (vn)open n.P.

As (vn)open n.R is bisimilar to0, this is a good approximation of nondeterministic
choice. However, even this simple encoding is no longer possible in recursive processes
of the finite-control fragment, since it goes beyond well-formed processes. But even
if we ignore the well-formedness restiimn, such an encoding does not work because
(vn)open n.R is not congruent (it is only bisimilar) t@, which means that its type
must be strictly positive, so it is not possible to balance the type af Q if P and

Q are balanced (and thu3 + @ is not typable). In the encoding of the finite-control
m-calculus in Section 415 all recursive prases have balanced types and thus to extend
the encoding to accommodate nondeterminigticice we need a balanced encoding of
choice.

A possible solution is to add nondeterministic choice as a primitive construct in
the calculus. To do so, we need to relax the definition of well-formed processes from
one occurrence of identifier in a recursive definition to one occurrence per option of a
nondeterministic choice. The reduction rules for processes can be then extended in a
straightforward way, and an appropriate typing rule is:

(Choice)
I'P:7,I'+Q : 0
I'P+Q : max(t,0)
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Replication-free fragment of the ambient calculus. Our initial motivation was to find a
fragment of the ambient calculus that extends the replication-free fragment (for which
the decidability and complexity of the model checking problem was knoiwnl[5,10]) to
allow some infinite computation, while retaining a decidable model checking problem.
The calculus of this paper does not extenel téplication-free fragment because it does
not allow for sending capabilities inside messages. It is however quite obvious that a
typable finite-control process can be put in a replication-free context without any change
to the model checking algorithm. The only subtle point is that if one wants to achieve a
PSPACE algorithm one should apply the data structure froin [10] only to the replication-
free context; otherwise storing an explicit substitution for every communication might
lead (in the case of recursive communications) to infinitely growing substitutions.

Sending capabilitiesin communication. In the current version of the calculus we allow
for sending only names. The extension to sending single capabilities is however not
difficult. The problem with sending single capabilities is probably best shown in the
following process {inn) | (fix A=(z).({inz) | A)). After the first iteration the process
sends the message(in ), thenin (in (in n)), and so on, growing infinitely. Probably
the simplest solution is to observe thatz cannot be executed if is not a hame,
so it is enough to introduce a special deattleapability and replce these complex
capabilities with the deadlock capability.

An intriguing alternative possibility to solve the problem would be to combine the
calculus with the type system 6fl[8], where(in n) cannot be well-typed.

Sending sequences of capabilities. In the original definition of the ambient calculls [6]

it is possible to send not only single capabilities but also sequences of capabilities. We
do not see a very easy solution to this problem. Consider as an example the following
process{inn) | (fix A=(z).({(z.z) | A)). Here, afteik iterations we obtain a sequence

of capabilitiesin .. . . in n of length2%. Thus the process grows infinitely. A possible
solution is to distinguish between simple communications (sending a name or a sin-
gle capability) and complex communications (sending a sequence of lengthand

to give a simple output typé (as in the current version of the system) while a com-
plex output is type (that is, to introduce an additional typing rule - (M) : 2

for complex M). Then the above process is not typable, but for example the pro-
cess(fix A=(x).(y).((z.y) | A)) is typable. The decidability of model checking relies
then on the observation that such a process cannot be executed infinitely many times
(roughly, it can be executed as many times as many outputs are present in the context
around).

Again, to achieve PSPACE complexity one has to be careful about substitutions—
one should apply the substitution in the cagsimple communication but one should
store the substitution in the data structure (as is done_in [10]) in the case of complex
communication.

7 Conclusion

Previous work on model checking the spatial and temporal logic of the ambient calculus
is limited to processes lacking any form of recursion or iteration. This work shows the
possibility of model checking a richer, more expressive class of mobile behaviours. We
hope it will lead to the discovery of further applications of the ambient logic.
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Abstract. We propose an Abstract Interpretation-based static analysis
for automatically detecting the dependencies between the names linked
to the agents of a mobile system. We focus our study on the mobile
systems written in the m-calculus. We first refine the standard semantics
in order to restore the relation between the names and the agents that
have declared them. We then abstract the dependency relations that are
always satisfied by the names of the agents of a mobile system. That is to
say we will detect which names are always pair-wisely equal, and which
names have necessarily been declared by the same recursive instance of
an agent.

1 Introduction

We are interested in analyzing automatically the behaviour of mobile systems
of agents. Agent distribution in such systems may dynamically change during
the computation sequences, which makes their analysis difficult. We address the
problem of proving non-uniform properties about the interactions between the
agents of a mobile system; such properties allow distinguishing between several
recursive instances of a same agent. We especially intend to infer the dependency
relations between the names communicated to each agent. This means that we
will calculate whether they are pair-wisely equal (and / or) whether they have
been pair-wisely declared by the same recursive instance of an agent.
Previous works. In previous articles [7J8], we proposed several analyses for
mobile systems expressed in the 7m-calculus. In [7], we already proposed a non-
uniform abstraction of the interactions between the agents of a mobile system.
This analysis takes into account the dynamic creation of both names and agents,
which is an inherent feature of mobility: it assigns a unique marker to each
agent instance and stamps each channel with the marker of the agent instance
which has declared it. Group creation [3] allows proving that a channel name
is confined inside the scope of a given recursive instance, but it can only infer
equality or disequality constraints between the groups, and cannot prove any
equality constraint by composing disequality constraints. In [7], the algebraic

* This work was supported by the RTD project IST-1999-20527 "DAEDALUS” of the
European FP5 programme.

D. Le Métayer (Ed.): ESOP 2002, LNCS 2305, pp. 314-329] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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properties of markers allow handling more complex properties: we can prove
that a channel name is first sent to the next instance and then returned to the
previous one; thus, we prove it is returned to the instance which has declared it.

Contribution. The main two drawbacks of [7] are that the properties it
captures are very low level and are not easily understandable, and that the only
calculated properties are those which involve a comparison between the marker
of a channel name and the marker of the agent it is communicated to.

We propose here a more abstract parametric analysis which handles a wider
class of properties. It can especially express some relations between names, even
if there is no relation between their markers and the marker of the agent instance
they are communicated to. Nevertheless, this raises some complexity problems
we propose to solve by designing several domains: there is then a trade-off be-
tween information partitioning, and the accuracy of information propagation.
Reduced product makes these domains collaborate. At this point, [7] can be
seen as a particular instantiation of the parametric domain. We also propose
two particular domains that aim at discovering and propagating explicit equal-
ity and disequality relations among channel names and among markers.

We briefly present, in Sect. 2] the standard semantics of the m-calculus. We
recall the non-standard semantics of [7] in Sect. B and derive a new generic
abstraction of it in Sect. @ We design some domains in Sect. Bl and describe
outlines for reduction in Sect. B.

2 mw-Calculus

The m-calculus is a formalism well-fitted for describing the behaviour of mobile
systems. It is based on the notion of name passing. We use a lazy synchronous
version of the m-calculus which is inspired from [I1/1]. Let A be an infinite set
of channel names; agents are built according to the following syntax:

P,Q:=0]actionP | (P|Q)|(P+ Q)| (va)P|[xoy]P

action ::= cl[T] | ¢?[Z] | * c?[T]

where c,z,y € N, T is a tuple of channel names, and ¢ € {=;#}. Input
guards, replication guards and name restrictions are the only name binders,
ie, in c?[x1, ..., xp) P, *d?[y1, ..., yn)Q and (v x)R, occurrences of x1, ..., z, in P,
Y1, -, Yp in @ and x in R are said to be bound. Usual rules about scoping, sub-
stitution and a-conversion apply. We denote by fn(P) the set of the free names
of P, i.e, the names which are not under the scope of any binder, and by bn(P)
the set of the bound names of P. The agent P | Q denotes the parallel com-
position of two agents P and () which performs P and @ simultaneously. The
agent P + () denotes a non-deterministic choice between two agents P and @)
which performs either P or (): the choice is internal and does not depend on the
other agents. [x ¢ y]P denotes a matching guard: the agent P can be activated
if the guard [z o y] is satisfied and it does not require that the agent P interacts
with another agent of the system. We use a lazy version of replication: the agent
xc?[x]. P duplicates itself each time it communicates with another agent.
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Ezample 1. We use, as an illustration, the following system S [12] throughout
the paper

Next ::= xmake?°[last] (v next)(edge!! [last; next] | make!?[newt])
Last ::= make?3[last].edge!*[last; first]
Test ::= edge?’[x;y].[x =6 y][x £7 first]ok!®[]

S ::= (v make)(v edge)(v first)(v ok)(Next | Last | Test | make!?[first]).

The system S creates a communication ring between several monitors. Each
channel name created by the restrictions (v first) and (v next) denotes a mon-
itor. The message edge![x;y] represents a connection between the monitors re-
spectively denoted by x and y. The first monitor is created by the restriction
(v first). The resource Next can then be used to connect the last created moni-
tor with a newly created one. The thread Last is used to connect the last created
monitor with the first one. The thread Test is used to test whether a monitor
is linked with itself and, in such a case, whether it is not the first monitor. We
intend to prove that the first matching pattern of Test may be satisfied, al-
though the second matching pattern can never be satisfied. This result is out
of the range of any uniform analysis [2] which can give no more accurate result
than the fact that monitors can be linked to each other. O

3 Non-standard Semantics

We refine the standard semantics in order to explicitly specify the link between
channel names and the agent recursive instances that have declared them: we
assign to each instance of an agent an unambiguous marker, and stamp each
channel name with the marker of the instance of the agent which has declared
it. We consider a closed mobile system S in the w-calculus, we may assume,
without any loss of generality, that no one name occurs twice as an argument of
an input guard, a replication guard or a name restriction. Let £ be an infinite
set of labels. We locate each syntactic component of S by labeling each action
and each matching pattern with a distinct label. We describe each configuration
of S by a set of thread instances. Each thread instance is a triplet composed of
a syntactic component which, for the sake of simplicity, will often be denoted
by its label, an unambiguous marker and an environment which specifies the
semantic values of the syntactic channel names of the thread. An environment
assigns to each syntactic channel name a pair composed of a channel name «a
and a thread marker id, meaning that the channel name has been declared by
the name restriction (v a) of a thread the marker of which was id.

Thread instances are created at the beginning of the system computation and
when agents interact. In both cases, several threads are spawned, in accordance
to which non-deterministic choices are made. The function (3, defined below,
applied to a labeled agent, its marker and its environment, returns the set of all
possible combination sets of spawned thread instances:

1 We have labeled each syntactic component, as explained in Sect. Bl



Dependency Analysis of Mobile Systems 317

B((v n)P,id, E) = B (P, id, (E[n — (n,id)]))
6(0,id, E) = {0}
B(P+Q,id, E) = B(P,id, E) U B(Q, id, E)
B(P|Q,id,E)={AUB|A € B(P,id,FE), B € 3(Q,id, E)}
ﬂ(actzon P,id, E) = {{(action.P, id, E\fn(actwn P}

B[z o' Y|P, id, B) = {{([z o y] P, id, Epn((woiy) P ))}}

Markers are the history of the resource duplications which have led to the cre-
ation of the agent instances: they are binary trees the nodes of which are labeled
with a pair of labels, and the leaves of which are unlabeled (¢). The markers of
initial threads are €, while new thread markers are calculated as follows: when
a computation step does not involve fetching a resource, markers of computed
threads are just passed to the threads of their continuations; when a resource
is fetched, the marker of the new threads created from the continuation of the
resource is N((4, j), ids, id)) where i and id, are the label and the marker of the
resource, j and id, are the label and the marker of the message sender.

The set of initial configurations and the computation rules are given in Fig.
Standard and non-standard semantics are in bisimulation, provided that we
restrict ourselves to the set of standard computations where all non-deterministic
choices are made before other computation steps.

Ezxample 2. Here is the non-standard configuration for our mobile system S,
reached after having replicated the resource Next twice, and after having made
the last spawned agent labeled by 1 communicated with the thread Test:

O.c make — (make, £)
777 | edge — (edge, €)
edge — (edge, ¢)

1,4dy, < last — (first, €)

next — (neat, idy)

(27 iy, {make — (make, ¢) >
next — (next, ids) b id; = N((0,9),¢,¢)
make — (make, €) where {ng = N((0,2),¢,1idy)
3,¢€, { edge — (edge, )
first — (first, ¢)
x — (next, idy)
y — (next, ids)
first — (first, e)
ok — (ok, )

6757

It turns out that there is no generic relation between the marker of the agent 6
and the markers of the names linked to the variables x and y, so both [12I[7] will
fail to prove that the second matching pattern is not satisfiable. |

Moreover, in accordance with the following proposition, we can simplify the
shape of the markers without losing marker allocation consistency which ensures
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Co(8) = B(S,e,0)

(a) Non-standard initial configurations.

E>(y) = Ei(z), Contp € B(P, id?aE7[yi>—>E!(a:i)])a Contg € B(Q,id, E)
CU{(y?'[G)P,id>, E-); (zV [T)Q, idy, Er)}— (C' U Contp U Contq)

E*(y) = E!(x), Contp € B(P, N((i,j),id*,’id!),E*[yiHE!(wi)]), Contg € ﬂ(Q,id!,Eg)

cu { EZ?{JF’[E[}?QQPZZCIEE;) } . (c U {(+y? [§] P, ids, B+ )} U Contp U ContQ>

E(z)¢ E(y), Contp € B(P, id, E)
CU{([z o' y|P,id, E)} — C U Contp

(b) Non-standard transition system.

Fig. 2. Non-standard semantics.

that no one marker can be assigned twice to the same syntactic agent during a
computation sequence.

Proposition 1. Let ¢1 and ¢o be the two following functions:

Id — (L?)* Id —  L*
¢1:q N(a,b,c) — ¢1(c).a ¢2:3 N((i,4),b,¢) = ¢a(c).j
e = ¢ € — e

Marker allocation remains consistent when replacing each marker with its image

by ¢1 or ¢o.

Such simplifications allow us to reduce the cost of our analysis, but also lead to
a loss of accuracy since they merge information related to distinct computation
sequences of the system.

4 Abstract Semantics

We denote by Id the set of all markers, by £(V) the set of all environments
over the set of syntactic names V, by X the set £2 and by C the set of all non-
standard configurations. We are actually interested in C(S), the set of all the
configurations a system S may take during any finite sequence of computation
steps. This is the collecting semantics [4], which can be expressed as the least
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fix point of the following U-complete endomorphism F on the complete lattice
p(C): B B
F(X) =pB(S,e,0)u{CecC |3CeX, C—C}.

The least fix point of such an endomorphism is usually not decidable, so we
use a relaxed version of the Abstract Interpretation framework [5] to compute a
sound—Dbut not necessary complete—approximation of it.

We assume we are given a family (Gv,Cv,| |, Lv)vcenes) of abstract do-
mains of properties. For each V' C bn(S), Gy is used for globally abstracting
the marker and the environment of a thread instance that uses the set of free
names V. The relation Cy is a pre-order which describes the relative amount
of information between those properties. Each abstract property is related to
©(IdxE(V)) by a monotonic concretization function vy. The operator | |, maps
each finite set of properties to a weaker property: for each finite A C Gy, Va € A,
a Cy (Ly A4). Ly is the least element in Gy with respect to Cy. We assume
that vy is strict, that is to say, vy (Ly) = . Then, our main abstract domain
(ct, |_]ﬁ7 1*) is the set of functions mapping each syntactic component P of S
to an element of G,(p). The domain structure (CF, |_|ﬁ and %) is defined point-
wise. The abstract domain C* is related to @(C) by the concretization function
~ that maps each abstract property f € C¥ to the set of configurations C' € C
such that Y(p,id, E) € C, (id, E) € Y@ (f(p))-

During a communication or resource fetching step, we have to describe the
relations among the markers and the environments of two threads: a message
receiver and a message sender. For that purpose, we also assume that we are
given a family (Gy!) of abstract propertiedd. For any V2, Vi € p(bn(S)), each

property in g& is related by a concretization function 7“2 to the elements of
p((Id x E(V7)) x (Id x £(V)))) which satisfy this property.
Let V, V7 and Vi be three parts of dn(S). We now introduce some primitives

to handle elements in Gy and gX; , and to relate Gy, and Gy, to g&; :

— nitial environment abstraction: gy € Gy satisfies {(g,0)} C vy(ep);
— abstract restriction: Vo € bn(S) \'V, vz : Gy — Gy, satisfies:

) (id, Ejy) € vv(4), )
{tia.5) e raxevuap |G ST L €y )y
— abstract estension: ¥YX C bn(S) \ 'V, newy : Gv — Gyux satisfies:
{(id,E) € Id x E(VUX) | (id, Ejv) € yw(A)} € yvux(newi (A));
— abstract garbage collection: VX CV, gcx : Gy — Gx satisfies:
{(id, Ejx) € Id x £(X) | (id, E) € yv(A)} € vx (g9ex (A));
— abstract matching: match: (Vx{=;#}xV)xGy) — Gy satisfies:
{(id, E) €e Idx E(V) | (id, E) € vww(A), E(x) o E(y)} C yv(match(x oy, A)).
— abstract product: e : Gy, X Gy, — g&; satisfies:

Wi (A7) X Y (A1) C 1yl (A7 @ Ay);

2 The abstract domain g“ﬁg is not assumed to be a pre-order, because it is only used
to make intermediary calculi, and not to make iterations.
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— abstract projections: fszfﬁ : gX; — Gy, and snd g&; — V] satisfy:
fot (WA(A)) € i (st () and snd (4] (4)) € v (smdf (4));

— abstract synchronization: sync: p(Ve x Vi) x g&; — gX; satisfies:
{((ide, B2), (idy, 1)) €y (A) | V(a,b) €S, Er(a) = Ey(b)} C 1/ (sync(S, A));
— abstract marker allocation: fetch : £2 x g&; — gX; satisfies:

) . Vi
{((z’d*, B, (ids, ) Z(d(ld: ff(()zgl)dlf)l) dS e (A)} C Y (feteh((i, ), A)).

The abstract semantics is then given by an initial abstract element Cg(S) e Ct
and an abstract transition relation —y in Fig. Bl Their definitions use the
following abstract extraction function:

ﬁﬁ((’/ n)P7A ﬁﬁ (P Vn(A))
3(0, A
BHP +Q, A UWWPMW@AH

B (action.P, A) = {action.P = gcsaction.p)(A)}

B[z o' y|P, A) = {[z 0" Y|P — g¢pnluoiy)p)(A)}
Furthermore, abstract communication and resource fetching require the follow-
ing synchronization function, which merges the abstract environments of two

communicating syntactic components, and mimics the communication of a part
of the sender environment.

syn¥ (‘%7 : é’) = sync ({(y,x)} u (U{(yl,xl)}) ,(new?yl;___;yn}(Av)) Au)

) =
) =
) =
mp@% LIF{B* (P, A); B*(Q, A)}
) =

Theorem 1. C’g and —y satisfy the following soundness property:

1. Co(S) € Y(C(S));

2. YC! € Ct, YO € y(Ct), ¥C e ¢, C — C = 3C" e ¢, C_’”Cﬁ
Cen(C).

So, the abstract counterpart F* to F defined by :
f ~t ~t
F(ch) = || (G u{c | ct—T})
satisfies the soundness condition VC* € C*, Foy(C*) C voF* (C*#). Using Kleene’s
theorem, we obtain the soundness of our analysis:
Theorem 2. IfpyF C U [v oFﬁn] (Cg(S)).
neN

A widening operator [6] may be then used to compute a sound and decidable
approximation of the abstract semantics.
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CH(S) = B'(S. o)

(a) Abstract initial configuration.

A= y?[GIP, u=aV [0,
Yy

C* —y IO B (P, fst* (E.)); B4(Q, snd® (E.))}

— T

A=y?' WGP, p =2V [7Q,

# —Ct
E, = fetch ((z’,j), <5yn£ <Oy(/\) - Cf(u))))

CF —y |JHCF; B° (P, fst* (Es)); B°(Q, snd*(Es))}

o€ {=#hL A=[zo'yP
C* —y | JH{CF; BH(P, match(z oy, C*))}

(b) Abstract transition system.

Fig. 4. Abstract semantics.

5 Analyses

We propose in this section five abstract domains of properties. The first two
domains describe properties of interest which can directly be understood by the
user. The last three domains represent complex properties which are used to
complete the two first domains by reduction.

5.1 Dependencies among Agent Names

Abstract Domain of Equality and Disequality Relations We introduce
an abstract domain for describing equality and disequality relations among a
finite set of variables. Let V be a set of variables, we introduce for all finite
subsets of V' C V the abstract domain Ty of all non-oriented graphs (G, R) such
that G is a partition of V. Given a finite subset V of V and X = (G, R) € Ty,
we introduce two binary relations over V' as follows:

—a=xb<&3IX¥ G, {ab} CX,
—a#xb<23IX G, IVEG, ac X, beY, (X, V) € R
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The domain Ty is partially ordered by the <y relation defined as follows:

Ve,yeV,zx=yy=c=xy

VX, Y €Ty, X <y YV <=
Ve,y eV, x #y y =z #x y.

For every set I, each element A in Ty is related to the set of functions ~{,(A),

defined as follows:

r#ay = f(x) # fy)

We also define some primitives over our abstract domain as follows:
let (Gx,Rx) be an element in Ty,

— given (Gy,Ry) e Ty, (Gx,Rx) U] (Gy,Ry) = (G/,R/) € Ty where
e '={znNy|z€CGx, ye Gy, zNy# 0}
o R ={(z1Ny1,z2Ny2) € (G")? | (21,22) € Rx and (y1,y2) € Ry}
— given V' C VY \ V, and (Gy,Ay) e Ty, (Gx,Ax) m (Gy,Ay) e Tvyuyr,
and ((Gx,Ax) fm (Gy,Ay)) = (GX UGy,Ax U Ay);
— given V! CV, proj,(Gx,Rx) = (G',R') € Ty where
o G'={ANV'|AeGx, ANV £},
o R ={(AnV" ANV e (G)?| (A A) € R};
— given x € bn(S)\ 'V, fresh,(Gx, Rx) € Tyu(z} and
fresh, (Gx, Rx) = (Gx U{{z}}, Rx U ({{z}} x Gx) U (Gx x {{z}}));
— given V' C bn(S) \ 'V, newy/(Gx,Rx) € Tyuy+ and
ne’wvl(Gx,Rx) = (GX U {{’U/} | = V/},Rx) € Tyuv;
— given z,y € V, and o € {=; #}, set(z oy, (Gx,Rx)) € Ty and:
o set(z =y, (Gx, Rx)) = ((Gx)/~, (Rx)/~), if n0t = # Gy Ry) ¥;
where VX,V € Gx, X ~Y <2 X =Y or (z,9) € (X x Y) U (Y x X),
(] set(x;éy, (Gx, Rx>> = (G'X7 RxU{(A, B); (B,A>}>7 if not x =(Gx,Rx) Y
where A, B € Gx such that x € A and y € B,
o set(z oy, (Gx,Rx)) is undefined, otherwise.

(4) = {f e F(V. 1)

PR {xAy = f(2) =) }

The union W gives the lowest upper bound of two properties; the intersection
M gathers the description of two disjoint sets of variables; the projection proj
restricts the set of the variables; the operator fresh adds a new variable the
value of which is assumed to be distinct from the value of the other variables;
the operator new adds a set of variables without any assumption about their
values; the operator set simply adds a new constraint.

Then, we lift 7y by adding an extra element Ly . Its concretization i, (Ly)
is the empty set of functions. Abstract union is lifted by AU Ly = 1y WA = A,
abstract intersection by Am Ly, = Ly M A = Lyyy,. Other primitives are
defined to be strict, that is to say:

fresh (Ly) = proj (Ly) = set(., Ly) = Ly

Furthermore, undefined images in set are identified with Ly .
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Equality and Disequality Relations among Channel Names We first
abstract the equality and the disequality relations between the channel names
of each agent. We set, for that purpose, ¥V = bn(S) and we introduce, for each
V C bn(S), the abstract domain Gy = Ty U{ Ly }. Gy is related to p(Idx E(V))
by the following concretization function:

W (A) = {(id, B) | E € 1{/"*!D(4)}, when A # Ly.

The same way, we describe relations between the names of two agents: we intro-
duce V' = {x; | x € bn(S), i € {?,1}}, and we define for each subset pair (V2, W)
of bn(S)?, Gy! as being the set Ty U{ Ly} where V' = {z; | i € {?,!}, = € Vi}.
We now give primitive definitions: we set g5 = (0,0); we set vx = fresh,
since, at its creation, a fresh name cannot have been communicated to any other
variables; we define the extension new} (resp. the garbage collection gecy) by
newx (resp. projy); we set match(xz oy, A) = set(x ¢y, A); product A, e A is
obtained by first renaming the variable x into z» (resp. @) in A7 (resp. in A;) and
then intersecting the two results using @; projection fst'(A) (resp. snd*(A)) is
obtained by first using the projection projy. (resp. projy;) and then renaming the
variable 7 (resp. 1) into x; synchronization is defined by sync({z = y}UX, A) =
sync(X, set(x =y, A)) and sync(h, A) = A3 we set feteh((i,j), A) = A since the
allocation of new markers does not change the marker of channel names.

Equality and Disequality Relations among Markers We then abstract
the equality and the disequality relations between the marker of an agent and
the markers of its names. We set V = bn(S) W {agent}@, and we introduce, for
each V' C bn(S), the abstract domain Gy = Ty U{ Ly} where V' = VU{agent}.
Gy is related to p(Id x £(V)) by the following concretization function:

V U {agent} — Id
w (A) = (ld’ E) veV = snd(E(v)) € ’Y\I/du{agent} (A) ’

agent — id
when A #£ Ly.

The same way, we describe relations between the markers of two agents: we
introduce V' = {z; | z € bn(S) W {agent}, i € {?,!}}, and define, for each subset
pair (V2, V) of bn(S)?, Gy, as being the set Ty U { Ly} where V' = {z; | i €
{21}, x € V; w{agent}}.

Primitives are all defined as in the previous domain, except for the primitives
€p, v, match and fetch: we set ey = ({agent}, 0) since it describes an agent with an
empty environment; we set vx(A) = match(agent = x, newy,1(A)) because the
marker of a newly created name is the marker of the thread which has declared it;
we define match(x = y, A) = set(x = y, A) and match(x # y, A) = A, since two
different names do not necessarily have distinct markers; we set fetch((i,j), A) =
freshagent, (PO (agent,} (A)) since, when duplicating a resource, the marker is
fresh and distinct from any other existing marker.

3 This primitive is well-define due to an associativity criterion.
4 AW B denotes the disjoint union of A and B.
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5.2 Marker Analysis

We aim at describing the markers associated with an agent and its channel
names. For the sake of simplicity, we use Prop. [l and approximate every tree
marker id by the word ¢, (id) of X* written along its right comb. Then, we want
to compute, for each agent P, an approximation of the set Int(P), defined as
follows:

(id, {fn(P) — (XU bn(S))*

3C € C(S), EIsz Id, 3E € £(fn(P)),
y — (ay-¢1(by)) )

(P,id, FE) €
Yy € fn(P), E( ) = (ay, by)

We will first describe the general shape of markers, and then infer some relational
algebraic properties on them. By reduction, we will use this information to syn-
thesize equality and disequality relations between channel names and between
markers.

Shape Analysis Shape analysis consists in distinctly abstracting, for each
agent P, the set of markers which can be associated to an instance of P and
to each of its channel name. Our abstraction is built upon the lattice Reg of
regular languages over the alphabet (bn(S) U X). For each V' C bn(S), we define
Gy = Reg x F(V, Reg). For all (A, f) in Gy, vw(A, f) C Id x E(V) is the set
of all the elements (id, F) which satisfy: ¢1(id) € A and Vz € V,y.¢1(id,) €
f(z) where (y, id,) = E(x).

Abstract union is defined point-wisely. Since the domain is not relational,
we define, for each V2, V| in bn(S), the domain g& as the Cartesian product
Gv, X Gy, and the primitives e, ﬁrstﬁ, second® as the canonical pair construction
and projection functions. Other abstract primitives are defined as follows:

—&p = (5’0);
— va(idt, f*) = (idﬁ,fu[x — x.idﬁ]);
— new (id*, f¥) = (idﬁ,fﬁ[x — bn(S).2*, Vx € X]);

— match(x =y, (zdﬁ,f)) = {

— match(x # y, A) = A4;
— sync({x =y} U X, A) = sync(X, match(z = y, A)) and sync(d, A) = A;
fetCh((i7j)7 ((id?v f7)7 (id!7 f'))) = ((Zd'(27])7 f?>7 (id!v f‘))

[-— 0] if f(z)Nfly)=0
flz,y = f(x) N f(y)] otherwise;

There can be infinite increasing sequences in Reg, so we need a widening
operator to ensure the convergence of our analysis in a finite amount of time.
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Global Numerical Abstraction Numerical abstraction captures the relations
between the markers which are associated to an agent and to its channel names.
This abstraction is built upon the lattice of the affine relations among a set of
numerical variables [9]. Each word is first approximated by its Parikh vector
[10], then we abstract the relations between occurrence numbers of letters in
markers. For each V' C bn(S), we denote by Xy the set of variables {p* | A €
YU {cM) | X € XU bn(S), v € V}. The variable p* is used to describe the
number of occurrences of A in the right comb of the markers of the instances
of the agent p, while ¢*?) is used to count the number of occurrences of A in
the marker associated to the syntactic name v when A € X, or in determining
whether v is bound to a channel created by an instance of the restriction (v A)
when A € bn(S). Gy is the set of affine equality relations among the variables of
Xy. For all K in Gy, yv(K) C Id x £(V) is the set of the elements (id, E') such
that the assignment

{p* — lid)x, <M — |y.id.|s where (y,id.) = E(c)}

is a solution of K.

In the same manner, for each V2, Vi C bn(S), we denote by X“//?‘ the set of
variables {p} | A € £, i € {?2,1}}U{c™) | A e X,i € {2,1},v € V;}. We also
define g&; as the set of affine equality relations among the variables of X“//; For
all K in G}, 11 (K) C Id x E(V) is the set of elements ((idz, E7), (idy, Ey)) such
that the assignment:

{p} — |idiz, ng,v) — |y.ide|x where (y,id.) = E;(c)}
is a solution of K.

Most primitives can be encoded using affine operators described in [9]. Pos-
itive abstract matching and synchronization are simply defined by adding new
affine constraints in the system. These constraints specify that the Parikh vectors
coordinates of the synchronized channel names are pair-wisely equal; negative ab-
stract matching is the identity function. Abstract resource fetching fetch((i, j), KC)
is obtained using an affine projection to keep only constraints not involving vari-
ables of the form p3, then adding the constraints p3 = p{* for all A € X, and last

replacing each occurrence of the variable pgi’j ) by the expression pgi’j ).

FEzample 3. In our example, the analysis detects that:

— in each agent labeled 1, the variable next is linked to a name created by
the (v mext) restriction, while the variable last is linked to a name, either
created by an instance of the (v mext) restriction, or by an instance of the
(v first) restriction. We also detect that, in the case where the variable last
is linked to a name created by the (v next) restriction, this variable is linked
to the name created by the previous recursive instance of the one which has
created the name communicated to the variable next;

— in each agent labeled 4, the variable first is linked to a name created by
the (v first) restriction, while the variable last is linked to a name either
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created by an instance of the (v right) restriction or by an instance of the
(v first) restriction.

These properties are deduced from the following invariants:

Cnezt,nemt =1

f(l) satisfies Cﬁrst,last 4 Cnezt,last =1

c(O,Z),newt — c(O,Z),last + Cnext,last

cnemt,last 4 Cﬁrst,last =1

f(4) satisfies {Cﬁrst,ﬁrst =1

where f denotes the result of the analysis.

Nevertheless, our abstract domain is not expressive enough to merge these
two environments, and detects no insightful information for the agent labeled 6.
That is why we introduce a partitioned domain. |

Partitioned Numerical Abstraction We propose to partition the set of the
interactions between names and agents in order to get more accurate results.
To avoid complexity explosion, we do not globally abstract environments, we
only compare pair-wisely the right comb of the markers. Let be a linear
form defined on Q*. We introduce the set Gy of functions which map (V x
bn(S)) W ((V x bn(S))?) onto the set of affine subspaces of Q*. For all f € Gy,
yw(f) C Id x E(V) is the set of the elements (id, E') such that:

— Vz € V, such that F(x) = (cg, idy).
(DA = [@1 (i) [\]); (A — |91 (id)[A])) € [(z, ¢2);

— Vo € V,Vy € V, such that E(z) = (¢, id;) and E(y) = (cy, idy),
(DA = |1 (ide ) X)), P([X — 91 (idy)[2])) € F((2; ¢a)s (9, ¢y))-

Because of the precision of the partitioning, we cannot afford much calculi in
this domain. This domain will only be used to propagate information we got
from the global numerical abstraction.

We now give primitive definitions. For V2, Vi C bn(S), we define g& as the
Cartesian product Gy, x Gy,. The concretization ’y“,/i is defined pair-wise. Pair
construction and projection functions are the canonical ones. Other abstract
primitives are defined as follows:

— abstract union is defined by applying the affine union component-wise;
— we define v, (f) to be the following element:

fll@, @) = {(n,n) | n € @}, ((@,2), (-,-) = @, (). (,2)) — Q;

_ _ | (0, (y,0)) = f((z,), (c,9)) N {(n,n) [ n € Q} |
— matCh(fL‘ = y,f) = f ((I’,C), (y,d)) N @, ch 7& d ’

5 This abstraction must be done with several linear forms chosen according to a pre-
analysis and Thm. [3
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— match(z #y, f) = f;
= 9¢x(f) = 1(1@.9) | seX}8{((2.2).(v.2) | 2.yEXD);
(z,c) — QP,rzeX
— newy (f) = f| (z,0), () - Q@ zeX |;
((—7 -)7 (.’L‘7C)) - Q275(3 eX
— sync({yx = o1 | k € K}, (f,9)) = (f',g) where
= fl((yi; ©), (yj, d)) — f((yis ¢), (y5,d)) Ng((wi, c), (4,d)), Vi, j € KJ;
— feteh((i, ), (f,9)) = (fl(y,c) = @, Yy € V,c € bn(S)], 9).

We shall notice that no information is calculated by abstract name creation
and abstract marker allocation. Nevertheless, during synchronization, the de-
scription of the communicated names is copied to the description of the receiver
environment. A complete reduction of properties would lead to a time complex-
ity explosion. Thus, we only use a partial reduction. On the first hand, we use
thread markers as pivots and replace each abstract element f with the following

element:
) ) K
5, 1Y) € flyd)
| (= 2) € fla,0) ’
and on the other hand, we always perform reductions between the global numer-
ical abstraction and the partitioned numerical abstraction: the global numerical

analysis is used to collect all the information, which is then projected onto each
case of the partition.

(@, 0), (y, d)) — f((=,¢), (y,d)) N {(%y)

Ezxample 4. For 1, we choose the linear form which maps each vector of Q¥
to the sum of its components. Our analysis succeeds in proving that the second
pattern matching, in the example, is not satisfiable. Along the abstract iteration,
the analyzer proves that, in agent 6, the names linked to the variables x and y
have been respectively declared:

1. by the restriction (v first) of a thread with a 0 marker length and the re-
striction (v first) of a thread with a 0 marker length;

2. or by the restriction (v first) of a thread with a 0 marker length and by the
restriction (v mext) with a 1 marker length;

3. or by the restriction (v next) of a thread ¢; and by the restriction (v next)
of a thread t5 such that the length of the marker of t5 is equal to the length
of the marker of t; plus 1;

4. or by the restriction (v next) of a thread with a marker of arbitrary length
and by the restriction (v first) of a thread with a 0 marker length.

Then, it detects that the matching pattern ([x = y]) can only be satisfied for the
case [T and it discovers that, in agent 7, the syntactic channel names x, y and
first are bound to a channel created by the instance of the restriction (v first)
the thread marker of which is € and concludes that the second pattern matching
([x # first]) cannot be satisfied. O
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6 Reduced Product

We run our analysis with a reduced product of these five domains. There are
several kinds of reductions: we use the information about equality of channel
names and equality of markers to refine marker analysis; conversely, we use the
information obtained in marker analysis to infer information about disequalities
of channel names and disequalities of markers; we also make reductions between
the global and partitioned numerical abstractions; we use the results obtained in
marker analysis to prove equality relations between name markers. For the sake
of brevity, we only describe this last kind of reduction, which is the most difficult
one. Marker analysis may discover that two markers are recognized by the same
automaton A and have the same Parikh vector, but these two conditions do not
ensure that these two markers are the same. We give, in Thm. [, a decidable
sufficient condition on the automaton A to ensure the equality of such markers.
Let X be a finite alphabet, ¢ a linear function from the vector space Q% into
the vector space Q™, and A an automaton (Q,—, I, F) such that the set @ is
finite, the relation — is a part of Q x X' x Q and I and F' are parts of Q).

Definition 1. We define the set Path(A) of acyclic derivation sequences in A as

the set of sequences qo L Gn such that qo € I, q, € F, for all i,5 € [0;n],
i #j = ¢ # qj, and for all i € [1;n], (gi—1, i, ¢:) €—.

Definition 2. For q € Q, we define the set Cycle(A, q) of cycles of A stemming

from the state q, as the set of sequences q = qq i} Q---Qn An Gn+1 = q such that
for alli € [L;n], q; # q, and for all i € [0;n], (gi; Ni, Giv1) €—-

Definition 3. Let qq M2 Gn be a sequence in A, we define its affine de-

sceription P(qo M2 qn) as the vector ([N — |A1..An|x])-

Definition 4. Let a = qg MM qn be an acyclic derivation sequence in
Path(A), we define the family F(a) of affine descriptions of the cycles stemming
from a state of the derivation a as the family (P(c))cey{ cycle(as) | ic[0:n]} -

Theorem 3. If

1. for all ¢ € Q, Card(Cycle(A,q)) <1,

2. for all a € Path(A), F(a) is linearly independent in Q™,

3. for all distinct acyclic derivations a,a’ € Path(A), the two affine sets P(a)+
Vect(F(a)) and P(a’) + Vect(F(a')) are disjoint,

then
Yu,v € X*, [u,v recognized by A and ¢[A — |ulx] = ¢[A — |v|n]] = uw="0.

Roughtly speaking, the first condition ensures that the automaton A contains
no embedded cycle. Then, from the description of the Parikh vector of a word,
we can deduce which main acyclic derivation is to be used to recognize this
word (third condition), and how many times each cycle is to be used (second
condition).
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7 Conclusion

We have proposed a new parametric framework for automatically inferring the
description of the dependency between the channel names used by the agents of
a mobile system. We claim that this framework is very generic since [2[12/[7)3]
may all be seen as a particular use of it.

We have proposed several abstract domains to deal with this framework. They
allowed us to prove some properties which cannot be obtained with [2[T2/7/3].
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